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PREFACE. 

In  this  treatise  I  have  tried  to  present  in  systematic  and  defi- 
nite form  a  simple,  rigorous,  and  thoroughly  modern  introduc- 
tion to  the  fundamental  principles  of  electromagnetic  theory, 
together  with  some  of  the  simpler  of  their  more  interesting  and 
important  non -technical  applications.  The  work  makes  no  pre- 
tense to  completeness,  but  is  written  for  the  serious  student  of 
physics,  who  will  make  liberal  use  of  more  detailed  treatises,  of 
hand-books,  and  of  journals,  as  occasion  demands. 

I  am  of  course  indebted  to  many  books  and  memoirs.  My 
obligations  are  especially  great,  as  the  most  cursory  examination 
of  the  book  will  show,  to  the  works  of  Maxwell,  Heaviside,  and 
Poynting.  I  am  also  much  indebted  to  Professor  A.  G.  Webster 
for  the  use  of  a  number  of  excellent  diagrams  from  his  treatise 
on  electrical  theory. 

S.  J.  Barnett. 
Stanford  University,  California 
June,  1903. 
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Elements  of 
Electromagnetic  Theory. 


CHAPTER    I. 
GENERAL   ELECTROSTATIC   THEORY. 

1.  Electrification  by  Contact.  Positive  and  Negative  Charges. 
Let  one  end  of  an  ebonite  rod  and  a  dry  woolen  cloth  be  rubbed 
or  strongly  pressed  together  and  then  separated  ;  and  let  a  second 
rod  and  cloth  be  treated  in  the  same  way  :  The  rubbed  part  of 
each  cloth  will  be  found,  on  trial,  to  be  attracted  toward  the 
rubbed  part  of  each  rod,  while  the  rubbed  part  of  each  cloth  will 
be  repelled  from  the  rubbed  part  of  the  other  cloth,  and  the 
rubbed  part  of  each  rod  from  the  rubbed  part  of  the  other  rod. 

These  are  examples  of  electric  phenomena.  The  region  in 
which  they  are  manifested  is  called  an  electric  field  (§  1 1),  and 
the  medium  which  permeates  this  region  —  air  and  asther  in  the 
above  case  —  and  through  which  electric  influences  are  trans- 
mitted is  called  a  dielectric.  The  parts  of  the  ebonite  and  wool 
rubbed  together  are  said  to  be  electrified,  or  to  possess  electric 
charges.  The  two  pieces  of  woolen  cloth  are  said  to  have  like 
charges,  since  they  were  similarly  treated  and  since  what  is 
repelled  from  one  is  repelled  from  the  other,  and  what  is  attracted 
toward  one  is  attracted  toward  the  other.  Similarly,  the  two 
ebonite  rods  are  said  to  have  like  charges.  But  the  wool  and  the 
ebonite  are  said  to  have  unlike  or  opposite  charges,  since  what  \s 
repelled  from  one  is  attracted  toward  the  other. 
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Like  ebonite  and  wool,  any  two  different  substances,  or  por- 
tions of  the  same  substance  in  different  physical  conditions, 
exhibit  electric  properties  after  intimate  contact  and  separation. 
One  of  the  bodies  behaves  like  ebonite  rubbed  with  wool,  the 
other  like  the  wool. 

An  electric  charge  like  that  of  wool  after  contact  with  ebonite 
is  called  a  positive  charge,  and  a  charge  like  that  of  the  ebonite, 
a  7iegative  charge.  The  terms  positive  and  negative  are  justified 
by  the  opposite  properties  of  the  two  kinds  of  electrification,  but 
there  is  no  reason  except  convention  and  resulting  convenience 
why  the  two  terms  should  not  be  interchanged. 

In  addition  to  the  forces  between  electrified  bodies,  forces  are 
found  to  exist,  in  general,  between  an  electrified  body  and  an 
insulator  (§2)  not  electrified  (Chapters  IV.  and  VI.). 


2.  Conductors  and  Insulators.  Electrification  by  Conduction, 
A  rod  of  ebonite  electrified  at  one  end  exhibits  electric  properties 
only  at  that  end  ;  while  a  rod  of  metal,  held  by  an  ebonite 
handle  and  electrified '  at  one  end,  becomes  electrified  at  once 
(apparently)  all  over  its  surface.  Substances  like  the  metals,  by 
which  an  electric  charge  is  distributed  with  extreme  rapidity,  so 
as  to  come  into  a  state  of  equilibrium  within  (usually)  a  small 
fraction  of  a  second,  are  called  electric  conductors.  A  body 
charged  by  connection  with  an  electrified  body  through  a  con- 
ductor, like  the  far  end  of  the  metal  rod  mentioned  above,  is  said 
to  be  electrified  by  conduction.  Substances  like  ebonite,  over  or 
through  which  an  electric  charge  is  transferred  only  with  extreme 
slowness,  are  called  electric  insulators  or  non-conductors. 

Among  ordinary  molecular  substances  perfect  insulators  and 
perfect  conductors  do  not  exist,  no  such  substance  completely 
and  for  an  indefinite  time  preventing  all  transfer  of  electrification, 
and  all  offering  more  or  less  obstruction  to  such  transfer.  There 
is  every  reason  to  believe,  however,  that  free  aether  (a  "  vacuum  ") 
and  clean  dry  gases  containing  no  (electrolytically)  dissociated 
molecules  have  the  properties  of  a  perfect  insulator  (Chapter  IX.). 
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Among  substances  possessing  high  conductivity  arc  the  metals, 
graphite,  and  salt  or  acid  solutions  ;  among  those  with  high  in- 
sulating properties  are  (undissociated)  gases,  fused  quartz  (cold 
and  in  the  solid  state),  ebonite,  cold  glass,  silk,  and  wool.  A 
substance  which  is  an  excellent  insulator  in  one  condition,  how- 
ever, may  in  another  condition  have  the  properties  of  a  conductor. 
Thus  cold  glass  is  an  excellent  insulator,  but  as  the  temperature 
is  raised  its  insulating  properties  disappear.  Also,  under  very 
great  electric  stress  the  insulating  properties  of  all  molecular 
substances  break  down. 

A  body  completely  surrounded  with  insulators  is  said  to  be 
insulated. 

A  conductor  can  be  completely  discharged  by  bringing  it  into 
contact  at  any  one  point  with  the  inner  surface  of  a  hollow  closed 
conductor  (§  4),  such  as  the  walls  of  the  room  within  which  the 
experiments  are  performed,  provided  there  are  no  (insulated) 
electrified  bodies  within.  When  connected  to  the  walls  of  the 
room,  or  the  earth,  the  conductor  is  said  to  be  earthed.  From 
an  insulator  the  electrification  can  be  entirely  removed  only  by 
applying  a  conductor  at  every  electrified  point,  e.  g.,  by  immers- 
ing it  in  a  conducting  gas  or  liquid. 

3.  Electrification  by  Induction.  An  insulated  conductor,  when 
brought  near  an  electrified  body,  i.  e.,  into  an  electric  field,  itself 
becomes  electrified.  Examined  by  the  methods  of  §  i,  the 
charges  of  the  more  remote  and  nearer  ends  of  the  conductor  arc 
found  to  be  similar  and  opposite,  respectively,  to  that  of  the 
original  electrified  body.  A  conductor  electrified  in  this  manner 
is  said  to  be  electrified  by  indtiction. 

If  the  conductor,  while  still  insulated,  is  removed  from  the 
electric  field,  all  signs  of  electrification  disappear.  But  if,  while 
still  in  the  field,  it  is  connected  with  the  walls,  or  earthed,  the 
electrification  similar  to  that  of  the  original  charged  body  disap- 
pears, while  the  opposite  electrification  of  the  near  end  remains. 
If  the  conductor  is  now  insulated  and  removed  from  the  original 
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electric  field,  this  charge  becdmes  more  evenly  distributed  over 
its  surface  (§  42).  In  this  manner  any  number  of  conductors 
may  be  given  charges  opposite  to  that  of  a  given  electrified  body 
without,  as  may  be  proved  by  the  method  of  §  5,  diminishing  or 
increasing  the  latter' s  electrification. 

4-8.  Experiments  with  Hollow  Closed  Conductors.  Electric 
Screens.  Let  A  denote  an  insulated  hollow  conductor  having  a 
closely  fitting  conducting  lid,  B,  with  an  insulating  handle.  Let 
A  be  connected  with  an  electroscope  or  electrometer  (Chapter 
IIL),  C,  by  means  of  which  any  change  in  the  state  of  electri- 
fication of  its  exterior  (or  interior)  surface  may  be  detected  ;  and 
let  A  be  kept  closed  except  when  another  body  is  being  intro- 
duced into  its  cavity,  or  removed  therefrom,  or  its  position  in- 
side (or  outside)  altered. 

4.  (i)  Let  the  electrometer  be  placed  outside  of  A.  If  A  is 
initially  unelectrified,  and  an  insulated  unelectrified  conductor,  D, 
is  now  introduced  into  A  without  touching  it,  the  inner  and  outer 
surfaces  of  A  will  become  electrified  by  induction  (§3)  with 
charges  opposite  and  similar,  respectively,  to  that  of  D.  And 
the  electrification  of  the  external  surface,  as  indicated  by  the 
electrometer,  will  be  found  to  remain  absolutely  unaltered  how- 
soever D  is  moved  about  within,  even  when  it  is  brought  into 
contact  with  A  ;  but  D,  on  being  insulated  after  contact,  and  then 
removed  from  A's  interior,  will  be  found  completely  discharged. 
This  process  may  be  repeated  indefinitely,  D  always  becoming 
completely  discharged  on  coming  into  contact  with  the  inner 
surface  of  A.  If  A  is  initially  electrified  in  any  manner,  the  phe- 
nomena will  be  precisely  the  same,  except  that  the  external 
electrification  and  the  corresponding  indication  of  the  electrom- 
eter will  be  different. 

(2)  Let  the  electrometer  be  placed  within  A,  either  connected 
with  A  metallically,  or  insulated  therefrom.  In  .this  case  it  will 
be  found  that  if  there  are  insulated  charged  bodies  within  A,  the 
electrometer  will  give  a  certain  deflection ;  that  if  there  are  no 
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insulated  electrified  bodies  within  A,  the  electrometer  will  give 
no  deflection  ;  and  that  its  indication  in  either  case  will  remain 
absolutely  unaltered  howsoever  the  electrification  of  the  exterior 
of  A  or  of  external  bodies  is  changed,  even  if  A  is  connected  to 
the  walls  of  the  room. 

These  experiments  are  due  to  Faraday,  who  constructed  for  the 
purpose  of  performing  (2)  a  closed  conductor  large  enough  to  en- 
able him  to  make  the  observations  while  himself  inside  the  cavity. 

An  experiment  similar  in  principle  to  those  of  Faraday,  but 
less  general,  performed  earlier  by  Cavendish  and  repeated  later 
by  Maxwell  with  all  the  precision  of  modem  investigation,  gave 
identical  results. 

From  the  experiments  just  described  it  follows  that,  when 
there  is  electrical  equilibrium, 

1.  An  electric  charge  cannot  exist'  in  the  substance  of  a  con- 
ductor, or  on  the  inner  surface  of  a  hollow  closed  conductor 
(unless  there  are  insulated  electrified  bodies  within).  For  Z?,  on 
being  removed  from  A,  of  whose  substance  it  formed  a  part, 
electrically,  while  in  contact,  was  always  unelectrified. 

2.  An  electric  field  (§  11)  does  not  exist  within  tJie  hollow 
of  a  closed  conductor  (unless  there  are  charges  inside).  For  in 
(2)  the  electrometer  was  unaffected  (by  induction  or  otherwise) 
no  matter  what  the  external  electrification,  except  when  there 
were  insulated  charges  within. 

3.  The  electric  charges  and  electric  fields  within  and  without  a 
hollozu  closed  conductor  are  absolutely  independent  of  one  another. 
The  conducting  shell  thus  completely  screens  each  of  these  re- 
gions from  all  static  effects  in  the  other. 

4.  An  electric  field  does  not  exist  within  tlie  substance  of  a  con- 
ductor.    See  §  15. 

5.  Equal  Charges.  Two  electric  charges  of  the  same  sign 
are,  by  definition,  of  the  same  magnitude  if  they  produce  the 
same  effect  on  the  electrification  of  the  vessel  A  when  intro- 
duced in  succession  separately. 
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Similarly,  two  charges  of  opposite  signs  are,  by  definition, 
equal  in  magnitude  if  they  produce  no  effect  on  the  electrification 
of  ^  when  introduced  simultaneously. 

These  definitions  are  independent  of  the  particular  closed 
conductor  A  used,  as  two  charges  defined  as  equal  by  means  of 
one  such  vessel  are  found  to  remain  equal  when  tested  in  the 
same  way  with  any  other  hollow  closed  conductor. 

6.  Positive    and   Negative    Charges    are    Always    Developed 
Simultaneously  in  Equal  Amounts.     If  two  bodies  electrified  by 
contact  are  introduced  into  the  vessel  A  simultaneously,  the  in 
dication  of  the  electrometer  remains  unaltered. 

If  an  electrified  body  is  insulated  within  A,  and  if  an  insulated 
uncharged  conductor  is  then  introduced  in  addition,  the  latter 
becomes  electrified  by  induction,  in  conformity  with  §  3,  but  the 
indication  of  the  electrometer  remains  unaltered. 

In  these  cases,  therefore,  positive  and  negative  charges  are 
developed  in  equal  amounts  (§5);  and  in  the  same  way  it  may 
be  shown  that  this  is  always  the  case,  howsoever  the  electrifica 
tion  is  produced. 

7.  The  Total  Quantity  of  Electrification  is  Unaltered  by  Con- 
duction. If  the  two  insulated  bodies  of  the  last  experiment  are 
brought  into  contact  with  one  another  while  inside  the  vessel  A,  or 
if  they  are  brought  into  contact  with  the  inner  surface  of  A  itself, 
conduction  occurs,  but  no  effect  on  the  external  electrification  is 
produced.  From  this  it  follows  that  when  conduction  occurs, 
the  total  (algebraic)  amount  of  electrification  is  unaltered. 

Corollary.  The  charges  induced  on  the  inner  and  outer  sur- 
faces of  A  when  an  electrified  body  is  introduced  and  insidated 
within,  as  in  §  4,  are  each  of  the  same  magnitude  as  that  of  the 
insulated  body.  For  when  D  touches  A,  the  charges  of  D  and 
the  inner  surface  of  A  completely  disappear  by  conduction,  since 
D  on  removal  is  unelectrified  ;  thus  their  algebraic  sum  is  zero. 
And  the  (opposite)  charges  on  the  inner  and  outer  surfaces, 
being  induced,  must,  by  §  6,  be  equal  in  magnitude. 
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8.  Electric  Charges  of  Both  Kinds  Measured  in  Terms  of  a 
Single  Arbitrary  Unit.  In  addition  to  the  hollow  conductor  A 
of  §§  4-7,  let  there  be  provided  another  similar  insulated  vessel 
B,  sufficiently  large  to  admit -^4  through  its  opening;  and  let  the 
conductor  D  be  given  a  certain  charge  (suppose  positive  for  the 
sake  of  definiteness),  which  will  be  adopted  as  a  provisional  unit. 

If  now  D  is  brought  within  A  and  kept  insulated,  the  outer 
surface  of  A  will  have  unit  positive  charge.  If  A  is  brought  in- 
side ^and  then  into  contact  with  it,  this  charge  will  disappear,  as 
will  also  the  charge  induced  on  B's  inner  surface,  leaving  the 
outside  of  B  with  unit  positive  charge.  If  A  is  now  removed 
from  ^'s  interior  and  then  D  from  A,  the  negative  charge  in- 
duced on  A's  inner  surface  will  pass  to  the  outer  surface  and 
will  disappear  when  A  is  discharged.  This  complete  process 
may  be  repeated  any  number  of  times.  Each  time  B  will  acquire 
an  additional  unit  positive  charge,  and  thus  may  be  given  a 
measured  positive  charge  which  is  any  integral  multiple  of  the 
original  unit. 

To  give  B  a  negative  charge  measured  in  terms  of  the  same  unit, 
the  outer  surface  of  A  must  be  brought  into  contact  with  the 
inner  surface  of  a  hollow  closed  conductor  after  the  introduction 
of  D,  when  the  positive  charge  will  disappear  from  the  outside, 
leaving  unit  negative  charge  upon  the  inner  surface.  When  D 
is  removed,  this  charge  will  pass  to  the  outer  surface  of  A,  and 
will  be  given  up  wholly  to  B  when  A  is  brought  into  contact 
with  ^'s  interior.  B  will  now  have  unit  negative  charge,  and  by 
removing  A  and  repeating  the  process  may  be  given  any  number 
of  units  negative  charge  desired. 

To  obtain  any  submultiple,  ijn,  of  the  original  charge,  it  is 
only  necessary  to  arrange  symmetrically  in  contact  the  original 
conductor  D  and  «  —  i  precisely  similar  and  equal  conductors, 
all  other  bodies,  except  the  surrounding  dielectric,  supposed 
homogeneous  and  isotropic,  being  so  remote  as  to  have  no  appre- 
ciable effect.  Then,  by  the  principle  of  symmetry,  each  con- 
ductor will  take  i/«  of  the  original  charge. 
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9.  The  Law  of  Coulomb.  -Let  two  small  spherical  insulated 
conductors  which  can  be  given  any  charge  desired,  measured  in 
terms  of  some  provisional  unit  by  the  methods  of  §§5  and  8, 
be  so  connected  with  a  dynamometer,  such  as  a  gravity  balance, 
that  the  force  F  between  them  can  be  measured  as  their  charges, 
q^  and  q^,  the  distance  L  between  their  centers,  and  the  surround- 
ing dielectric  are  varied.     Then  it  is  found  by  experiment  that^ 

(i)  However  the  distance  L  and  the  charges  q^  and  q^  are 
varied,  provided  all  the  experiments  are  performed  in  the  same 
dielectric,  and  provided  that  this  dielectric  is  homogeneous  and 
isotropic  and  extends  to  a  great  distance  on  all  sides  of  the  elec- 
trified bodies,  F  is  in  the  straight  line  joining  the  centers  of  the 
conductors ;  is  directly  proportional  to  the  product  of  their 
charges,  being  repulsive  (considered  positive)  when  the  charges 
are  like  and  attractive  (considered  negative)  when  the  charges 
are  unlike,  as  already  known  from  §  i ;  and  the  greater  L  in  com- 
parison with  the  linear  dimensions  of  the  charged  bodies,  the 
more  nearly  inversely  proportional  to  V'. 

(2)  In  different  dielectrics,  with  all  other  conditions  the  same, 
the  force  is  different,  and  always  less  than  in  vacuo  (free  aether). 

The  general  expression  for  F,  when  the  linear  dimensions  of 
the  (not  necessarily  spherical)  charged  bodies  are  negligible  in 
comparison  with  their  distance  apart,  is  therefore 

F==  Aq.qJcD  {!') 

where  ^  is  a  constant  depending  on  the  medium  in  which  the  ex- 
periments are  performed,  called  its  permittivity  or  dielectric  con- 
stant, and  y^  is  a  positive  constant  depending  on  the  units  in 
which  q^,  q^,  L,  F,  and  c  are  expressed, 
(i')  expresses  Coulomb's  law. 

The  Rational  Electrostatic  Unit  Charge.    Unit  Permittivity.     In 

what  follows,  unless  the  contrary  is  stated,  the  centimeter  will 
be  used  as  unit  length,  the  dyne  as  unit  force,  the  permittivity 
of  free  aether,  which  will  be  denoted  by  c^,  as  unit  permittivity, 
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and  as  unit  charge  the  charge  which  each  of  two.  indefinitely 
small  bodies  must  have  in  order  that  when  at  a  distance  of  1  cm. 
apart  in  a  vacuum  the  force  between  them  may  be  i/47r  dyne. 
This  unit  charge  is  called  by  its  originator,  Oliver  Heaviside,  the 
rational  electrostatic  unit  charge,  and  c^  is  called  the  electrostatic 
unit  permittivity. 

Methods  of  measuring  permittivity  are  discussed  in  Chapter 
VII. 

The  conventions  just  made  give,  by  the  above  equation, 
A  =  1/477,  and  the  equation  reduces  to 

^=  ^1^2/^4*^^'  (i) 

which,  in  addition  to  being  a  particular  case  of  (i'),  is  a  particular 
case  of  (2). 

The  direct  experimental  investigation  of  the  law  of  force  is 
due  to  Coulomb,  but  is  not  capable  of  great  precision.  The  law, 
as  stated  by  Coulomb,  is  most  satisfactorily  established  by  the 
consideration  that  all  experimental  knowledge  is  in  perfect  accord 
with  an  electrical  theory  based  largely  upon  the  assumption  that 
the  laws  expressed  in  (i)  are  exact.*  A  reason  for  the  law  of 
inverse  squares  and  a  justification  of  the  term  rational  unit  will 
be  given  in  §§  5,  II.,  and  24. 

The  dimensions  of  electric  charge  and  the  other  electric  quan- 
tities, as  well  as  other  systems  of  units,  will  be  considered  in 
Chapter  XIV. 

For  rational  electrostatic  the  abbreviation  RES  will  hereafter 
be  employed. 

10.  If  any  one  of  the  experiments  described  above  is  repeated 
in  different  dielectrics,  the  results  in  all  cases  will  be  identical, 
except  that,  in  conformity  with  §  9,  the  force  between  two 
charged  bodies  will  always  depend  on  the  surrounding  dielec- 
tric. 

*The  common  deduction  of  the  law  of  inverse  squares  from  the  results  of  the 
Cavendish  experiment  cannot  be  accepted  as  valid.  See  The  Physical  Review,  Sep- 
tember, 1902,  p.  175. 
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11.  Electric  Field.  Electric  Intensity.  —  Any  region  in  which 
an  electrified  body  is  acted  upon  by  a  mechanical  force  in  virtue 
of  its  charge,  or  in  which  an  uncharged  conductor  is  charged  by 
induction,  is  called  an  electric  field.  Such  a  field  exists,  for  ex- 
ample, around  an  electrified  body  (§  i),  but  may  also  exist  with- 
out the  presence  of  electrification  (Chapters  VI.  and  XIII.). 

As  a  result  of  experiment,  it  may  be  stated  that  the  force  F 
acting  upon  a  small  charged  body,  or  small  portion  of  a  charged 
body,  at  any  point  of  an  electric  field  is  proportional  to  its  charge 
q  —  provided  that  the  distribution  of  electric  charge  (real  and 
apparent,  Chapter  IV.)  originally  accompanying  the  electric  field 
remains  undisturbed  by  the  introduction  of  q.  Expressed  in  the 
form  of  an  equation,  this  relation  is 

F=  Eq  ■  (5) 

where  j£"  is  a  constant  for  the  given  point  of  the  field  called  the 
electric  intensity,  electric  force,  or  iioltivity  at  the  point. 

The  conditions  for  the  rigorous  proof  of  this  relation  by  direct 
experiment  would  be  impossible  to  realise,  and  the  remark  at  the 
close  of  §9  with  reference  to  the  establishment  of  Coulomb's  law 
applies  without  alteration  to  (2). 

As  (2)  shows,  E  is  not  a  mere  number,  but  a  physical  quan- 
tity specifying  the  state  of  the  field  and  such  that  its  product  by 
an  electric  charge  is  a  mechanical  force.  E  is  clearly  a  vector 
quantity,  its  direction  being  that  of  the  force  on  a  positively 
charged  body,  and  its  magnitude  the  number  of  dynes  per  unit 
charge.  When  q  is  expressed  in  the  RES  unit  charge  and  F  in 
dynes,  E  is  said  to  be  expressed  in  the  RES  unit  electric  inten- 
sity. 

The  term  electric  field  \s  often  used  to  denote  the  collective  in- 
tensity in  a  region,  instead  of  the  region  itself  The  direction  of 
the  field  at  any  point  is  the  direction  of  the  intensity,  and  the 
streftgth  of  the  field  is  the  magnitude  of  the  intensity. 

12.  The  Superposition  of  Electric  Fields.  —  Experiment  also 
shows  that  any  number  of  electric  fields  (up  to  a  certain  limit, 
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when  the  dielectric  breaks  down  and  conduction  occurs)  may  be 
superposed  upon  one  another,  the  effect  of  each  being  indepen- 
dent of  all  the  rest.  Electric  intensities,  being  vectors,  may 
therefore  be  compounded  like  all  other  vectors  for  which  the 
principle  of  superposition  holds,  the  resultant  intensity  at  any 
point  being  the  geometric  or  vector  sum  of  the  component  in- 
tensities. 

An  electric  field  is  uniform  if  its  intensity  is  the  same  at  every 
point.  Since  i^  is  a  vector,  this  condition  necessitates  a  constant 
direction  as  well  as  a  constant  magnitude.  In  most  cases  li 
varies  from  point  to  point.  Examples  of  uniform  and  other  elec- 
tric fields,  as  well  as  of  the  superposition  of  electric  fields,  will 
be  given  below. 

13.  Electric  Displacement  or  Induction.  Electrisation.  The 
physical  nature  of  every  electric  quantity  is  at  present  unknown. 
Many  phenomena,  however,  support  the  hypothesis  that  c  is  an 
elastic  permittivity  {i.  e.,  the  reciprocal  of  an  elastic  modulus) 
and  that  E  is  an  elastic  stress.  For  the  sake  of  constructing  a 
mechanical  conception  of  the  electric  field  we  shall  provisionally 
assume  c  and  ^  to  be  a  permittivity  and  a  stress,  respectively. 
The  so-called  permittivity  c  will  then  be  the  actual  permittivity 
of  the  sether  or  aether  entangled  in  matter  for  the  (unknown) 
kind  of  strain  concerned. 

Now,  in  the  case  of  ordinary  elastic  substances  subjected  to 
slight  mechanical  strains  we  have,  very  approximately,  the  rela- 
tion (Hooke's  law)  :  straiyij stress  =  i  modulus  =  permittivity^  or 
strain  =  permittivity  x  stress.  If  then  r  is  a  permittivity  of  a  cer- 
tain type  and  E  a  stress  of  the  corresponding  type,  their  product 
cE  must  measure  the  corresponding  strain  or  displacement  of  the 
dielectric. 

Whether  this  conception  is  correct  or  not,  t/te  product  cE  is 

called  the  electric  displacement  (also  the  electric  induction),  and  is 

denoted  by  D.     That  is 

JD=cE  (3) 
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E  being  a  vector,  and  c  being  the  same  for  every  direction  of 
the  intensity,  since  isotropic  substances  only  are  to  be  considered 
here,  Z^  is  a  vector  with  the  same  direction  as  that  of  E.  When 
c  and  E  are  expressed  in  RES  units,  D  is  said  to  be  expressed  in 
the  RES  unit  displacement  (or  induction). 

A  substance  in  which  there  is  electric  displacement  is  also  said 
to  be  in  a  state  of  electrisation,  or  to  be  electrised.  If  the  dis- 
placement and  permittivity  are  uniform  throughout,  the  electrisa- 
tion is  said  to  be  uniform. 

14.  Mechanical  Conception  of  the  Electric  Field.  A  definite 
conception  of  the  electric  field  based  on  the  assumptions  made 
above  will  now  be  given.  According  to  this  conception  (which 
leads  to  results  by  no  means  wholly  consistent,  however)  the 
aether  is  the  simplest  possible  kind  of  dielectric  and  is  composed 
of  two  kinds    of  minute,    incompressible,   elastic    cells,    called 


a.  No  electric  displacement  b..  Electric  displacement 

Fig.    1, 


directed  to  left 


positive  and  negative  cells,  respectively,  so  arranged  (in  rows), 
Fig.  I,  a,  that  only  unHke  kinds  are  in  contact,  and  that  no  slip 
between  adjacent  cells  is  possible. 

When  the  aether  supports  an  electric  field,  the  cells  remain  un- 
changed in  volume,  but  their  shapes  are  distorted  and  their  centers 
of  volume  displaced,  Fig.  i,  b,  the  centers  of  the  positive  cells  in 
the  direction  of  the  electric  intensity,  and  the  centers  of  the 
negative  cells  in  the  opposite  direction.  The  electric  displace- 
ment is  measured  by  the  relative  linear  displacement  of  the 
centers  of  volume  of  the  cells  of  a  positive  row  with  reference 
to  the  centers  of  volume  of  the  adjacent  negative  rows  divided 
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by  the  distance  between  two  adjacent  rows.  The  electric  inten- 
sity is  the  force  per  unit  area  in  the  direction  of  D  acting  uf>on 
the  positive  cells,  or  the  force  per  unit  area  in  the  opposite  direc- 
tion to  that  of  D  acting  upon  the  negative  cells,  in  any  plane 
passing  through  the  direction  of  D.  For  small  displacements, 
the  displacement  and  intensity  so  measured  will  be  proportional, 
as  required  by  (3)  in  all  cases.  The  total  mechanical  force  acting 
upon  the  whole  substance  within  any  element  of  volume  is  zero. 

From  what  precedes  and  from  the  nature  of  the  distortion  as 
shown  in  the  figure,  it  is  clear  that  there  is  a  tension  in  the 
aether  parallel  to  the  intensity,  and  a  pressure  in  all  directions 
normal  to  the  intensity.  That  this  deduction  from  our  mechanical 
conception  is  consistent  with  fact  is  demonstrated  in  §  §  40-4 1 . 

When  the  dielectric,  instead  of  free  aether,  is  a  molecular  sub- 
stance permeated  by  aether,  the  same  general  conception  is  use- 
ful. Like  the  aether  which  permeates  the  matter,  its  molecules 
may  be  thought  of  as  composed  each  of  two  constituents,  positive 
and  negative  atoms,  or  atomic  groups,  or  corpuscles  (Chapter 
IX.),  which  suffer  a  displacement  similar  and  in  addition  to  that 
of  the  aether  cells  entangled  among  them.  However  this  may 
be,  the  permittivity  of  all  molecular  substances  yet  investigated 
is  greater  than  that  of  free  aether.  Thus,  in  ordinary  matter  a 
greater  displacement  than  in  free  aether  accompanies  a  given 
intensity. 

In  perfect  insulators,  according  to  our  conception,  the  cells 
cannot  slip  over  one  another,  and  thus  elastic  displacement  only 
can  accompany  electric  intensity.  In  an  imperfect  insulator  the 
cells  can  slip  only  with  extreme  slowness,  and  more  slowly  the 
more  highly  insulating  the  substance.  In  a  conductor  electric 
stress  can  exist  only  temporarily  (unless  an  impressed  electro- 
motive force,  Chapter  VIII.,  is  continuously  acting),  and  is 
always  accompanied  by  rapid  slip.  That  the  substance  of  a  con- 
ductor cannot  support  electric  displacement  in  a  static  field  will 
be  shown  in  §  15.  The  mechanical  conception  of  electric  con- 
duction will  receive  further  consideration  later  on  (Chapter  IX.). 
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15.  Electric  Displacement  and  Intensity  Zero  within  a  Conduc- 
tor in  a  Static  Field,  We  may  now  restate  (4),  §  4,  as  a  corol- 
lary of  (3),  §  4 :  A  static  field  cannot  exist  within  the  substance 
of  a  conductor.  For  the  fields  within  and  without  a  hollow 
closed  conductor  are  absolutely  independent  of  one  another, 
however  thin  the  conducting  shell.  Hence  they  cannot  be  con- 
nected by  an  electric  field  or  electrically  strained  medium,  and 
the  whole  substance  of  a  conductor,  except  an  extremely  thin 
surface  layer,  is  without  electrical  significance  (in  a  static  field). 
Thus  the  electric  intensity  and  displacement  in  the  outer  region 
terminate  at  the  outer  surface  of  the  conductor,  and  the  electric 
intensity  and  displacement  of  the  inner  region  (if  the  conductor 
is  hollow  and  encloses  insulated  electrified  bodies)  terminate  at 
the  inner  surface. 

16.  Lines  and  Tubes  of  Intensity,  Displacement,  etc.  A  line 
so  drawn  in  an  electric  field  as  to  have  at  every  point  along  its 
length  the  direction  of  the  electric  intensity  (electric  force),  elec- 
trisation, or  displacement  (induction)  is  called  a  line  of  intensity 
[force),  electrisation,  or  displacement  (induction). 

A  tubular  surface  the  elements  of  which  consist  wholly  of 
lines  of  intensity  or  induction  (etc.)  is  called  a  tube  of  intensity 
or  induction  (etc.). 

The  strength  of  a  tube  of  induction  or  displacement  is  defined 
in  §  22>. 

17.  Voltage,  Electromotive  Force,  and  Difference  of  Potential. 

The  work  done  by  the  electric  field  in  carrying  an  indefinitely 
small  body  with  electric  charge  q  along  an  element  dL  (Tig.  2) 
of  a  path  L  between  two  points  P^  and  P^  of  an  electric  field,  if 
dL  makes  an  angle  6  with  the  electric  intensity  E,  is 

dW=  qE  cos  e  dL  (4) 

and  the  total  work  done  in  carrying  q  along  L  from  P^  to  P^  is 

W=qf£cos0dL  (5) 
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the  integral  being  taken  from  /*,  to  P.^.  To  carry  q  from  /*,  to 
/*  along  the  same  path  would  of  course  require  the  expenditure 
of  the  same  amount  of  work  against  the  field  by  an  outside  agent. 

In  the  same  way  the  work 
done  by  the  field  in  carrying  the 
body  with  charge  q  from  P^  to 
P^  along  another  path  L'  is 

W  =  qjE'cosO'dU. 

If  the  electric  field  is  a  static 
field,  W=  W,  and  therefore 

J'^cos  ddL  =  JE'  cos  e'dL'. 

For  if  the  work  done  along  any  path  L  were  greater  than  that 
done  along  any  other  path  L' ,  a  positive  amount  of  work, 
W  —  W ,  would  be  done  on  the  charged  body  by  the  field  dur- 
ing each  completion  of  a  circuit  from  P^  to  P.^  along  L  and  back 
along  Z',  and  yet  the  energy  of  the  field  would  remain  unaltered. 
Since  this  is  inconsistent  with  the  principle  of  the  conservation 
of  energy,  J  E  cos  d  dL  is  the  same  for  every  path  between  two 
given  points  in  an  electrostatic  field. 

The  line  integral  of  the  electric  intensity,  \E  cos  B  dL=^  ^Kq, 
along  a  path  L  from  P^  to  P^  is  called  the  electromotive  force 
(e.m.f )  or  voltage  along  the  path  L  from  /*,  to  P^.  When,  as  in 
the  case  just  considered,  this  quantity  is  the  same  for  everj'  path 
from  /*!  to  /*2»  ^t  ^s  called  also  the  difference  of  potential  between 
Pj  and  P^,  or  th^fall  of  potential  from  P^  to  P^. 

Since  a  voltage  is  a  quantity  of  work  divided  by  a  charge,  it  is 
evidently  not  a  vector. 

When  W  is  expressed  in  ergs  and  q  in  the  RES  unit  charge, 
or  when  E  is  expressed  in  the  RES  unit  intensity,  and  L  in  cm., 
the  voltage  (  =  Wjq  =  JE  cos  6  dL)  is  said  to  be  expressed  in 
the  RES  tmit  voltage.  In  magnitude,  the  voltage  between  two 
points  is  equal  to  the  work  done  in  carrying  unit  charge  from 
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one  point  to  the  other  along  the  given  path,  or  any  path  if  the 
voltage  IS  a  potential  difference. 

18.  PotentiaL  Equipotential  Surfaces.  The  fall  of  potential 
from  a  given  point  P  to  any  point  at  an  infinite  distance  from  all 
electrified  bodies  is  called  the  electric  potential  at  P. 

This  term  is  also  commonly  apphed  to  the  fall  of  potential  from 
P  to  any  point  of  the  earth.  That  the  two  definitions  are  not 
identical  will  be  shown  in  §  6,  Chapter  II. 

The  symbol  V  will  be  used  to  denote  the  potential  at  a  point 
P.  In  conformity  with  this  notation,  the  fall  of  potential  from  a 
point  P^  to  a  point  P^  will  be  written  V^  —  K^,  V^.,,  or,  where  there 
is  no  danger  of  confusion,  simply  V. 

A  surface  which  is  everywhere  normal  to  the  electric  intensity, 
and  between  any  two  points  of  which  there  is  therefore  no  voltage, 
is  called  an  equipotential  surface,  or  simply  an  equipotential.  It  is 
clear  that  an  equipotential  surface  is  always  a  closed  surface  or 
else  (in  certain  ideal  fields)  an  infinite  plane. 

19.  Electric  Intensity  in  a  Static  Field  the  Space  Rate  of  Dimi- 
nution of  Potential.  —  For  the  voltage  from  P^  to  P^  we  have 

V^-V^  =  fE  cose  dL=fEj^dL 

by  writing  E^  for  E  cos  6,  the  component  of  electric  intensity  in 
the  direction  of  dL.  That  is,  the  potential  of  /*,  exceeds  that  at  P^ 
by  jEj^  dL  from  P,  to  P.^ ;  or  the  diminution  of  potential  from  P^ 
to  P^  is  \  Ej^  dL  from  P^  to  P^.  If  the  two  points  are  taken  an 
infinitesimal  distance  dL  apart,  the  diminution  of  potential  along 
dL  becomes  —  dV,  and  the  integral  becomes  simply  Ej^  dL.    Thus 

we  have 

-  dV^  Ej^  dL 
and  therefore 

Ej^=—  dVjdL  (6) 

That  is,  the  component  of  electric  intensity  in  any  direction  is  the 
space  rate  of  diminution  of  the  electric  potential  in  that  direction. 
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V  obviously  diminishes  most  rapidly  along  a  line  of  intensity, 
and  not  at  all  along  a  line  in  an  equipotential  surface. 

20.  Electric  Field  Mapped  out  by  a  System  of  Eqoipotentiali. 
If  a  line  of  intensity  is  denoted  by  N,  the  last  equation  gives 

E^=E=  -dVldN. 

From  this  it  follows  that  an  electric  field  can  be  completely 
mapped  out  by  a  system  of  equipotential  surfaces  so  drawn  that 
the  voltage  between  successive  surfaces  is  constant.  For  the 
direction  of  the  intensity  at  any  point  is  that  of  the  normal  to  the 
equipotential  passing  through  the  point ;  and  its  magnitude  is, 
by  the  above  equation,  proportional  to  the  number  of  succes.sive 
equipotential  surfaces  crossed  at  the  point  per  unit  length  by 
this  normal  or  line  of  intensity.  Maxwell's  method  of  drawing 
such  an  equipotential  system  is  described  in  §§7,  11,  13,  14,  II. 

21.  Electric  Flux.  Let  dS,  Fig.  3,  denote  an  element  of  area 
at  any  point  of  an  electric  field  where  the  displacement  is  D,  and 
let  the  angle  between  D  and  the  normal  N  to  dS  be  denoted  by 
6.     The  product  of  dS  into 

the  component  of  D  normal 
to  dS,  that  is,  D  cos  0  dS, 
is  called  the  electric  flux 
across  ^vS". 

To  obtain  the  electric  flux, 
n,  across  an  extended  sur- 
face S,  over  which  D  may 
vary  in  any  manner,  the  in- 
tegral of  D  cos  B  dS  must 
be  taken  over  the  whole  sur- 
face.    Thus  ^ 

n  =  /Z)  cos  0  dS 

22.  Gauss's  Theorem:  The  electric  flux  out\vard  across  any 
closed  surface  S  so  drawn  as  to  enclose  a  total  charge  g  is  equal 
to  g. 


Fie.  3. 


(7) 
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The  theorem  will  first  be  established  for  the  case  in  which  all 
space  is  filled  up  with  a  single  homogeneous  isotropic  dielectric 
with  permittivity  c  (or  with  any  number  of  isotropic  dielectrics  all 
of  which  have  the  same  permittivity  c). 


Fig.  4. 

Consider  first  the  field  about  a  charge  q  concentrated  at  P, 
Fig.  4,  any  point  within  S,  a  closed  surface  of  any  shape.  For 
the  magnitude  of  the  displacement,  D,  at  any  element  of  area 
dS,  distant  L  from  P,  we  have  from  (i),  (2),  and  (3) 

D  =  cE=  c{gl4.  TT  cD)  =  qlArrrD 

In  direction,  D  and  E  are  evidently  radial  from  P  (or  to  P  if 
q  is  negative). 

For  the  flux  across  dS  we  have  therefore 

dVL  =  D  cos  6  dS  =  q  dS  cos  Oj^irD  =  q  dS' j^irL?  =  qld^rr  ■  day 

where  dS'  =  dS  cos  0  is  the  projection  of  dS  normal  to  Z,  and 
dw  =  dS'i'L^  is  the  elementary  solid  angle  subtended  at  P  by  ^vS" 
and  dS',  that  is,  the  angle  of  the  elementary  conical  tube  of  in- 
duction cutting  out  the  area  dS. 

If  the  surface  is  folded,  so  that  some  of  the  tubes  cut  it  more 
than  once,  as  the  tube  of  angle  do)  which  cuts  out  the  areas  dS^^, 
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dS^,  •  ■  • ,  dS^  in  the  figure,  each  of  these  tubes  must  obviously- 
cut  it  an  odd  number  of  times.  And  since  the  angle  da  of  the 
cone  is  the  same  for  all  the  elements  dS^,  dS^,  etc.,  the  magnitude 
of  the  flux  across  each  will  be  the  same,  viz.,  qj^ir-dto,  but  the 
flux  will  be  outward  (positive)  across  all  the  elements  with  odd 
numbers,  and  inward  (negative)  across  all  the  elements  with  even 
numbers.  Thus  all  the  elements  except  one,  across  which  the 
flux  is  positive  or  outward,  cut  one  another  out  in  pairs,  leaving 
the  total  flux  outward  through  the  tube  equal,  as  for  a  tube  of 
the  same  angle  cutting  the  surface  but  once,  to  gj^rrr  ■  d<o. 
The  outward  flux  across  the  complete  surface  is  therefore 


n  =  J^/n  =.q!4'rr  Jda)  =  q 


(8) 


since  the  whole  solid  angle,   C  dco,  subtended  by  any  closed  sur- 
face at  a  point  within  it  is  47r. 

This  result  is  independent  of  the  position  of  P  within  ^ ;  hence, 
by  the  principle  of  superposition,  it  must  hold  for  charges  dis- 
tributed in  any  manner  within  S,  q  denoting  now  the  total  (alge- 
braic) charge  within.  The  validity  of  the  theorem  for  all  isotropic 
electrostatic  fields  will  be  established  later  (§§  29,  I.  and  i,  IV.). 

23.  The  Strength  of  a  Tube  of  Induction.  From  (8)  it  fol- 
lows that  the  flux  across  every  cross-section  of  a  given  tube  of 
induction  is  the  same.      For  by  the  definition  of  a  tube  there  is 


Fig.  5. 


no  flux  across  any  part  of  its  sides ;  and  since  in  the  space  en- 
closed within  the  sides  and  two  diaphragms  .9,  and  .S",.  Fig.  5, 
there  is  no  electric  charge,  the  flux  which  enters  this  region 


20  ELEMENTS    OF    ELECTROMAGNETIC    THEORY. 

across  vS^  must  equal  that  which  leaves  across  S^.  Thus  there 
is  an  analogy  between  the  electric  flux  and  the  flux  of  an  incom- 
pressible fluid. 

The  strength  of  a  tube  of  induction  is  defined  as  the  magnitude 
of  the  flux  across  any  diaphragm  of  the  tube.  A  unit  tube  is  a 
tube  whose  strength  is  unity. 

24.  Electric  Charge  and  Discontinuity  of  Electric  Flux.  With 
the  exception  of  closed  tubes  of  induction  (Chapter  VI.),  all 
tubes  in  a  static  field  emanate  from  positively  charged  bodies  and 
terminate  upon  negatively  charged  bodies.  To  prove  this  state- 
ment, consider  two  electrified  bodies  (there  cannot  be  less  than 
two)  alone  in  the  field,  there  being  no  charges  upon  other 
bodies.  If  one  possesses  the  charge  +  q,  the  other  possesses  the 
charge  —  ^  (§  6).  The  total  electric  flux  outward  across  any  closed 
surface  surrounding  -\-  q\?>  q,  and  the  total  inward  flux  across 
any  closed  surface  surrounding  —  ^  is  ^  ;  or  the  total  flux  across 
any  closed  surface  separating  the  charge  -|-  q  from  the  charge 
—  q\^  equal  to  q  in  magnitude,  and  in  direction  is  from  -f-  q 
toward  —  q.  That  is,  all  the  tubes  emanate  from  the  body 
with  charge  -|-  q  and  terminate  upon  that  with  charge  —  q,  the 
total  strength  of  all  the  tubes  being  q. 

Exactly  the  same  mode  of  reasoning  may  be  applied  to  a  single 
tube  of  induction.  The  strength  of  a  tube  is  thus  equal  to  the 
magnitude  of  the  positive  charge  at  one  end  or  to  the  magnitude 
of  the  negative  charge  at  the  other.  The  whole  electric  field 
indeed  may  be  regarded  as  a  single  tube  of  induction  passing 
from  one  charge  to  the  other. 

Thus  the  electric  charge  resides  only  where  the  displacement 
is  discontinuous,  and  is  measured  by  the  amount  of  this  discon- 
tinuity. In  fact  Gauss's  theorem  simply  states  the  identity  of  an 
electric  charge  and  the  flux  from  the  charge,  or  rather  the  dis- 
continuity of  the  flux  at  the  charge. 

Rational  Units.  The  system  of  units  here  adopted  is  called 
rational  for  the  reason  that  it  makes  the  flux  from  a  charge  equal 
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to  the  charge  numerically,  as  it  is  dimensional ly,  instead  of  to  4ir 
X  the  charge,  as  in  the  common  systems,  and,  as  a  consequence, 
does  away  with  the  factor  tt  except  in  the  case  of  spherical  or 
circular  distributions,  where  it  would  naturally  occur. 

25.  Electric  Field  Mapped  Out  by  Tubes  of  Induction.     In  the 
elementary  tube  T,  Fig.  6,  let  the  diaphragms  dS^,  dS^,  be  drawn 


Fig.  6. 


at  right  angles  to  the  axis  of  the  tube.  Then  we  have,  by  §23, 
D^dS^  =  D^S^,  whence 

DJD^  =  dSJdS,  =  EJE^  (9) 

Thus  the  intensity  and  induction  at  every  point  along  a  narrow 
tube  are  inversely  proportional  to  its  right  cross-section  at  the 
point.  Since  therefore  the  magnitude  of  the  right  cross-section 
of  a  tube  at  a  point  indicates  the  magnitude  of  the  induction  and 
intensity,  and  the  direction  of  the  tube  the  direction  of  these 
quantities,  an  electric  field  may  be  completely  mapped  out  by 
drawing  a  system  of  tubes,  all  of  the  same  strength,  filling  the 
field.  Maxwell's  method  of  drawing  such  a  system  of  tubes  will 
be  explained  in  §§7,  11,  13-14,  II. 

26.  The  Surface  of  a  Conductor  in  a  Static  Field  is  an  Equipo- 
tential  Surface.  For,  since  in  a  static  field  there  is  no  electric 
intensity   within    the    substance    of    a    conductor,    the  voltage 

CE  cos  6 dL  is  zero  along  any  line  drawn  wholly  through  the 
substance  of  a  conductor  and  connecting  any  two  points  of  its 
surface  (and  therefore  along  any  other  line  connecting  the  two 
points,  since  the  field  is  static). 

27.  Equipotential  Region.  If  in  the  region  on  one  side  of  a 
given  equipotential  surface  there  is  no  electric  charge,  the  elec- 
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trie  induction  and  intensity  in  this  region  are  also  zero,  and  all 
parts  of  it  are  therefore  at  the  same  potential  as  that  of  the 
equipotential  surface.  For  all  the  tubes  which  cross  an  equipo- 
tential  surface  cross  it  normally  and  but  once ;  and  in  the  region 
considered  there  is  no  electric  charge  with  which  such  tubes 
could  originate  or  terminate.  Hence  there  are  no  tubes  in  the 
region,  by  Gauss's  theorem,  and  no  voltage. 

That  the  space  containing  the  substance  of  a  conductor,  or  the 
space  included  within  a  hollow  closed  conductor,  is  an  equipo- 
tential region,  has  already  been  established. 

28.  In  a  Static  Field  a  Conductor  may  be  Replaced  by  a  Die- 
lectric of  any  Permittivity.  Since  there  is  no  electric  field  in  a 
region  without  charge  bounded  by  an  equipotential  surface 
(charged  or  uncharged),  the  substance  filling  this  region  may  be 
replaced  by  any  other  substance,  with  its  surface  charged  in  the 
same  manner  as  that  of  the  substance  replaced,  without  in  any 
way  affecting  the  electric  field.  Thus  it  is  extremely  convenient 
for  the  purpose  of  solving  many  electric  problems,  to  imagine 
the  substance  of  an  electrified  conductor  replaced  by  a  dielectric 
of  the  same  permittivity  as  that  of  the  surrounding  medium,  with 
its  surface  coincident  with  that  of  the  conductor  and  charged  in 
the  same  manner.  This  is  in  order  to  apply  the  law  of  inverse 
squares,  which  can  be  done  only  when  all  space  contains  the 
same  dielectric  of  uniform  permittivity.  Extensive  use  will  be 
made  of  this  principle  in  what  follows  and  it  will  be  generalised 
in  Chapter  IV. 

29.  Gauss's  Theorem  Valid  for  a  Finite  Region  and  for  a  Field 
Containing  or  Bounded  by  Conductors.  As  an  immediate  corollary 
of  what  precedes,  it  follows  that  Gauss's  theorem  is  vahd 
throughout  an  infinite  electric  field  containing  a  homogeneous 
isotropic  dielectric  and  any  number  of  conductors.  And  as  an 
immediate  corollary  of  this  last  proposition  and  §  4,  it  follows 
that  the  theorem  is  valid  throughout  any  finite  electric  field 
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bounded  by  conductors,  and  throughout  a  finite  portion  of  any 
electric  field,  provided  that  this  finite  field  or  portion  of  a  field 
contains  only  a  single  homogeneous  isotropic  dielectric  and  con- 
ductors.    The  validity  of  the  theorem  is  still  further  extended 

in  Chapter  IV.  , 

I 

30.  Electric  Surface  and  Volume  Density.  Convergence  and 
Divergence  of  a  Vector.  The  electric  surface  density  at  any 
point  of  a  charged  surface  is  defined  as  the  charge  per  unit  area 
at  the  point,  and  will  be  denoted  by  <r.  If  dS  is  an  element  of 
area  at  the  point  and  dq  its  charge, 

(T^dqjdS  (lo) 

The  outward  flux  across  any  surface  enclosing  dq  and  no 
other  electric  charges  is  d'^^=  dq=  adS,  by  Gauss's  theorem 
(not  yet  proved  for  this  case,  since  the  surface  encloses,  in 
general,  two  dielectrics).  .Let  such  a  surface  be  formed  by 
a    right   cylinder   of  infinitesimal    length    drawn    through    the 


Fig.  7. 

boundary  of  dS  and  closed  up  by  two  planes  parallel  with 
dS,  one  on  each  side,  Fig.  7.  The  lateral  area  of  this  cylinder  is 
negligible  in  comparison  with  that  of  the  ends,  so  that  the  out- 
ward flux  across  the  total  surface  is  equal  to  the  flux  across  the 
ends.     Therefore,  if  D^  and  D^  are  the  displacements  on  the  two 
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sides  of  dS,  and  6^  and  6^  the  angles  they  make  with  the  normals 
drawn  from  dS, 

dU  =  adS  =  (Z>i  cos  0^  +  A  cos  e^)dS 
whence 

a  =  D^  cos  ^j  +  2^2  co^  ^2  =  '^i-^i  co^  ^1  +  ^^2^2  co^  ^2    ( ^  0 

if  c^  and  ^2  denote  the  permittivities  of  the  media  on  the  two  sides 
of  ^5. 

If  the  charged  surface  is  that  of  a  conductor  in  a  static  field, 
the  displacement,  D,  on  one  side  is  normal  to  the  surface,  and 
on  the  other  side  is  zero  ;  so  that  in  this  case  (11)  becomes 

a  =  D  =  cE  (12) 

which  might  have  been   written   down   at  once  from    Gauss's 

theorem,  already  established  for  this  case. 

The  electric  volume  density  at  any  point  of  an  electrified  volume 

is  defined  as  the  charge  per  unit  volume  at  the  point,  and  will  be 

denoted  by  p.     If  dq  is  the  charge  in  the  element  of  volume  dr 

at  the  point, 

'p==dqldT  (13) 

The  electric  flux  outward  from  dq  through  the  surface  of  dr  is 
dTi.  =  dq  =  pdr,  whence 

p  =  dqjdr  =  dli/dr  =  div  D  (14) 

The  symbol  ^fzV  D  is  an  abbreviation  for  the  divergence  of  D, 
which  is  another  name  for  dTi-jdr,  the  outward  flux  of  the 
vector  D  per  unit  volume,  or,  in  magnitude,  the  amount  of 
the  flux  leaving  unit  volume  through  part  of  its  surface  minus 
the  amount  entering  the  same  volume  through  the  rest  of  its 
surface. 

If  p  is  negative,  div  D  is  also  negative,  or  the  flux  is,  on  the 
whole,  directed  into  dr.  To  the  negative  of  the  divergence  the 
term  convergeitce  is  applied.     It  is  written  conv.     Hence 

— /3  =  —  div  Z>  =  conv  Z)  (15) 
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The  convergence  or  divergence  of  any  other  vector  is  simi- 
larly defined  as  the  inward  or  outward  flux  of  the  vector  per 
unit  volume  at  the  given  point. 

An  insulator  may  possess  both  volume  density  and  surface 
density  of  electrification,  but  the  charge  of  a  conductor  in  a  static 
field  resides,  as  has  been  already  shown,  on  the  surface  only. 
This  statement  must  not  be  taken  too  literally,  however,  as  the 
molecular  structure  of  matter  makes  it  necessary  that  the  dis- 
placement should  terminate  upon  the  atoms  of  a  surface  layer, 
although  this  layer  is  extremely  thin. 


31.  Cartesian  Expression  for  the  Divergence  and  Convergence 
of  a  Vector.  The  Equations  of  Foisson  and  Laplace.  First  we 
shall  obtain  the  expression  for  the  divergence  of  the  vector  D. 
Let  the  components  of  D  at  the  point  whose  coordinates  are  x, 
y,  z,  parallel  to  the  rectangular  axes  X,  V,  Z,  be  Z>,,  Z?,,  Z?,, 
respectively.  Fig.  8.  Consider  the  elementary  parallelepiped 
whose  edges  are  parallel  to  the  coordinate  axes  and  have  the 
infinitesimal  lengths  dx,  dy, 
dz,  the  coordinates  of  the 
comer  nearest  the  origin  of 
coordinates  being  x,  y,  z. 

The  flux  uito  the  parallel- 
epiped through  the  face  1 3 
is  Z>2  dxdz  (or  the  flux  out 
across  the  face  13  is  —  D^ 
dxdz),  and  that  out  through 
the  opposite  face,  57,  is  {D^ 
-\-  dDJdy  dy)  dxdz.  Hence 
the  resultant  outivard  flux 
across  the  two  faces  parallel 
to  the  JfZplane  is  {D^+dDJdydy)dxdz—D^dxdz=^dD^dy  dxdyds. 

In  exactly  the  same  way  the  resultant  outward  flu.x  across  the 
two  faces  26  and  35  is  dDJdxdxdydz,  and  that  across  the  faces 
46  and  37,  dD^dz  dxdydz. 


Fig.  8. 
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Hence  the  total  flux  outward  from  the  parallelepiped  is 

dU  =  {dDJdx  -I-  dDJdy  +  dDJds)  dxdydz 
=  {dDJdx  +  dDJdy  -f  dDJdz)  dr 
and 

p  =  div  D  =  —  conv  D  ^  d  ajdr 


(i6) 


=  dDJdx  +  dDJdy  4-  dDJdz 
Similarly,  for  any  other  vector,  as  E,  we  have 

div  ^  =  —  conv  E  =  dEJdx  +  dEJdy  +  dEJdz 
If  c  is  constant  (independent  of  x,  y,  z),  we  have,  since  D  =  cE, 

div  D  =  dDJdx  +  dDJdy  +  dDjdz 

(17) 
=  c{dEJdx  +  dEJdy  +  dEjdz)  =  c  div  £ 

Equation  (17)  may  be  written 

p  =  div  Z?  =  ^/^^  (c^i)  +  djdy  {cE^  +  ^/^^  (^^3) 
=  -  djdx  (cdV/dx)  -  d/dy  (cdV/dy)  -  d/dz  (cdV/dz)     ^  ^ 

If  c  is  independent  of  the  coordinates,  this  equation  becomes 

p  =  div  D=-c{d^ V/dx'  +  d^ V/dy^  +  d^ VI dz")         ( 1 9) 

(18)  and  (19)  are  the  equations  of  Poisson.     When  /a  =  o,  the 
equations  become 

djdx  {cd  Vjdx)  +  d\dy  {cdVldy)  +  djdz  {cdV/dz)  =  o      (20) 
and 

•    d^Vldx^  +  dWldf-{-d^Vld^=o  (21) 

which  are  the  equatiojts  of  Laplace. 

32.  The  Equilibrium  of  Superposed  Electric  Fields,     (i)  If  in 

each  of  any  number  of  electric  fields  separately  each  of  a  given 
system  of  surfaces  of  fixed  configuration  is  an  equipotential,  then 
in  the  electric  field  resulting  from  the  geometric  superposition  of 
these  fields  each  surface  will  remain  an  equipotential.  For  since 
in  each  field  separately  the  tubes  meet  the  surfaces  normally,  by 
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definition   of  an   equipotential,  the  tubes  in  the  geometrically 
obtained  resultant  field  will  also  meet  the  surfaces  normally. 

(2)  That  the  superposition  of  any  number  of  distributions  of 
electric  charges  in  or  upon  insulators  gives  a  resultant  distribution 
of  charges  in  equilibrium  is  evident  from  the  definition  of  an  insu- 
lator. That  the  resultant  field  (obtained  by  geometrical  super- 
position) connected  with  these  charges  is  in  equilibrium,  and  that 
this  is  the  only  possible  resultant  field  in  equilibrium,  follows 
from  §12. 

(3)  If  each  or  any  of  the  equipotentials  of  (i)  encloses  no 
charges,  then  it  encloses  no  field,  and  it  is  immaterial  so  far  as 
the  external  (/.  c,  the  only)  field  is  concerned  whether  the  sub- 
stance within  this  surface  is  an  insulator  or  a  conductor  (§28). 
If  the  field  is  in  equilibrium  in  the  one  case,  it  will  be  in  equi- 
librium in  the  other.  Hence  we  may  state  that  if  each  of  any 
number  of  electric  fields  surrounding  or  bounding  a  given  system 
of  conductors  with  fixed  configuration  is  separately  in  equilibrium, 
then  the  electric  field  resulting  from  their  geometric  superposition 
will  also  be  in  equilibrium,  and  will  be  the  only  possible  resultant 
field  in  equilibrium  (/.  e.,  static).  The  last  statement  is  proved 
again  in  §  46. 

33.  The  Superposition  of  Voltages  and  Potentials.  If  the  vol- 
tage from  any  point  P  to  any  other  point  P'  is  V^  when  the  field 
surrounding  the  points  is  a  given  field  A^,  V^  when  the  field  is 
^j,  •  • .  ,  F  when  the  field  is  A^,  then  the  voltage  from  Pto  F 
when  all  the  fields  are  superposed  is 

r=  Fj  -f  F,  -f  . . .  +  F  (22) 

For,  all  the  integrals  being  taken  along  the  same  path  L  (which 
may  be  any  path  from  P  to  P),  we  have,  in  the  notation  of 
§§  17-19. 
V,  =  fE,  cos  e^dL,  V,  =  fE,  cos  0,dL,-..,V^  =  fE^  cos  0^dL 

and  V=  jEcosddL 
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By  the  principle  of  superposition  of  electric  intensities 

E  cos  6  =  E.  cos  6.  -f  E„  cos  ^„  +  •  •  •  -{-  E  cos  6 
Hence 

F=  /^  cos  6*  ^Z  =  F,  +  Fj  +  . . .  +  F 

which  is  identical  with  (22). 

If  P'  is  any  point  in  the  region  of  zero  potential,  Fand  F,, 
V^  ,  •  ■  ■  ,  F  denote  the  resultant  and  component  potentials,  re- 
spectively at  /*. 

34.  Voltages  and  Charges  Proportional.  It  is  clear  from  §§32 
and  33  that  when  the  intensity  at  every  point,  and  therefore  the 
voltage  between  every  two  points,  of  a  static  electric  field  is 
altered  in  any  ratio,  the  resulting  electric  field  will  be  in  equi- 
librium, and  the  electric  surface  or  volume  density  at  every  ele- 
ment of  charged  surface  or  volume  will  be  altered  in  the  same 
ratio,  and  vice  versa.  The  original  field  has  simply  been  super- 
posed on  itself  a  given  number  of  times. 

35.  Capacity  of  an  Electrical  System.  Permittance  of  a  Dielec- 
tric. S  is  Proportional  to  c.  In  an  electric  field  terminated  by 
two  conductors  A  and  B  all  the  tubes  emanate  from  one  of  the 
conductors  and  terminate  upon  the  other,  so  that  the  charges  of 
A  and  B  are  equal  and  opposite  whatever  their  common  magni- 
tude, q.  This  relation  still  holds  when  any  number  of  other  con- 
ductors, uncharged  except  by  induction,  are  in  the  field,  the  tubes 
connecting  A  and  B  simply  being  rendered  discontinuous  at  the 
surfaces  of  these  conductors  (§  42).  By  the  last  article,  if  the 
voltage  FJ2  between  A  and  B  is  altered  in  any  ratio,  q  will  be 
altered  in  the  same  ratio,  and  vice  versa.     That  is 

9=SK,  (23) 

where  5  is  a  constant,  called  the  capacity  of  the  system  AB,  or 
much  better,  the  capacity  or  permittance  of  the  dielectric  bounded 
by  A  and  B. 
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The  above  equation  may  be  written 

S=qlV,,^fDdSlfEdL  (24) 

dS  being  the  element  of  area  of  any  equipotential  surface  (neces- 
sarily closed  around  one  of  the  conductors  or  else  extending  to 
infinity),  and  dL  the  element  of  length  of  any  line  of  intensity,  the 
integrals  extending  over  the  whole  surface  and  along  the  whole 
length  of  the  line,  respectively. 

The  term  permittance  is  applied  to  ^  (surface  integral  of  dis- 
placement/line integral  of  intensity)  for  the  same  reason  for 
which  the  term  permittivity  is  applied  to  c  (displacement /intensity). 

When  the  charge  and  voltage  are  expressed  in  RES  units  in 
(23)  and  (24),  5  is  said  to  be  expressed  in  the  RES  unit  capacity 
or  permittance.  The  unit  capacity  is  thus  the  capacity  of  a  sys- 
tem, or  dielectric,  upon  each  of  whose  terminating  conductors 
the  charge  is  unity  when  the  voltage  is  unity. 

Two  conductors  which  completely  bound  an  electric  field,  like 
the  system  AB,  are  called,  with  the  intervening  dielectric,  an 
electric  condenser  or  leydcn.  These  terms  are  commonly  applied, 
however,  only  when  the  conductors  are  near  together,  in  which 
case  the  displacement  may  be  very  great,  or  the  electric  charge 
highly  "condensed"  even  when  the  voltage 

(J'^^Z  =  I  jcfDdL) 

is  small  (since  L  is  small).  The  term  condenser  is  also  applied 
to  a  system  in  which  nearly  all  the  tubes  of  induction  pass  from 
one  of  the  conductors  to  the  other. 

If  the  voltage  P^of  a  leyden  is  kept  constant,  and  the  permit- 
tivity c  of  its  dielectric  altered  everywhere  in  a  given  ratio,  the 
intensity  E  will  remain  constant,  but  the  displacement  D,  and 
therefore  the  charge  q,  will  be  altered  everywhere  in  the  same 
ratio.     Hence  5  is  proportional  to  c. 

Although  a  charge  of  one  sign  cannot  exist  without  the  com- 
plementary charge  of  opposite  sign,  it  is  sometimes  convenient 
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to  imagine  one  of  the  charges  removed  to  an  infinite  distance, 
when  the  electric  field  within  a  finite  distance  is  connected  with 
only  a  single  electrified  body  and  conductors  with  induced 
charges.  The  intensity  and  potential  at  every  point  will  then  be 
proportional  to  the  charge  of  the  electrified  body. 

36.  Mechanical  Analogue  of  the  Relation  q  ^  S  V\^.  If  a  spring 
(analogous  to  the  dielectric  of  a  condenser)  which  obeys  Hooke's 
law  and  has  perfect  elasticity  {c  =  D\E  =  constant)  is  stretched 
a  distance  L  (analogous  to  q)  by  a  force  F  (analogous  to  J^g)  then 

L  =  KF  (25) 

where  K  (analogous  to  5 )  is  a  constant  depending  on  the  spring. 
A  similar  relation  of  course  exists  between  the  deformation  and 
the  forcive  in  the  case  of  any  other  perfectly  elastic  strain. 

37.  The  Electrostatic  Energy  of  a  Field  Bounded  by  Two  Con- 
ductors. Energy  Contained  in  a  Tube  of  Displacement  Between 
Two  Equipotentials.  The  energy  contained  in  the  dielectric 
bounded  by  the  two  conductors  A  and  B  due  to  its  electric  dis- 
placement is  equal  to  the  work  done  in  creating  the  electric 
field,  or  the  work  done  against  the  electric  field  in  charging  the 
system  (provided  there  is  no  dissipation  of  energy  in  dielec- 
tric hysteresis,  §  i,  VI.).  Let  the  process  of  charging  consist  in 
carrying  successive  elements  of  charge  dq  from  B  to  A,  or  —  ifq 
from  A  to  B,  or  both.  Each  time  this  is  done  A  gains  a  charge 
+  d(/  and  B  a  charge  —  dq,  and  the  work  done  in  effecting  the 
transfer,  if  the  charges  of  A  and  B,  at  the  time  are  -|-  g  and  —  q 
respectively,  and  if  the  corresponding  voltage  from  A  to  B  is 

V  is 

dW=  Vdq  (26) 

by  (5). 

If  S  =  q\V=  constant,  which  is  true  except  when  intrinsic 
displacement  (VI.)  is  present,  (26)  may  be  written 

dW=  Vdq=  \\Sqdq=SVdV 
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Hence  the  total  work  done  in  establishing  the  field,  or  the  total 
electrostatic  energy  of  the  field,  is 

IV=    Cvdq  =  l/S  Cqdq  =  l<f  f S 

Jo  vo  ,      V 

nv  (27) 

=  ^  VdV=\SV'  =  lqV 

*Jo 

The  electric  field  may  be  considered  as  a  single  tube  of  dis- 
placement connecting  A  and  B,  the  strength  of  the  tube  being 
q  and  its  voltage  V.  The  energy  of  this  tube  is  then  one  half 
the  product  of  its  strength  by  its  voltage.  Or  the  field  may  be 
divided  up  into  tubes  of  displacement  in  any  manner,  and  since 
the  above  result  is  wholly  independent  of  the  shapes  of  the  tubes, 
the  energy  contained  in  each  tube  is  in  the  same  way  one  half  of 
the  product  of  its  strength  by  its  voltage.  Also,  the  energy  con- 
tained in  the  portion  of  any  tube  of  strength  q  between  two  equi- 
potential  surfaces  differing  in  potential  by  V'ls^qV,  whether  the 
tube  terminates  at  these  surfaces  or  not. 

In  any  case,  whether  energy  is  dissipated  or  not,  or  whether 
qj  V=  S  is  constant  or  not,  the  work  done  in  charging  the  con- 
denser from  a  neutral  state  to  charge  q,  or  the  work  done  in 
changing  the  strength  of  a  tube  of  displacement  from  0  to  q, 
and  its  voltage  from  0  to  V,  is 


W 


=   Cvdq  (28) 


38.  Electric  Energy  Density  in  a  Dielectric.  From  §  37  it  fol- 
lows that  when  D  =  cE  (no  intrinsic  electrisation  present,  Chapter 
VI.)  the  energy  per  unit  volume  at  any  point  of  an  electric  field  is 

U=\ED=\cE^  (29) 

To  prove  this,  consider  an  elementary  tube,  of  strength  dq^ 
cutting  two  equipotential  surfaces  distant  dL  apart,  the  point  con- 
sidered being  at  the  center  of  the  element  of  volume  dr  enclosed 
by  the  sides  of  the  tube  and  the  equipotentials.     If  the  right 
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cross  -section  of  the  tube  is  dS  at  the  point,  dr  =  dL  dS.     The 
energy  contained  in  dr  is 

dlV=  \dq  EdL  =  \DdSEdL  =  \ED  dr  =  \cE''  dr 

and  the  energy  per  unit  volume  is 

U=  dWjdr  =  \ED  =  i  cE'' 

which  is  identical  with  (30). 

Without  assuming  the  relation  ^/ F=  5  =  constant,  of 
c  =  DjE  =  constant,  or  that  there  is  no  dissipation  of  energy, 
we  can  show  that  the  work  done  per  unit  volume  in  creating  a 
displacement  Z?  is  • 

C/=    r  EdD  (30) 

Jo 

which  reduces  to  (29)  when  c  =  B/E  =  constant. 

For  in  the  general  case,  §  37  (28),  the  work  done  in  changing 
the  strength  of  a  tube  of  displacement  from  (9  to  ^  is 

W=JVdq  =  fff  EdDdLdS  =  ff  EdD  dr 

which,  on  differentiating  with  respect  to  t,  gives  (30). 

39.  Electric  Tension  and  Pressure  (Preliminary).  From  the 
consideration  of  a  static  electric  field  (such  as  the  field  of  Fig.  22, 
24,  or  47),  in  which  tubes  of  induction  stretch,  in  general,  from 
a  positively  charged  body  to  another  body  negatively  charged ; 
in  which  there  is  always  a  force  of  attraction  between  the  op- 
positely charged  bodies ;  and  in  which  a  small  electrified  body 
(if  the  force  of  gravity  is  eliminated)  will  move  along  a  line  of 
intensity ;  it  follows  immediately  that  at  every  point  of  an  elec- 
tric field  there  is  a  tension  in  the  dielectric  in  a  direction  parallel 
to  the  intensity  —  the  tubes  of  induction  tending  to  contract  in 
length  indefinitely  and  to  pull  together  the  electrified  bodies  on 
which  they  end. 

It  is  clear  also  from  the  manner  in  which  the  tubes  of  induction 
spread  out  laterally  as  they  pass  from  one  of  the  bodies  to  the 
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Other,  filling  all  space  except  as  the  field  is  bounded  by  conduc- 
tors, that  at  every  point  in  the  dielectric  there  is  a  pressure  per- 
pendicular in  every  direction  to  the  intensity  at  the  point.  Were 
the  tension  along  the  tubes  the  only  stress,  it  is  clear  that  all  the 
tubes  would  contract  in  cross-section  as  well  as  in  length  and 
stretch  straight  across  from  one  charge  to  the  other ;  and  the 
electromotive  force  from  charge  to  charge  along  all  paths  not 
passing  through  the  region  occupied  by  these  tubes  would  be 
zero,  which  is  of  course  impossible. 

It  is  clear  also  that  the  intensity  and  pressure  at  any  point  are 
greater  the  greater  the  intensity  and  induction  at  the  point. 
These  stresses  are  referred  to  in  §  14,  and  will  receive  detailed 
consideration  in  the  next  two  articles. 

40.  Electric  Tension,  Method  I.  At  any  point  in  a  dielectric  ia 
which  (29)  holds  there  is  a  tension  in  the  direction  of  the  in- 
tensity, with  magnitude  per  unit  area 

T=\ED  =  \cE^=.U  (31) 

To  prove  this,  consider  a  uniform  field  which  is  terminated  at 
one  end  by  a  plane  conducting  plate  of  area  A  (necessarily)  nor- 
mal to  the  electric  field  (III,  §  2).  If  the  plate  is  moved  in  a  direc- 
tion parallel  to  the  field  an  infinitesimal  distance  dL,  the  volume 
of  the  dielectric  under  strain  terminated  by  the  plate  of  area  A  is 
increased  by  AdL  and  the  energy  hy  dW—  AdL^ED,  the  dis- 
placement of  the  plate  being  so  small  that  E  and  D  remain  sen- 
sibly unaltered.  This  increase  in  energy  is  equal  to  the  work 
done  in  moving  the  plate  the  distance  dL  against  the  force 
normal  to  its  surface  due  to  the  tension  in  the  dielectric.  If  the 
force  per  unit  area  on  the  plate,  which  must  equal  the  tension  in 
the  direction  of  the  intensity  in  the  dielectric,  is  denoted  by  T, 
we  have  therefore 

dW=  TAdL  ==  \EDAdL  ;  and  T=  v\A  dWjdL  =  \ED,  etc., 
which  is  identical  with  (31). 
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This  result  has  been  deduced  for  a  uniform  field,  but  since 
every  field  is  uniform  throughout  an  infinitesimal  volume,  the 
result  is  perfectly  general. 

The  best  form  of  apparatus  for  investigating  the  electric  tension 
experimentally  is  described  in  §§  2  and  4,  III. 

Electric  Tension,  Method  II.  The  proposition  just  established 
may  also  be  demonstrated  as  follows  :  Let  dS  be  an  element 
of  the  charged  surface  of  a  conductor,  and  let  P  and  Q  be  two 
points  indefinitely  near  the  surface,  one  without  and  the  other 
within  the  conductor  at  the  center  of  dS.  Consider  the  sub- 
stance of  the  conductor  replaced  by  a  dielectric  of  the  same  per- 
mittivity as  that  of  the  surrounding  medium  (c),  §  28.  Then 
the  electric  intensity  at  P  and  at  Q  may  be  resolved  into  two 
components,  one  which  can  be  calculated  from  the  charge  upon 
dS,  and  the  other  from  the  rest  of  the  charges  in  the  field  (or,  as 
ordinarily  expressed,  one  diie  to  the  charge  on  dS,  and  the  other 
due  to  the  other  charges).  Let  the  two  components  at  P  be 
denoted  by  £^  and  B^*  ^"*^  ^he  resultant  intensity  by  £.  By 
symmetry,  E^^  is  normal  to  dS,  and  there  is  an  equal  and  oppo- 
site component,  —  £^,  at  Q.  Since  £  and  E^  are  both  normal 
to  dS,  E^,  their  vector  difference,  is  also  normal.      Hence 

E=E^  +  E^ 

The  resultant  intensity  at  Q,  inside  the  surface,  is  zero,  and 
has  the  components,  E.^  normally  outward,  and  E^  normally  in- 
ward (that  is,  —  E^.     Hence 

0  =  E.^-E^ 

Therefore  E^  =  E.^=  ^E 

The  charge  upon  the  element  of  surface  dS  is  a-dS  =  DdS ; 
and,  since  the  intensity  at  the  charged  element  due  to  adS  is 
zero  (being  directed  symmetrically  toward  the  outside  and  in- 
inside),  and  since  the  intensity  due  to  the  other  charges  is  ^E,  the 
mechanical  force  per  unit  area  upon  the  charged  surface  between 
Pand  Q'ls  -r      1  tt^       1    2/  ^  /     \ 
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Electric  Tension,  Method  III.  The  same  result  may  be  ob- 
tained by  still  another  method.  As  we  have  seen,  the  electric 
charge  is  not  strictly  a  surface  distribution,  but  is  confined  to 
a  very  thin  surface  layer.      At  the  outer  surface  of  the  layer 

A 


Charged 


;  Body    of    conductor  i 

Fig.  9. 

the  intensity  and  displacement,  which  are  normal  to  the  surface 
throughout  the  layer,  have  their  full  surface  values  E  and  D ;  at 
the  inner  boundary  of  the  layer  they  are  zero.  If  E  and  D  de- 
note also  the  intensity  and  displacement  at  a  distance  x  from  the 
inner  boundary  of  the  surface  layer,  of  thickness  L  (Fig.  9),  the 
charge  within  the  small  volume  of  thickness  ^.rand  cross-section 

dq  =  dx  dS  divD  =  dx  dScdEJdx 

E  being  a  function  of  x  only.  The  outward  force  upon  the  por- 
tion of  the  conductor  within  this  chained  volume  is 

dF'  =  Edg=^dS  cEdEjdxdx 

and  the  total  force  upon  that  part  of  the  surface  layer  whose 
cross-section  is  dS  is 

dF=   CdF'  =dsC  cEdE/dxdx=dScf  EdE=dS\cE^ 

whence  the  force  per  unit  area  upon  the  charged  surface,  or  the 
tension  in  the  dielectric  at  the  surface,  is 

T=dFldS=  \cE-'=\ED  (31) 

41.  Electric  Pressure.     Equilibrium  of  a  Dielectric  Sapporting 
Electric  Displacement.      In  a  dielectric   supporting  an    electric 
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field  there  is  at  every  point,  in  addition  to  the  tension  ^ED  in 
the  direction  of  the  intensity,  a  pressure  normal  in  every  direc- 
tion to  this  intensity  and  equal  to 

p^lED=T=U  (32) 

To  establish  this  proposition,  consider  the  radial  field  from  a 
charge  upon  a  very  small  body  at  P,  Fig.  10,  and  an  elementary 
(conical)  tube  of  displacement  T  cutting  two  (spherical)  equipo- 


Flg.  10. 

tentials  5,  and  S^  a  distance  dL  apart,  and  enclosing  areas  dS^ 
and  ^^2  of  these  surfaces.  Let  E^,  D^  and  E^,  D^  be  the  inten- 
sity and  displacement  at  S^  and  ^2>  respectively.  The  portion  Z 
of  the  dielectric  enclosed  by  the  sides  of  the  tube  and  ^j  and  S^ 
is  in  equilibrium  under  the  action  of  the  stresses  of  the  field. 
The  force  on  Z  arising  from  the  tensions  is,  by  (31), 

measured  toward  P,  and  must  be  balanced  by  an  equal  force 
directed  from  P.  We  shall  assume  that  this  equilibrating  force 
arises  from  a  pressure  p  normal  everywhere  to  the  surface  of  the 
tube,  and  shall  proceed  to  find  its  value.  If  /^  and  p^  are  the 
values  of  p  at  dS^  and  dS.^,  respectively,  its  average  value  ovef 
the  surface  of  the  small  volume  Z  is  approximately 

Ka+a) 
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From  the  figure  it  is  clear  that  the  resultant  force  due  to  /  is 
outward  along  the  axis  of  the  tube  and  equal,  approximately,  to 

i(A+A)sin^^ 

if  B  is  the  lateral  area  of  the  surface  of  Z.     Since  • 

sin  e  =  {dS^  -  dS,)IB 
very  approximately, 

liP,  +  A)  sin  ^  ^  =  ^  (/,  +  p^{dS,  -  dS,) 

Z  is  evidently,  by  symmetry,  in  equilibrium  laterally,  so  that 
it  will  be  in  complete  equilibrium  if 

i(  A  +  A)  (A  -  A)  =  \cE^dS,  -  \cE^dS^ 
Since 

E^dS^  =  EjdS^ 

the  last  equation  may  be  written 

K  A  +  P^  {dS,  -  dS,)  =  ^  cE,EldS,  -  dS,) 

which  becomes,  when  the  tube  T  is  made  indefinitely  narrow, 
and  the  surfaces  S^  and  S.^  are  brought  indefinitely  close  together, 

p  =  U£'  =  lED 

which  is  identical  with  (32). 

Since  the  field  within  the  element  of  volume  is  uniform  when 
the  element  is  made  indefinitely  small,  and  since  this  is  true  of 
any  electric  field,  the  result  just  obtained  for  a  radial  field  holds 
universally. 

A  method  of  proving  (32)  by  direct  experiment  is  described 
in  §  3,  VII. 

42.  Electric  Conduction  and  Induction.  The  tension  in  the 
direction  of  the  intensity  at  every  point  of  a  dielectric  supporting 
an  electric  field  and  the  pressure  perpendicular  to  this  direction 
throw  much  light  on  the  disappearance  or  transfer  of  electric 
charges  by  conduction  and  their  development  by  induction. 
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Conduction.  First  it  will  be  shown  that  this  stress  system  will 
account  for  the  result  of  §  26.  For  if  the  surface  of  a  conductor 
were  not  an  equipotential,  i.  e.,  if  the  tubes  of  induction  did  not 
meet  the  surface  normally,  there  would  be  in  the  dielectric  at  the 
interface  a  component  of  the  intensity  parallel  to  the  surface,  and 
therefore  a  component  of  the  tension  parallel  to  the  surface 
and  a  component  of  the  pressure  perpendicular  to  the  surface. 
Since  the  charges,  or  the  ends  of  the  tubes,  can  move  freely  along 
a  conductor,  the  tubes  would  therefore  contract,  their  ends,  or 
the  charges,  slipping  along  the  conductor ;  and  since  within  the 
substance  of  the  conductor  the  intensity,  and  therefore  the  pressure 
perpendicular  to  the  surface,  is  zero,  the  component  perpendicular 
to  the  interface  of  the  pressure  in  the  dielectric  would  be  un- 
balanced by  any  pressure  from  within,  so  that  the  tubes  would 
be  continually  pushed  toward  and  into  the  conductor  (there  to 
break  up).  Since  these  processes  are  inconsistent  with  the  nature 
of  a  static  field,  there  can  be  no  component  of  the  intensity 
parallel  to  the  surface  of  the  conductor. 

Consider  two  electrified  conductors  A  and  B  with  positive 
and  negative  charges  respectively,  A  being  the  only  positively 
charged  body  in  the  field  ;  and  suppose  q,  the  charge  of  A,  nu- 
merically greater  than  q' ,  the  charge  of  B.  Of  the  q  unit  tubes 
emanating  from  A,  q'  terminate  upon  B,  and  q  —  q'  upon  other 
bodies  at  a  distance.  If  A  and  B  are  connected  by  a  wire  C,  in 
which  permanent  electric  stress  cannot  exist,  the  tensions  along 
the  tubes  and  pressures  at  right  angles  to  them  will  cause  the  q' 
tubes  connecting  A  and  B  to  be  pushed,  contracting  as  they  go, 
into  the  regions  of  no  permanent  stress,  the  conductors  A,  B, 
and  C,  until  the  positive  and  negative  ends  of  each  tube  meet 
and  the  tube  disappears. 

The  remaining  q  —  q'  tubes  emanating  from  A  will  be  redis- 
tributed by  the  system  of  tensions  and  pressures  until  there  is 
again  equilibrium,  when  the  remaining  q  —  q'  tubes  will  emanate 
normally  from  A,  B,  and  C. 
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During  the  process  of  conduction  the  field  is  not  in  equilib- 
rium, nor  is  it  zero  within  the  conductors,  and  the  tubes  arc  not 
normal  to  the  surfaces  of  the  conductors,  but  are  inclined  from 
the  normal  at  each  end  in  the  direction  of  motion  of  that  end. 
If  the  conductivity  were  perfect,  the  tubes  would  always  end 
normally  at  the  conducting  surfaces  and  would  never  disappear 
in  the  conductors  (Chapter  VIII.,  §  9). 

The  phenomena  here  described  are  only  a  part  of  the  phe- 
nomena occurring  during  conduction,  and  a  more  complete  dis- 
cussion will  be  given  later  (Chapters  VIII.,  XII.). 

Induction.  Into  an  electric  field,  as  that  bounded  by  a  concen- 
trated charge  A  and  the  walls  of  the  room,  let  a  conductor  B  be 
introduced.  The  state  of  strain  previously  existing  in  the  space 
now  occupied  by  B  is  annulled  by  its  introduction,  the  tubes 
formerly  crossing  this  space  being  cut  in  two  by  the  conductor,  and 
those  sufficiently  near  being  pushed  against  its  surface  and  there 
also  cut  in  two,  until  all  the  tubes  so  severed  touch  B  normally 
and  there  is  again  equilibrium.  For  every  tube  terminating  upon 
B  there  is  therefore  a  tube  of  equal  strength  emanating  from  it. 
That  is,  the  positive  and  negative  charges  developed  by  induction 
are  equal. 

All  the  tubes  severed  by  B  may  be  regarded  as  still  belonging 
to  A  ;  they  are  simply  rendered  discontinuous  at  the  surface  of 
B,  where  the  induced  charges  therefore  reside. 

If  B  is  connected  to  the  walls  by  a  wire  C,  the  tubes  stretching 
from  B  to  the  walls  will  disappear  by  the  process  of  conduction, 
described  above,  leaving  B  charged  oppositely  to  A.  The  tubes 
between  B  and  the  walls  having  disappeared,  more  of  the  tubes 
from  A  will  crowd  into  their  places  until  there  is  again  equilib- 
rium, part  to  end  on  B,  part  on  C,  and  part  on  the  walls.  The 
charge  on  B  of  the  opposite  kind  to  that  of  A  is  thus  increased 
by  earthing  B. 

Fig.  1 1  (from  Nichols  and  Franklin's  Elements  of  Physics, 
Vol.  II.,  §§  165-6)  illustrates  the  process  of  introducing  a  small 


k 


40 


ELEMENTS   OF   ELECTROMAGNETIC    THEORY. 


charged  conductor  B,  insulated,  into  a  nearly  closed  hollow  con 
ductor  A,  §4,  putting  on  the  conducting  lid,  moving  B  about 
inside,  and  finally  bringing  B  into  contact  with  y^'s  inner  surface. 
The  distribution  of  the  tubes  here,  as  well  as  in  the  preceding 
cases,  can  be  roughly  predicted  from  the  considerations  that  all 
the  tubes  meet  both  conductors  normally  and  that  the  voltage 


Fig.  11. 

along  every  line  from  one  conductor  to  the  other  is  the  same. 
Since  the  voltage  along  a  line  of  intensity  is  equal  to  the  average 
value  of  the  intensity  along  the  line  x  its  length,  the  intensity 
and  the  induction  must  be  greater,  or  the  tubes  more  concen- 
trated, the  shorter  the  distances  through  which  they  stretch. 

If,  instead  of  a  conductor,  an  insulator  of  permittivity  different 
from  that  of  the  dielectric  in  the  region  is  introduced  into  the 
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field,  phenomena  similar  in  some  respects  are  observed.     This 
subject  will  receive  consideration  in  Chapter  IV. 

43.  Electric  Tension  and  Pressure  and  Forcives  in  the  Electric 
Field.  The  force  upon  a  conductor  in  or  bounding  a  static  field 
is  due  wholly  to  the  tension  in  the  dielectric,  the  force  per  unit 
area  at  any  point  of  the  surface  being  T  normal  to  the  surface. 
Since  E  and  D  are  perpendicular  to  a  conductor's  surface,  no 
component  of  the  force  upon  a  conductor  can  be  due  to  the  elec- 
tric pressure,  which  is  tangential  to  the  surface  and  balanced  in 
every  direction.  Inasmuch,  however,  as  the  distribution  of  the 
tubes,  and  thus  the  distribution  of  7",  over  the  surface  of  a  con- 
ductor is  determined  by  both  tensions  and  pressures,  the  latter 
contribute  to  the  force  indirectly. 

The  force  upon  a  dielectric  is  in  general  due  to  both  tensions 
and  pressures.     See  Chapter  IV.,  §  9. 

In  Chapers  II.,  III.,  IV.,  VI.  and  VII.  many  examples  will  be 
found. 

44.  The  Equilibrium  of  a  Given  Field  is  not  Altered  if  its 
Direction  is  Reversed  at  Every  Point.  For  the  tension  parallel 
to  the  intensity  and  the  pressure  perpendicular  to  the  intensity, 
at  any  point  of  the  field  are  proportional  to  its  square,  and  are 
therefore  not  altered  by  the  reversal  of  direction.  The  signs  of 
all  charges  are  of  course  reversed  with  the  reversal  of  the  in- 
tensity. 

45.  When  the  Algebraic  Charge  upon  Each  Conductor  of  an 
Isolated  System  is  Zero,  there  is  no  Charge  and  no  Field.  If  the 
total  algebraic  charge  of  each  of  a  system  of  conductors  is  zero, 
and  if  there  are  no  other  electrified  bodies,  or  electrets  (Chapter 
VI.),  or  a  changing  magnetic  flux  (Chapter  XIII.)  anywhere, 
then  there  is  no  electric  charge  or  displacement  anywhere.  For 
if  the  electric  field  were  not  zero,  tubes  of  displacement  would 
emanate  from  each  conductor  and  terminate  upon  conductors  of 
lower  potential,  since  each  conductor  would  have  both  positive 
and  negative  charges.     And  since  the  algebraic  charge  of  each 
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conductor  is  zero,  as  many  tubes  as  emanated  from  the  conductor 
at  highest  potential  would  terminate  upon  its  surface,  while  there 
would  be  no  body  at  higher  potential  at  which  such  tubes  could 
originate  ;  and  as  many  tubes  as  terminated  upon  the  conductor 
at  lowest  potential  would  emanate  from  its  surface,  while  there 
would  be  no  body  at  lower  potential  for  these  tubes  to  terminate 
upon.  Thus  the  supposed  case  is  impossible,  and  there  is  no 
charge  or  intensity  anywhere. 

46.  A  Single  Electric  Field  Corresponding  to  Given  Charges. 
If  an  electric  field  A^  bounded  by  a  system  of  fixed  conductors 
with  given  total  charges,  or  by  a  system  of  insulators  with  both 
charges  and  their  distribution  given,  or  by  both,  is  in  equilibrium, 
this  is  the  only  field  satisfying  the  given  conditions  which  is  in 
equilibrium.  For  suppose  that  A^  is  a  second  field  satisfying  the 
conditions  :  It  will  be  shown  that  A^  =  A^^.  For  if  A^  with  its 
sign  reversed  is  superposed  upon  A^^,  the  resultant  field  will  be 
in  equilibrium,  and  the  charge  at  each  point  of  every  insulator 
and  the  total  charge  of  each  conductor  (the  last  statement  in 
§  32  not  being  assumed  as  known)  will  be  zero.  Hence  by  the 
last  article  there  is  no  electric  charge  or  displacement  anywhere. 
Thus  at  every  point  D^-\-  {—  D^  =  o,  or  A^  =  A^. 

A  Single  Field  Corresponding  to  Given  Potentials.  If  an  elec- 
tric field  A^,  bounded  by  a  given  system  of  conductors,  the  po- 
tential of  each  being  given,  or  the  voltage  between  each  and 
all  the  rest,  is  in  equilibrium,  this  is  the  only  equilibrium  field 
satisfying  the  given  conditions.  For  let  A^,  another  field,  sup- 
posedly, satisfying  the  conditions  be  superposed  upon  A^^  with  its 
sign  reversed.  In  the  resultant  field  the  potential  of  each  con- 
ductor, or  the  voltage  between  each  and  all  the  rest,  is  zero,  by 
the  last  article.     Hence  the  intensity  is  zero  everywhere,  and 

47.  Equipotential  Replaced  by  Infinitely   Thin   Conductor  of 
Same  Shape.      In  any  electric    field    any   equipotential    surface 
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5  (always  closed  or  else  an  infinite  plane)  can  be  replaced  by  an 
infinitely  thin  conducting  sheet  5'  without  disturbing  the  electric 
field  on  either  side.  For  all  the  tubes  which  before  the  substi- 
tution crossed  5  normally,  after  the  substitution  terminate  nor- 
mally on  one  side  of  5'  and  emanate  normally  from  the  other 
side  (induced  charges  being  developed).  But  since  S'  is  coinci- 
dent with  S,  this  necessitates  no  change  in  the  direction  or  posi- 
tion of  any  tube,  and  the  substitution  therefore  leaves  the  field 
in  undisturbed  equilibrium,  the  tensions  and  pressures  remaining 
precisely  the  same  as  before  the  substitution.  This  result  is 
also  a  corollary  of  the  next  article. 

Definition  of  Electric  Images.  The  two  charges,  or  systems 
of  charges,  in  the  regions  on  opposite  sides  of  S'  (but  not  in- 
cluding the  charges  upon  S')  are  called  the  electric  images  of  one 
another  in  the  surface  S' . 

Since  the  conducting  sheet  S'  renders  the  fields  on  its  opposite 
sides  absolutely  independent  of  one  another,  either  field  may  be 
destroyed  or  modified  in  any  manner  without  affecting  the  other. 
If  we  are  concerned  with  only  one  of  these  fields,  the  substance 
of  the  conductor  whose  surface  S'  coincides  with  5"  may  be  ex- 
tended in  any  manner  into  the  region  (previously)  occupied  by 
the  other  field. 

48.  Additional  Propositions  Fundamental  to  the  Method  of  Elec- 
tric Images.  If  the  potential  of  a  surface  5  and  the  charges  on 
one  side  of  5  (closed  or  an  infinite  plane,  being  an  equipotential) 
are  given,  the  electric  field  on  this  side  is  fixed  independently  of 
the  way  in  which  the  surface  is  kept  at  the  given  potential.  For 
suppose  that  two  fields  A^  and  A^  satisfy  the  conditions.  If  A^ 
with  its  direction  everywhere  reversed  is  superposed  upon  A^,  S 
will  be  at  zero  potential,  and  there  will  be  no  electric  charge  on 
the  side  of  6"  considered.  Hence  there  is  no  field  on  this  side, 
and  A^  =  A^ 

Similarly,  if  the  position  of  an  equipotential  surface  5  is  given, 
together  with  the  flux  across  it  and  the  charges  on  one  side  of  it, 
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the  field  on  this  side  is  fixed  and  independent  of  the  way  in  which 
5  is  kept  equipotential  and  of  the  way  in  which  the  flux  across 
it  is  kept  of  the  given  magnitude.  For  suppose  that  two  fields 
A^  and  A^  satisfy  the  conditions.  If  —  A^  is  superposed  upon 
A^,  the  surface  5"  will  still  be  an  equipotential,  the  flux  across  it 
will  be  algebraically  zero,  and  there  will  be  no  charge  on  the 
side  of  .S"  considered.  Hence  not  only  the  total  flux  across  vS  is 
zero,  but  the  flux  across  every  part  of  S,  and  there  is  no  field  on 
the  side  of  5  considered.     Thus,  as  before,  A^  =  A^^. 

In  the  above  two  cases,  if  the  given  charges  are  upon  con- 
ductors, only  the  total  charges  need  be  given  ;  but  if  the 
charges  are  upon  insulators,  the  distribution  as  well  as  the  mag- 
nitude of  each  charge  must  be  given. 

49.  The  Electrostatic  Energy  of  an  Electric  Field  Surrounding 
any  Number  of  Conductors.  We  shall  now  proceed  to  find  the 
energy  of  an  electric  field  containing  any  number  of  conductors, 
Aj^,  A„,  •  •  •,  A^,  with  any  charges  ^^,  q^,  •  •  •,  q^^,  and  at  any  po- 
tentials Fj,  f^,  •  •  •,  f^;  V^  and  F  being  the  highest  and  lowest 
potentials,  respectively.  For  the  sake  of  keeping  the  field 
within  finite  limits  and  eliminating  the  field  of  the  earth,  let  all 
the  conductors  A^,  A^,  etc.,  be  enclosed  within  a  hollow  closed 
conductor  A^^,  such  as  the  walls  of  a  room,  at  potential  F.  This 
limitation  will  be  removed  later  for  ideal  cases.  Some  of  the 
conductors  will,  in  general,  be  at  higher,  and  some  at  lower  po- 
tentials than  F.  Let  the  field  be  divided  into  regions  of  higher 
and  lower  potential  than  F  (by  equipotential  surfaces  of  poten- 
tial FJ. 

Consider  first  the  conductors  A,,  A ,  •  •  •,  in  a  region  above  F 
in  potential.  On  A^,  the  conductor  at  highest  potential  in  the 
region,  no  tubes  terminate,  and  from  it  q^  tubes  emanate,  some 
terminating  on  A^  and  others  cutting  the  part  of  the  equipotential 
F  separating  the  region  under  consideration  from  the  neighbor- 
ing region  at  lower  potential.  Some  of  the  q^  tubes  are  discon- 
tinuous at  the  surfaces  of  the  conductors  A^,  A  ,  etc.,  in  the  region 
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(the  discontinuities  corresponding  to  induced  charges),  but  all 
finally  reach  the  boundary,  at  potential  F,  of  the  region.  The 
voltage  along  every  tube  from  Aj  to  the  boundary  of  the  region 
is  therefore  V^—V^.  The  energy  contributed  to  the  region  by  the 
tubes  emanating  from  A^^  is  thus  \qJ^Vj  —  F).  Since  A^  pos- 
sesses a  charge  q^,  q^  unit  tubes  emanate  from  A^  (in  addition  to 
the  tubes  from  A^,  which  both  terminate  upon  and  emanate  from 
A^,  and  have  already  been  considered),  and  all  finally  reach  the 
boundary  of  the  region  at  potential  F.  The  energy  contributed 
to  the  region  by  the  q^  unit  tubes  from  A^  is  thus  ^q^  (  ^  —  F,) ; 
and  so  on  for  the  other  conductors  in  the  region. 

Consider  now  a  region  of  lower  potential  than  F  containing 
conductors  •  •  •,  A.,  A^,  A^,  A^  being  the  conductor  at  lowest  poten- 
tial in  the  region.  No  tubes  emanate  from  A^,  and  the  q^  unit 
tubes  terminating  upon  it  all  come  from,  some  through,  the 
boundary  of  the  region  at  potential  F,  though  some  are  discon- 
tinuous (induced  charges)  at  the  surfaces  of  A^  and  the  other  con- 
ductors, at  higher  potentials  than  V^,  in  the  region.  The  voltage 
of  each  of  these  tubes  from  the  boundary  to  A^  is  thus  F  —  V^, 
and  since  the  total  strength  of  all  the  tubes  is  —  ^  (^  being  nega- 
tive since  V^  is  less  than  FJ,  the  energy  contributed  to  the  region 
by  the  tubes  of  Aj  is  ^q^  (  F,  —  V^).  The  energy  contributed  by 
the  q^  tubes  belonging  to /4^  is  likewise  ^^^(F^.  —  FJ  ;  and  so 
on  for  the  other  conductors  of  this  region,  and  for  other  regions. 

Summing  up  these  expressions  for  the  whole  electric  field 
within  A^,  we  have  for  the  total  energy  within  A^ 

If  A^  is  connected  to  the  earth,  and  if  we  define  the  potential 
of  the  earth  as  zero  potential,  (33)  becomes 

lV=^j:qV  (33«) 

If  we  suppose  A^  removed  to  infinity,  if  we  suppose  the  ft  con- 
ductors to  be  the  only  electrified  bodies  in  space,  and  if  we  define 
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the  potential  of  A^,  in  a  region  infinitely  remote  from  all  electrified 
bodies,  as  zero  potential,  (33^)  will  give  the  total  electrical  energy 
in  space  surrounding  this  ideal  system. 

50-56.  A  System  of  Conductors  A^,  A^,  •  •  •,  A^  Surrounded  by  a 
Closed  Conductor  A^.  The  voltage  from  any  conductor  of  the 
system,  such  as  A^,  to  A^  will  be  denoted  by  F  with  the  proper  sub- 
script, as  f^,  and  its  charge  by  q  with  the  same  subscript,  as  ^^. 

50.  Voltages  in  Terms  of  Charges  and  Charges  in  Terms  of  Volt- 
ages. The  voltage  Vj^  from  any  one  A^^  of  the  system  of  con- 
ductors to  A^  is  a  linear  function  of  the  charges  of  all  the  con- 
ductors. For,  by  §§  34,  35,  F^  is  proportional  to  the  charge  of 
any  one  conductor  of  the  system  A^,  A^,  •••,  A^  when  all  the 
rest  are  insulated  without  charge  (except  induced  charges),  and 
therefore,  by  §  33,  when  all  the  conductors  are  charged  the  ex- 
pression for  f^  consists  of  a  series  of  terms  each  proportional  to 
the  charge  of  one  conductor.      Hence 

K  =  Pn^i  +  PxS-i  +  •  •  •  +  Px£n  ( I ) 


^2  =  /21^1  +  ^22^2  +   •  ■  •  +  A„^n  (2) 


(34) 


^„  =  Pnxlx  +  A2^2  +  •   •  •   +  A„^„  («) 

The  coefficients  of  the  charges,  viz.,  p^^,  p^^,  etc.,  are  called 
voltage  coefficients,  or  coefficients  of  potential.  Each  has  two  sub- 
scripts, the  first  identical  with  that  of  the  conductor  in  the  ex- 
pression for  the  voltage  from  which  to  A^  it  occurs,  the  second 
identical  with  that  of  the  conductor  to  whose  charge  the  coef- 
ficient belongs,  and  denotes  the  ratio  of  the  voltage  to  A^  from 
the  conductor  with  the  first  subscript  to  the  charge  of  the  con- 
ductor with  the  second  subscript  when  all  the  conductors  except 
that  with  the  second  subscript  are  insulated  without  (algebraic) 
charge.      Thus  for  example, 

P^n  =    K/^n 

when  q^,  q.^,  •  -  -,  q^_^  are  zero  in  (34)  (2). 
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By  solving  the  n  equations  (34),  each  of  the  charges  may  be 
expressed  as  a  linear  function  of  all  the  voltages.     Thus 


^1  =  ^1.^1+ ^.2^2 +---  +  -f,„^„  (I)] 

y2  =  -^2.^.  +  -^22^2+---  +  ^„.F  (2) 


(35) 


the  .y's  being  functions  of  the  /'s. 

Each  s  has  two  subscripts  and  denotes  the  ratio  of  the  charge 
upon  the  conductor  with  the  first  subscript  to  the  voltage  to  A 
from  the  conductor  with  the  second  subscript  when  the  voltage 
to  A^  from  each  of  all  the  conductors  except  that  with  the  second 
subscript  is  zero  (all  the  conductors  except  that  with  the  second 
subscript  connected  metallically  with  A^. 

Those  coefficients  with  the  two  subscripts  equal  are  called 
coefficients  of  capacity,  while  those  with  the  subscripts  unequal 
are  called  coefficients  of  induction. 

The  /'s  and  j's  are  functions  only  of  the  configuration  of  the 
conductors  and  of  the  dielectric  constant  of  the  medium  in  which 
the  system  is  placed. 

51.  The  Coefficients.  Any  two  coefficients  of  potential  with 
the  same  subscripts  in  different  order  are  identical.     That  is 

/«=A.  (36) 

To  prove  this  relation,  let  all  the  conductors  of  the  system 
A^'-  •  A^  except  A^  and  A^  remain  insulated  and  uncharged  (alge- 
braically). The  energy  of  the  dielectric  within  A^  when  A,^  and 
A^  have  the  charges  q^  and  q^  will  be  independent  of  the  manner 
in  which  the  field  is  established.  The  energy  obtained  by 
charging  A^  first  and  then  A^  may  therefore  be  equated  to  that 
obtained  by  charging  A^  first  and  then  A^.  Denoting  the  energy 
in  the  first  case  by  W^  and  that  in  the  second  case  by  JT,,  we 
have 


k 
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rih  ■  r*ii 

^A[^.=  o]-f  V,dq^[_g^=.g,;\ 

nih  nil 

tJo  do 

=         P£^(lx^  {Pki^i+pHu<Jn¥9h  =  iP£i 

%Jo  »/o 

-^PuMi-^lPny/ll 
from  which  (36)  immediately  follows. 

If  moreover  the  expressions  in  /'s  for  any  two  coefficients  of 

capacity  with  the  same  subscripts  in  opposite  order,  e.  g.,  s^^  and 

s^f^,  are  examined,  it  will  be  found  that  they  differ  only  in  having 

such  coefficients  of  potential  as  /^^  and  /,^  interchanged.     But 

Az=/M'hence 

''k,  =  ^ik  (37) 

With  the  aid  of  (34)  and  (35)  these  results  may  be  interpreted 
as  follows  : 

(^6)  The  voltage  to  A^  from  any  conductor  A^  when  A^  has  a 
given  charge  q  and  all  the  other  conductors  of  the  system 
A^---A^,  including  A^,  are  insulated  without  algebraic  charge, 
is  equal  to  the  voltage  from  A^  to  A^  when  A^  has  the  same 
charge  q  and  all  the  other  conductors,  including  A^,  are  without 
charge. 

(37)  The  charge  upon  any  conductor  A^  when  the  voltage 
from  any  other  conductor  A^  to  A^  is  V,  and  the  voltage  to  A^ 
from  each  of  all  the  other  conductors,  including  A^,  is  zero  (all 
the  conductors  except  A^  connected  metallically  to  A  J,  is  equal 
to  the  charge  upon  A^  when  the  voltage  from  A^^  to  A^  is  V,  and 
the  voltage  to  A^  from  each  of  all  the  other  conductors,  includ- 
ing A^,  is  zero  (all  the  conductors  except  A^^  connected  to  ^J. 

The  coefficients  of  voltage  are  all  positive.  .  For  if  one  con- 
ductor has  a  positive  charge,  a//  the  rest  being  uncharged  (alge- 
braically), lines  of  intensity  emanate  from  it  and  pass  to  A^,  some 
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of  them  crossing  (discontinuously)  the  other  conductors  as  they 
go.  Thus  lines  pass  from  each  conductor  to  A^.  Hence  the 
voltage  from  any  conductor  to  A^  is  greater  than  zero,  or  posi- 
tive,   and    the    coefficients    of    voltage   are    therefore    positive 

(  (34)  ff.)- 

The  coefficients  of  capacity  are  all  positive,  and  the  coefficients 
of  induction  are  all  negative.  For  if  any  conductor  is  so  charged 
that  the  voltage  from  it  to  A^  is  positive,  while  the  voltage  to  A 
from  each  of  all  the  rest  is  zero  (the  conductors  connected  to  A  ), 
lines  of  intensity  pass  from  this  conductor  to  all  the  others. 
Hence  its  charge  is  positive,  and  the  charges  of  all  the  rest  are 
negative.  Hence  the  coefficients  of  capacity  are  all  positive,  and 
the  coefficients  of  induction  are  all  negative  (  (35)  ff.). 

The  coefficient  of  capacity  of  any  conductor  A^^  is  numerically 
equal  to,  or  greater  than,  the  sum  of  all  the  coefficients  of  in- 
duction (with  h  as  first  subscript)  between  A,^  and  the  other  con- 
ductors. For  when  A^^  is  insulated  and  charged,  and  the  voltage 
to  A^  from  each  of  all  the  other  conductors  (connected  to  A  J  is 
zero,  the  number  of  unit  tubes  ending  on  the  other  conductors 
cannot  be  greater  than  the  number  emanating  from  A^^  (since  all 
emanate  from  A^),  and  can  equal  this  number  only  when  A^^  is 
completely  surrounded  by  one  or  more  of  the  other  conductors 
(of  the  system  A^,  A^,  •  •  •,  A^)  as  it  is  surrounded  by  A^  (or 
when  A^  is  removed  to  infinity  and  the  other  conductors  are  the 
only  two  charged  bodies  in  space). 

When  the  dielectric  is  homogeneous  and  isotropic  throughout, 
the  coefficients  of  induction  and  capacity  are  proportional,  and 
the  voltage  coefficients  inversely  proportional,  to  its  permittivity. 

Every  voltage  coefficient  with  its  subscripts  equal,  as  /^^,  is 
diminished,  and  every  coefficient  of  capacity,  as  j-^^,  is  increased, 
by  the  introduction  of  another  conductor  into  the  field.  For  V^, 
the  voltage  from  A^  to  A^  is  equal  to  ^ EijiL  along  any  path 
from   A^  to  A  \   and  when  another  conductor  is   introduced, 

h  o  ' 

whether  it  is  insulated  or  connected  to  A^,  tubes  of  displacement 
are  pushed  toward  and  into  this  conductor,  making  the  field  less 


so  ELEMENTS  OF   ELECTROMAGNETIC   THEORY. 

intense,  and  fB^dL  less,  along  some  paths  not  passing  through 
the  new  conductor  (and  therefore  along  all  paths).  Hence, 
while  ^^  remains  unaltered,  /^  is  diminished  by  the  introduction 
of  the  new  conductor.  When  A^^  is  insulated  with  charge  g^,  and 
all  the  other  conductors  are  insulated  without  algebraic  charge, 
/>^,^  =  V^  jg^^,  and  is  therefore  diminished  by  the  introduction  of 
the  new  conductor.  When  A^^  is  insulated  with  charge  ^^  and 
the  voltage  to  A^  from  each  of  all  the  other  conductors  (con- 
nected to  A^  is  zero,  s^^  =  ^^  /  ^,  and  is  therefore  increased  by 
the  introduction  of  the  new  conductor. 

It  is  easy  to  see  that  the  effect  in  question  is  greater  in  each 
case  the  nearer  the  new  conductor  is  brought  to  the  conductor 
whose  coefficients  are  under  consideration,  and,  in  general,  the 
greater  its  volume  (space  included  within  its  exterior  surface,  if 
hollow). 

Similar  and  opposite  effects,  respectively,  are  produced  by  in- 
troducing into  a  part  of  the  field  a  dielectric  of  greater  or  less 
permittivity  than  that  of  the  rest  of  the  dielectric  within  A^,  as 
will  be  apparent  after  reading  Chapter  IV. 

52.    Additional   Expressions   for   the    Electric    Energy.      The 

energy  of  the  electric  field  within  A^  surrounding  the  system  of 
conductors  A^,  A^,  •  •  •  ,  A^  (§49)  can  also  be  expressed  as  a 
quadratic  function  of  all  the  charges  g^,  •  •  •  ,  g^^,  or  of  all  the 
voltages  Fj,  •  •  •  ,  F.     For  by  (30)  and  (35) 


and  by  (30)  and  (34) 

+  P^^q^fl^  + 1"  A3^2^3  +  '  '  ' 


:38) 


(39) 


W^  denoting  the  energy  expressed  in  terms  of  the  voltages,  and 
W  the  energy  expressed  in  terms  of  the  charges. 
By  partial  differentiation  we  find  that 
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=  g„  dWJdV^^  q^  etc,  and  ^^^ 

dWJdg,  =  p,,q,  +  A^a  +  •  •  •  +  A»!7,  =  K dWJdq^  =  F„  etc.  (4 1 ) 

63.  2Vq'  =  2V'q.  Let  q,,  V„  q„  V,,  . . . ,  q^,  K.  and  q,\  T/. 
^2,  y/,  '•• ,  ^Jt  K'  denote  the  charges  and  voltages  to  A^  for 
two  static  fields  surrounding  the  system  of  conductors  A^,  •  •  ■ , 
A   within  A  .     Then 

2F/  =  2FV  (42) 

For  2  Vq'  =  F,^/  +  V,q,'  +  •  •  •  +  V^qJ.     Whence,  by  (34), 

^2^/  =PiX^yfl2     +  ^'22^2^2'    +    •  •  •   +P2n9n92 

and  2  F^'  =  V,'q,  +  V^g,  +  •  •  •  +  V^'q^  =  2F'^ 

by  adding  up  in  vertical  columns  the  corresponding  terms. 

54.  Change  in  Energy  when  Charges  and  Voltages  are  Altered. 
If  the  charges  and  voltages  to  A^  of  the  given  system  of  con- 
ductors are  changed  from  one  set  of  values  ^,,  V^,  q^,  V^,  etc.,  to 
another  set  ^/,  F/,  g.^ ,  V^' ,  etc.,  the  increase  in  the  energy  of  the 

field  is  W  -W=  J(S^'  V -  2^  V)  (43) 

This  equation  may  be  put  in  two  other  forms,  sometimes  con- 
venient, by  (42).     Thus 

\{l^q'V'-  -LqV)  =  li^q'V-  "LgV  +  -Lg'V-  IqV) 

=  ^^{g'-gXV'+V)  (44) 

=  1  (2/  V  +  2^  F'  -  2/  r-  2y  V) 

=  \W  +  q){V'-V).  (45) 

55.  Electric  Energy,  Mechanical  Energy,  and  Change  of  Con- 
figuration.   From  §  5  3  it  follows  that  li  the  system  of  conductors 
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A^,  A^,  ■  ••,  A^  suffers  a  certain  change  of  configuration,  the 
charges  ^^,  q^,  etc.,  remaining  constant,  and  the  voltages  to  A^ 
therefore  changing  from  F^,  f^,  etc.,  to  F/,  V^ ,  etc.,  the  energy, 
W,  lost  by  the  electric  field  minus  the  energy,  W ,  gained  by  the 
field  when  the  same  change  of  configuration  occurs  with  voltages 
Fj,  Fg,  etc.,  constant,  and  charges  therefore  changing  from  q^,  q^, 
etc.,  to  q^' ,  q^ ,  etc.,  is  equal  to 

W-W  =  J2^(  F-  V)  -  IS  V\q'  -  q) 

=  r^{q'-g){V'-V)  (46) 

For  in  the  first  case,  after  the  change  of  configuration,  the 
charges  q^,  q^,  etc.,  correspond  to  the  voltages  F/,  V^ ,  etc.;  and 
in  the  second  case,  after  the  same  change  of  configuration,  the 
charges  q^ ,  q^ ,  etc.,  correspond  to  the  voltages  V^,  V.^,  etc. 
Hence  by  (42) 

'LqV=^q'V' 

Substituting  S^'  V  for  ^q  V  in  the  first  term  of  the  central 
member  of  (46),  we  obtain  1(2/ F'- 5:^F'+ S^F- 2^' F), 
which,  on  being  factored,  becomes  identical  with  the  last  member 
of  (46). 

If  the  energy  dissipated  in  heat  during  the  change  of  con-, 
figuration  (owing  to  electric  resistance  (VIII.))  and  that  radiated 
away  (both  of  which  are,  or  may  be  made,  exceedingly  small) 
are  neglected,  the  system  gains  in  the  first  case  an  amount  of 
mechanical  energy  equal  to  W,  the  loss  of  electric  energy.  If 
now,  after  the  change  of  configuration,  the  voltages  to  A^  are 
brought  back  to  their  initial  values  by  means  of  batteries  (or  other 
agents  possessing  intrinsic  e.m.f  s  (VIII.)),  the  state  of  the  system 
will  be  the  same  as  after  the  change  of  configuration  in  the  second 
case  above,  and  the  electrical  energy  will  surpass  the  initial 
energy  by  the  amount  TV .  The  energy  W"  supplied  to  the 
system  by  the  batteries  is  equal  to  the  sum  of  the  increases  in 
mechanical  and  electrical  energy,  or 
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But  ^F'-  H/_-J2(/-^)(r'-r) 

hence  W  =  2IV- ll{g' -  g){V'^  V)  (47) 

If  the  change  of  configuration  is  infinitesimal,  IV,  IV',  and  W" 
are  infinitesimals  of  the  first  order,  and  X^  (g' —  g){y—V) 
an  infinitesimal  of  the  second  order.  Hence,  putting  IV  ^ 
—  (HV^  and  PV  =  ^^F  ,  and  neglecting  W—W'^  —  dW  —  dlV\ 
=  }  2  (/- ^)  (F'- F),  we  have 

-dW^=dW^  (48) 

and  W"  =  -  2dW^  =  2dW,  (49) 

That  is,  during  any  infinitesimal  change  of  configuration  the 
decrease  in  the  electric  energy  of  the  system  when  the  charges 
are  kept  constant  is  equal  to  the  increase  when  the  voltages  to 
A^  are  kept  constant ;  and  the  energy  supplied  by  the  batteries, 
or  other  sources  of  electric  energy,  in  the  latter  case  is  equal  to 
twice  the  increase  of  electric  energy  —  one  half  going  to  increase 
the  mechanical  energy  of  the  system. 

The  principle  developed  in  this  article  will  be  applied  exten- 
sively in  what  follows  to  find  the  forcive  upon  a  given  conductor 
^  in  the  field. 

Thus  suppose  the  forcive  upon  A  to  consist  of  a  force  F  in  the 
direction  OX  of  increase  of  the  coordinate  x  of  a  point  of  A. 
Let  the  configuration  of  all  the  other  conductors  remain  fixed 
while  A  is  displaced  in  the  direction  OX  a  distance  dx.     Then 


-dW  =dW  =  Fdx 

q  V 


or  F dW/dx  =  dlVJdx  (50) 

In  the  same  way,  if  the  forcive  consists  in  a  torque  T  in  the 
direction  of  an  increase  of  an  angle  6, 

r  =  -  dlVJdO  =  dlVJde  (5 1 ) 

56.  The  Discharge  by  Successive  Contacts  with  A^  of  two  Con- 
ductors, A^  and  A^,  of  the  System.     Let  all  the  other  conductors 
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within  Aq  be  kept  permanently  connected  with  A^,  thus  becoming 
permanent  parts  of  A^.     Then  we  have  at  all  times,  by  (37)  and 

^^^^'  ff  =  s   V  -i-  s   V 

^2  ^^  •^12  ^1     '     "^22  ^2 

Initially,  let  A^  be  insulated,  with  voltage  V  to  A^  and  with 
charge  g,  and  let  ^j  be  connected  to  A^.  In  this  state  we  have 
from  the  above  equations 

0^1  =  ^=-^11^ 

1^2  =  ^12^=   (•^12  All)? 

the  first  subscript  of  q^  dtid  q^  denoting  the  number  of  times  the 
conductor  with  the  second  subscript  has  been  connected  to  A^. 
Next  let  A^  be  insulated,  and  let  A^  be  then  connected  to  A^. 
After  this  operation 

A  =(^12  Ml)? 

l?l  =  -^12^2=(^12VV22)?- 

Next  let  A^  be  insulated  and  A^  then  connected  to  A^.     Then 

1?1  =   (•fl2V-^ll-^22)? 
2?2  =  (•^12V-^12%2)?- 

Then  let  -^2  ^^  insulated,  and  let  A^  be  connected  to  ^q.  In 
this  state 

2?2  =  (^ul^n%2)9 

2?i  =  {^u/^n%2^9 

and  so  on  for  any  number  of  contacts. 

Thus  each  time  either  conductor  is  connected  to  A^  its  charge 
is  diminished  in  the  ratio  s^^js^^s^^.     After  n  contacts  the  charge 

''^^•''  „?!  =  (^127^^11-^22)"?  (52) 

If  after  the  «th  contact  A^  is  insulated  and  A^  connected  to  A^^ 
the  voltage  from  A^  to  A^  is 

nV,  =  Y  {s,,'ls,,s^rq  =  M,VW22)" V  (53) 

•*11 
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When  j,j  is  nearly  equal  to  s^^  and  s^,  which  is  the  case  when 
the  two  conductors  are  parallel  and  close  together,  csiK-cially 
when  the  dielectric  constant  of  the  medium  between  them  is 
larger  than  that  of  the  rest  of  the  dielectric  within  A^,  the  charge 
diminishes  very  slowly  with  the  increase  of  n. 

57.  Electric  Surface  Density  and  Surface  Curvature  of  Con- 
ductors. The  electric  surface  density  upon  any  isolated  electri- 
fied conductor  is,  in  general,  greater  at  any  point  of  the  surface 
the  greater  the  curvature  at  the  point.  For  it  is  obvious  that 
the  equipotential  surfaces  drawn  about  any  such  conductor  ap- 
proach more  and  more  nearly  the  form  of  spheres  about  the 
conductor's  "  center  of  charge  "  as  their  distances  from  the  con- 
ductor increase.  That  is,  at  great  distances  the  field  is  prac- 
tically radial,  and  tubes  of  equal  strength  have  equal  cross-sec- 
tions. If  now  tubes  of  equal  strength  are  followed  backward 
toward  the  conductor,  they  become  narrower ;  and  those  which 
emanate  from  the  more  highly  curved  portions  of  the  sur- 
face become  narrower  more  rapidly  than  those  which  emanate 
from  less  highly  curved  portions,  since  the  lines  bounding 
each  tube  emanate  normally  from  the  conductor.  Thus  the 
area  from  which  a  tube  of  given  strength  starts  is  smaller,  or 
the  electric  surface  density  upon  it  greater,  the  more  highly  the 
surface  is  curved  (convex  outward)  at  the  point. 

In  the  same  manner  the  density  is  smaller  the  more  concave 
the  surface. 

At  a  sharp  edge  or  point  the  density  is  very  great.  If  the 
edge  or  point  were  really  sharp,  the  density  there  would,  of 
course,  be  infinite,  as  tubes  would  emanate  from  bases  of  no 
dimensions. 

Where  two  parts  of  a  conducting  surface  make  with  one  an- 
other a  reentrant  angle  the  surface  density  vanishes,  since  any 
displacement  there  would  be  perpendicular  to  both  parts  of  the 
surface,  which  is  impossible. 

In  addition  to  the  curvature  at  the  given  point,  the  curvature 
of  the  neighboring  parts  of  the  surface  is  of  importance  in  deter- 
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mining  the  density.  Thus-  the  density  would  be  small  on  a 
"point  "  on  the  inside  of  a  vessel  nearly  closed,  and  it  might  be 
great  in  a  small  cavity  in  a  highly  convex  portion  of  the  outer 
surface. 

If  the  conductor  is  not  isolated,  the  effects  here  described  will 
be  rendered  more  or  less  conspicuous  according  to  the  signs, 
magnitudes,  and  distributions  of  the  charges  on  neighboring 
bodies. 

In  the  following  chapter  many  examples  illustrating  the  prin- 
ciple of  this  article  will  be  found. 

58.  The  Capacity  of  a  Conductor  is  a  very  commonly  used 
and  convenient,  but  otherwise  objectionable,  abbreviation  for  the 
permittance  of  the  dielectric  (supposed  homogeneous  and  iso- 
tropic) enclosed  between  the  conductor  and  an  infinitely  remote 
surrounding  conductor  when  no  other  conductors  or  electrified 
bodies  are  present. 


CHAPTER    II. 

SIMPLE   IDEAL   ELECTRIC    FIELDS  AND   CONDENSERS  WITH 
HOMOGENEOUS    DIELECTRICS. 

In  the  following  articles  describing  various  electric  fields  all 
more  or  less  ideal,  the  dielectric  is  supposed  to  be  homogeneous 
and  isotropic  throughout,  and  the  electrified  bodies  in  each  case 
are  supposed  to  be  infinitely  remote  from  all  other  electrified 
bodies,  unless  the  contrary  is  stated.  The  potential  at  a  point 
will  be  taken  in  this  chapter  and  in  Chapter  IV.  as  the  line  inte- 
gral of  the  electric  intensity  from  the  point  to  a  region  infinitely 
distant  from  all  electrified  bodies. 

1.  The  Spherically  Radial  Electric  Field.  Let  an  electric 
charge  q  be  concentrated  at  a  point  P.  The  field  can  be  found 
at  once  from  (i)  and  (2),  Chapter  I.,  or  from  Gauss's  theorem 
and  the  principle  of  symmetry.  By  symmetry,  the  electric  dis- 
placement is  directed  radially  from  P  (or  \.o  P  \{  q  is  negative) 
and  has  the  same  magnitude  at  every  point  of  any  sphere  with 
center  at  P.  All  such  spheres  are  evidently  equipotential  sur- 
faces. Since  the  electric  flux  across  any  of  these  equipotentials 
is  q,  the  flux  per  unit  area  across  a  sphere  of  radius  L,  or  the 
electric  displacement  at  a  distance  L  from  P,  is 

D^qlAprD  (I) 

from  which 

E^qjcAprD  (2) 

From  (2),  the  potential  at  a  point  distant  L  from  P  is 

F=   r ML  =  qjc^-rr  C dLjD  =  qjc^irL  (3) 

57 
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the  integration  being  performed  along  a  line  of  intensity  for  sim- 
plicity. 

Maxwell's  plane  diagram  of  the  field  is  given  in  Fig.  14  and 
described  in  §  7. 

2.  The  Spherical  Condenser.  If  in  the  radial  field  of  §  i  infi- 
nitely thin  conducting  sheets  are  placed  coincident  with  two 
equipotential  spheres  of  radii  L^  and  L^  =  L^-{-  d,  the  electric 
field  will  remain  unaltered,  except  that  it  will  be  rendered  dis- 
continuous at  the  surfaces  of  the  conducting  sheet  (§  47, 
Chapter  I.).  The  charge  upon  the  outer  surface  of  the  inner 
sphere  is  now  q,  and  that  upon  the  inner  surface  of  the  outer 
sphere  is  —  q,  the  two  surfaces  with  the  intervening  dielec- 
tric forming  a  condenser  whose  field  is  radial  and  given  by  (i) 
and  (2). 

The  charge  q  at  the  center  of  the  spheres  is  the  electric  image 
in  the  inner  sphere  of  the  charge  on  the  inner  surface  of  the  outer 
sphere  and  all  external  charges  ;  or,  if  one  of  the  conducting 
sheets  is  removed,-  q  is  the  electric  image  in  the  remaining  sphere 
of  the  complementary  charges  at  an  infinite  distance  (on  the  in- 
finite sphere  at  zero  potential  surrounding  q).  The  conducting 
substance  may  be  extended  into  the  regions  within  the  inner 
sphere  and  without  the  outer  sphere  in  any  manner,  or  the  fields 
in  these  regions  may  be  wholly  destroyed,  without  affecting  the 
field  of  the  condenser. 

For  the  voltage  between  the  two  conductors  (2)  gives 

V,-V,=    r^EdL  =ql4irc.{ilL,-ilL^  =  qdlA7:cL,L.^    (4) 

The  capacity  of  the  condenser  is 

S  =  q/{  V,  -  V,)  =  4'^cL,LJd  =  4'7rcL,yd.(i  -f  d/L,)    (5) 
and  the  capacity  per  unit  area  of  the  inner  sphere  is 

S'  =  Sj^irL^^  =cld{i+  djL^  (6) 
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The  energy  contained  in  the  dielectric,  or  the  energy  of  the 
condenser,  is 

=  2^rA7^(i+^//..).(F,-F,)«  ^^^ 

Limiting  Cases,  (i)  The  parallel  plate  condenser.  If  d  is 
kept  constant,  and  L  made  to  increase,  the  electric  field  normal 
to  a  given  portion  of  the  inner  or  outer  sphere  obviously  ap- 
proaches uniformity.  When  L  becomes  infinite,  any  finite  por- 
tion of  the  condenser  becomes  a  parallel  plate  condenser  (§  12) 
of  capacity  per  unit  area  S'  =  eld.  In  any  case  when  a'/Z  is 
small,  the  field  is  approximately  uniform  (in  magnitude)  and  the 
capacity  per  unit  area  approximately  cjd.  This  field  is  fully 
discussed  in  §  12. 

(2)  The  isolated  sphere.  If  L^  is  made  infinite  while  L  re- 
mains constant,  (4),  (5),  (6),  and  (7)  become 

V,  =  q/4'rrcL,  (8) 

^i  =  ^/K  =  4'rrcLi  (9) 

5/  =  . /A  (10) 

and 

^i  =  J  ^  ^1  =  ^/S-rrcL,  =  J5,  F,'  =  27rcL,  F,'  (11) 

The  coefficients  of  potential  and  capacity  for  the  system  of 
two  spheres  can  be  easily  found  from  the  equations  of  §  50,  I., 
together  with  those  just  developed.     Thus 

^n  —  ^1/  K  (when  V^  =  0)  =  S 

Pn  =  ^1  hx  (^j  =  O)  =  l/47rrZ, 
•^.2  =  ^,/  ^^(when  F,  =  o)  =  -  5  =  -  Jn 

Pn  =  K 1 9,  (^1  =  o)  =  l/4T^A 
•^22  =  'Jzl K (when  F,  =  0)=  S  +  S\{=  47r<rZ,)=j„  +  i//„ 
/22  =  ^2/^2  (^i  =  o)  =  iM^rrZ,  =  /„ 
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3.  Laplace's  Equation  for  the  Spherically  Eadial  Field.  As 
an  example  of  the  use  of  Laplace's  equation  we  will  determine 
J^  —  J^  by  a  different  method.  Since  the  field  is  radial,  the 
equation  may,  with  the  aid  of  Fig.  12,  be  put  in  a  much  simpler 
form  than  that  of  (21),  Chapter  I.  The  simplified  form  could  be 
obtained  from  (21),  Chapter  I.,  by  a  mathematical  transformation, 
the  proper  conditions  being  put  in,  but  can  be  developed  more 
simply  by  starting  from  first  principles. 


Fig.  12. 

The  electric  flux  into  the  elementary  volume  dr  across  the 
surface  dS  is  DdS.  The  flux  out  from  the  volume  across  dS'  is 
(Z)  +  dDjdL-  dL)dS' ,  and  there  is  no  flux  across  any  other  part 
of  the  tube.      Hence  the  resultant  flux  outward  is 

D{dS'  -  dS)  +  dDjdL  ■  dLdS  =  pdLdS  =  pdr  =  o 

Dividing  this  equation  by  dS,  writing  for  dS' jdS  its  equal 
{L  +  dLf\D,  and  passing  to  the  limit,  we  obtain,  on  putting 
D  =  cE  equal  to  —  cdVjdL, 

2dVldL  +  Ld^VldD  =0  (13) 

which  is  the  form  taken  by  Laplace's  equation  for  a  radial  field. 
From  (13)  we  obtain  by  integration 

DdVjdL  =  C„  or  dVldL  =  CJD  {a) 

where  C^  is  a  constant  to  be  determined,  and  • 

V=C,JdLID  {b) 
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Integrating  from  Z.  ==  ^,  to  Z  =  L^,  we  have 

V,-V,=  C,{ilL,-xlL^  if) 

Since  when  L  =  Z,,  d  VjdL  =  —  crjc,  (a)  gives 

Hence  (c)  becomes 

V,  -  F,=  <rZ,V^(i/A  -  i/Q==g/4'rrc{i/L,  -  i/Z,)      (e) 

which  is  identical  with  (4). 

The  potential  at  any  point  distant  Z,  greater  than  Z,  and  less 
than  Z2  (the  field  being  confined  within  the  space  between  the 
spheres  of  radii  L^  and  L.^)  from  P  is 

F=  V,  +  C,  CdLlD  (14) 

4.  The  Potential  at  a  Point  Due  to  Any  Electric  Distribution  in 
a  Homogeneous  Isotropic  Dielectric.  For  the  potential  at  a  point 
distant  Z,,  Z^,  •  •  • ,  Z^  from  point  charges  ^„  q^,  ■  ■  •  ^  ^„.  respec- 
tively, §  33,  Chapter  I.,  gives,  by  means  of  (3), 

V=  ilc^ir ■  (^, /Z,  +  gJL^  +  ■••-\-q„  /^.)  =  iMt 2^/Z  (15) 

If  the  charges,  instead  of  being  concentrated  at  points,  which, 
to  be  exact,  is  of  course  impossible,  are  distributed  over  surfaces 
and  through  volumes,  (15)  becomes 

V=  i/c47rfdq/L  =  i  /c47r(^f<rdS/L  +fpdTlL^  (16) 

the  first  integration  extending  over  all  electrified  surfaces,  and 
the  second  throughout  all  electrified  volumes. 

While  (15)  and  (16)  have  been  deduced  for  a  space  filled  up 
with  a  single  dielectric,  they  are  also  true,  by  §  28,  Chapter  I., 
when  the  field  contains  any  number  of  conductors.  The  equa- 
tions will  be  extended  later  to  include  all  cases  (IV.). 

6.  The  Law  of  Inverse  Squares.  A  consideration  of  equations 
(i)  and  (2)  shows  that  the  lav/  of  inverse  squares,  which  they 
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state  in  its  simplest  form,  -is  due  to  the  continuity  of  the  electric 
displacement  (or  the  "  incompressibility  of  electricity"),  the  flux 
from  a  charge  q  being  q  across  every  surface  surrounding  the 
charge,  and  to  the  spherical  or  three-dimensional  nature  of  space, 
the  flux  from  a  point  charge  being  distributed  equally  in  all  direc- 
tions (when  the  medium  is  homogeneous  and  isotropic,  in  which 
case  only  the  law  is  valid). 

6.  The  Normal  Electric  Field  and  the  Potential  of  the  Earth. 

Numerous  investigations  upon  the  electrical  state  of  the  earth's 
atmosphere,  made  at  altitudes  above  its  surface  ranging  from 
nothing  up  to  4000  meters,  have  shown  that  the  atmosphere  is 
the  seat  of  an  electric  field  whose  intensity,  in  normal  conditions, 
is  directed  toward  the  earth. 

In  good  weather,  the  magnitude  of  this  intensity  at  the  earth's 
surface  ranges  from  about  0.00005  RE.S  unit  (about  50  volts/ 
meter)  to  about  0.00040  RES  unit  (about  400  volts/meter),  ac- 
cording to  season,  locality,  etc.  Thus  the  electric  surface  density 
of  the  earth's  surface,  in  normal  weather,  ranges  from  about 
—0.00005  RES  unit  to  about  —  0.00040  RES  unit.  The  magni- 
tude of  the  intensity  increases  with  the  altitude  above  the  earth's 
surface  up  to  heights  of  some  2000  meters,  showing  that  the 
atmosphere  in  this  region,  like  the  earth's  surface,  is  negatively 
charged.  In  the  higher  regions  of  the  atmosphere,  on  the  other 
hand,  the  intensity  decreases  with  the  increase  of  altitude,  with- 
out becoming  greatly  reduced,  however,  at  the  greatest  altitudes 
yet  investigated.  Thus  the  higher  regions  of  the  atmosphere  are 
positively  charged  ;  but  whether  all  the  tubes  of  displacement 
terminating  upon  the  earth  and  in  the  lower  regions  of  the  at-» 
mosphere  originate  in  the  upper  regions,  or  whether  some  of  these 
tubes  emanate  from  other  bodies  in  space,  is  not  yet  known.  If 
further  investigation  demonstrates  that  at  greater  altitudes  the 
intensity  vanishes,  the  former  alternative  will  be  shown  to  be 
correct.  The  altitudes  here  considered  are  so  small  that  no  sen- 
sible variation  in  the  intensity  would  occur  within  them  owing  to 
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the  increase  in  the  cross-section  of  the  tubes  of  induction  with 
the  distance  from  the  surface  of  the  earth. 

The  earth  itself  in  any  case  is  negatively  charged  ;  and  since 
the  electric  intensity  in  the  atmosphere  is  directed  toward  the 
earth,  its  potential  is  negative  if  the  (wholly  unknown)  electrifi- 
cation of  all  other  bodies  in  space  beyond  the  atmosphere  is  not 
considered.  From  the  magnitude  of  the  intensity  given  above  and 
from  the  great  altitude  to  which  the  field  extends  without  great 
diminution  in  strength,  it  is  obvious  that  the  magnitude  of  this 
potential  is  very  great. 

It  follows  from  (15)  that  that  part  of  the  potential  at  the  center 
of  a  conducting  sphere  of  radius  L  due  to  any  charges  2y  upon 
its  surface  is  'Lqj^-cL.  Since  the  sphere  is  conducting,  this  ex- 
pression gives  the  part  of  the  potential  at  any  point  of  the  sphere 
due  to  the  surface  distribution.  From  this  and  §6,  I.,  it  follows 
that  the  potential  of  the  earth  is  not  appreciably  affected  by  the 
the  development  of  any  charges  retained  upon  or  near  its  sur- 
face. For  by  §  6, 1.,  S^  is  always  zero ;  and  L,  the  distance  from 
the  center  of  the  earth,  is  very  great  and  practically  the  same 
for  all  the  charges. 

The  field  surrounding  the  earth,  as  a  matter  of  fact,  is  by  no 
means  strictly  static,  and  the  surface  of  the  earth  is  never  strictly 
an  equipotential. 

7.  Maxwell's  Plane  Diagram  of  the  Spherically  Radial  Field. 
Maxwell's  diagrams  are  all  so  drawn  that  the  successive  equipo- 
tential surfaces  differ  in  potential  by  the  same  amount  (for  ex- 
ample, unity),  and  that  the  tubes  of  induction  corresponding  to 
the  intervals  in  the  diagram  between  successive  lines  of  displace- 
ment are  of  equal  strength  (for  example,  unit  tubes). 

( I )   The  equipotential  stirfaccs.     The  radius  of  the  sphere  whose 

potential  is  Fis 

L  =  qJAnrc  V 

Hence  by  giving  V  in  succession  the  values  i,  2,  3,  etc.,  the 
radii  of  the  equipotentials  with  these  values  of  the  potential  can 
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be  obtained.  The  circles  in  which  any  plane  passing  through  the 
charge  cuts  these  spheres  form  the  equipotential  lines  in  the 
diagram.  The  circles  may  of  course  be  drawn  for  any  constant 
increment  of  potential  instead  of  unity. 


\        12—— 

4 

P 

^\^y     l\     1  \ 

/ 

1 

4 

Fig.  13. 

(2)  The  lines  and  tubes  of  displacement.  The  lines  of  displace- 
ment are  straight  lines  radiating  from  the  charge.  The  tubes  of 
displacement  in  Maxwell's  method  are  formed  by  rotating  the 
diagram  of  lines  of  displacement  about  a  straight  line  drawn 
through  the  charge.  We  proceed  to  find  the  distribution  of  the 
lines  in  the  plane  diagram  when  drawn  so  that  the  tubes  thus 
formed  are  of  equal  strength. 

Let  a  circle  of  any  radius  AP,  Fig.  13,' be  drawn  about  P,  the 
seat  of  the  charge,  as  center ;  and  let  the  diameter  AB  be  divided 
up  into  q  equal  parts  by  straight  lines  drawn  perpendicular  to  AB 
and  cutting  the  circle  in  the  points  11,  22,  etc.  From  P  let 
straight  lines  be  drawn  through  11,  22,  33,  etc.  These  lines  are 
the  lines  of  Maxwell's  diagram. 

For  if  the  figure  is  rotated  about  AB  as  axis,  the  circle  traces 
out  a  sphere,  the  lines  11,  22,  etc.,  trace  out  equidistant  parallel 


ELECTRIC    FIELDS  AND   CONDENSERS. 


65 


planes  which  cut  the  sphere  up  into  zones  iA\,2\i2,  etc.,  of  equal 
area  {ijq  that  of  the  sphere).  Hence  the  lines  Pi,  P2,  and  P^, 
etc.,  trace  out  cones  iPi,  1P2,  2/^3,  etc.,  through  each  of  which 
the  electric  flux  is  the  same  and  equal  to  \  jqxq  =  unity.  Hence 
these  cones  are  the  tubes  of  displacement  required,  and  the  lines 
Pi,  P2,  Pi,  etc.,  are  the  lines  of  displacement  in  the  diagram. 

The  field  may  of  course  be  divided  up  into  tubes  of  any  other 
strength  instead  of  unity  by  cutting  AB  up  into  the  desired 
number  of  equal  parts  in  the  above  construction. 

The  diagram  is  given  in  Fig.  14  for  the  case  in  which  the 
strength  of  each  tube  is  taken  as  ^/8. 


Fig.   14. 

8.  The  Cylindrically  Radial  Field,  or  field  surrounding  a  uni- 
formly electrified  infinite  straight  line  or  circular  cylinder.  Con- 
sider first  an  electrified  straight  line,  and  let  the  charge  on  unit 
length  be  denoted  by  q.  By  symmetry  D  is  everywhere  normal 
to  the  line  and  to  the  circular  cylinders  about  it  as  axis,  which 
are  the  equipotential  surfaces,  and  has  the  same  magnitude  at 
every  point  of  any  such  cylinder.  Since  the  flu.x  across  a  length 
A  of  any  equipotential  is  qA,  the  flux  per  unit  area  across  a  cylin- 
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der  of  radius  L,  or  the  electric  displacement  at  distance  L  from 
the  axis,  is  ^  _  gAl2'7rLA  =  ^/27rZ  (17) 

whence  ^=  Djc  =  qj^trcL  (18) 

The  potential  at  a  point  distant  L  from  the  axis  is 

V=q/27rcf  dLjL  (19) 

9.  The  Cylindrical  Condenser.  If  two  equipotentials  of  radii 
L^  and  L^^  L^-{-  d  are  replaced  by  infinitely  thin  conductors, 
the  electric  field  will  remain  unaltered  except  that  it  will  become 
discontinuous  at  the  surfaces  of  the  conductors.  The  charge 
upon  unit  length  of  the  outer  surface  of  the  inner  cylinder  is  now 
q,  and  that  upon  unit  length  of  the  inner  surface  of  the  outer 
cylinder  is  —  q,  and  the  two  conducting  surfaces  with  the  inter- 
vening dielectric  form  a  condenser  whose  field  is  given  by  (17) 
and  (18).  The  charge  upon  the  straight  line  and  that  on  the 
inner  surface  of  the  outer  cylinder  together  with  all  the  external 
charges  are  electric  images  of  one  another  in  the  inner  cylinder, 
etc.  The  conducting  substance  may  be  extended  into  the 
regions  within  the  inner  surface  and  without  the  outer  surface  in 
any  manner,  or  the  fields  of  these  regions  may  be  wholly  de- 
stroyed, without  affecting  the  field  of  the  condenser. 

For  the  voltage  between  the  plates  of  the  condenser,  ( 1 8)  gives 

V^—  V^  =  q/27rc  I     dL/L  =  q/zirc  ■  log(l  -f-  d/L^)      (20) 

The  capacity  of  a  length  A  of  the  condenser  is 

S=qA/(V,  -  V,)=  27rcA/\og(i  +  d/L^)  (21) 

and  the  capacity  per  unit  area  of  the  inner  cylinder  is 


S'  =  S/2'7rL^A  =  cjL^log  (i  +  ^/A) 


(22) 
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If  d  is  kept  constant  and  L^  made  to  increase,  the  field  normal 
to  a  given  portion  of  the  inner  (or  outer)  cylinder  evidently  ap- 
proaches uniformity ;  and  in  the  limit,  when  A,  =  infinity,  any 
finite  portion  of  the  condenser  becomes  a  parallel  plate  condenser 
(§  12)  of  capacity  cjd  per  unit  area.  In  any  case  when  djL  is 
small  the  capacity  per  unit  area  is  approximately  cjd. 

The  energy  of  a  length  A  of  the  condenser  is 


W=  yA{V,  -  V,)  =  ^M/47r^.  log  (I  +  dIL,) 

=  7r^c/log(l+^/A)(^.-^,)' 


(23) 


The  field  of  an  infinite  isolated  circular  cylinder  uniformly 
charged  is  given  by  the  above  equations  on  making  Z^  infinite 
and  V^  zero. 

V^—  Vj  can  be  easily  obtained  by.the  direct  application  of  the 
law  of  inverse  squares.  Let  the  field  outside  the  condenser  be 
zero  (though  the  results  obtained  will  be  independent  of  this 
assumption);  then  V^  =  o,  and  V^  is  the  potential  at  any  point 
on  or  within  the  inner  cylinder,  and  is  therefore  the  potential  at 
any  point  P  on  this  axis.     Hence,  from  the  figure  (Fig.  15), 


^ 


1^ 


Fie.  15. 


F;  -  F,  =  F;  =  2  riq2'jrL^dxlA,trc{x'  -f  Z,«)» 

—  q2'irL^xl4'irc{x^-\.  L^f]  =  glzirc  ■  log  Z,/Zj 
as  in  (20)  above. 


w 


10.    Laplace's   Equation   for   the  Cylindrically  Radial   Field. 
V^—  V^  can  also  be  obtained  directly  from  Laplace's  equation. 
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Without    transforming    the    general    equation,    we    can    obtain 

directly,  by  a  simple  process  similar  to  that  employed  in  §  3,  the 

special  form  it  assumes  in  a  cylindrically  radial  field.     Thus  we 

find 

Ld""  VjdD  +  d  VjdL  =  0  (24) 


Hence,  by  integration, 

Ld  VjdL  =  C 

or 

dV=CdL\L 

and 

'^2 


(^) 


\-y^-C  CdLlL  =  ql2'Kc   log L,IL,  {b) 


since  when  L  =  L^,  (a)  gives 

C=  —  L^o'jc  =  '  ■  g  I  lire  (c) 

The  potential  at  any  point  between  the  two  cylinders,  distant 
L  from  the  axis,  is 

V=  V^+C  f  dLjL  (25) 

11.  Maxwell's  Plane  Diagram  of  the  Cylindrically  Radial  Field. 
This  diagram,  like  that  of  §  7,  is  drawn  so  that  the  tubes  of  dis- 
placement corresponding  to  the  intervals  between  the  successive 
lines  of  displacement  are  of  equal  strength,  and  so  that  the  volt- 
age between  successive  equipotential  lines  or  surfaces  is  constant. 

Since  every  line  of  displacement  lies  wholly  in  a  plane  perpen- 
dicular to  the  axis  of  the  cylinders  or  electrified  straight  line,  and 
since  the  lines  of  displacement  are  exactly  similar  in  every  such 
plane,  any  such  plane  is  chosen  as  the  plane  of  the  diagram,  and 
the  tubes  of  displacement  are  supposed  to  be  formed  by  moving 
the  diagram  perpendicularly  to  its  plane.  We  shall  suppose  the 
diagram  to  represent  unit  depth  of  the  field,  all  the  tubes  having 
this  thickness. 

I.  The  equipotential  lines  in  the  diagram  are  circles  centered 
on  the  axis.     Though  the  potential  of  every  circle,  as  given  by 
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(19),  is  infinite,  we  may  draw  a  system  of  circles  differing  in 
potential  successively  by  a  constant  finite  quantity,  as  unity,  by 
starting  with  any  equipotential  circle  of  any  radius  a  and  ixjtcntial' 


F!g.   16. 

F  (infinite)  and  applying  (20)  to  find  the  radius  L  of  the  circle 
whose  potential  is  F  —  f^  less  than  l\.     Thus  we  have 

By  giving  to  V^—  V^  m  succession  the  values  i,  2,  3,  etc.  (or 
any  set  of  successive  values  differing  by  a  constant),  as  many 
tircles  of  the  system  as  desired  may  be  obtained. 

2.  The  lines  of  displacement  are  straight  lines  drawn  from  the 
center  of  the  circles  and  dividing  each  circle  into  q  (or  any  inte- 
gral number)  of  equal  parts. 

Such  a  diagram  is  shown  in  Fig.  16, 

12.  The  ITniform  Electric  Field.  Let  the  field  be  terminated 
by  an  infinite  plane  conducting  surface.  The  surface  will  be 
uniformly  electrified,  the  displacement  everywhere  uniform  and 
normal  to  the  surface,  and  the  equipotentials  planes  parallel  to 
the  surface.     The  displacement  is 
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'D=<T  (26) 

and  the  intensity  is         E=  D\c  =  ajc  (27) 

The  Parallel  Plate  Condenser.  If  an  infinitely  thin  conduct- 
ing sheet  is  placed  coincident  with  the  equipotential  plane  dis- 
tant d  from  the  electrified  surface,  the  electric*  field  will  remain 
unaltered  except  for  the  discontinuity  introduced  at  the  surfaces 
of  the  sheet,  and  each  side  of  the  sheet  will  therefore  have  the 
same  electric  surface  density  o-  (numerically).  The  two  adja- 
cent surfaces  and  the  dielectric  between  them  form  a  condenser 
whose  field  is  uniform  and  given  by  (26)  and  (27),  and  which 
will  remain  unaltered  if  the  conductors  are  extended  into  the 
region  outside  the  condenser. 

The  voltage  between  the  two  conductors  is 

V,-  V,  =  Ed=ad/c  (28) 

and  the  capacity  of  a  portion  of  the  condenser  of  right  cross- 
section  A  is 

5  =  gl{  F;  -  V,)  =A/Ed  =  AD  I  Ed  =  Acjd  (29) 

The  capacity  per  unit  area  is,  as  already  proved  less  directly 

in  §§2  and  9,  s'  =  S/A  =  cld  (30) 

The  energy  of  a  portion  of  the  condenser  of  right  cross- 
section  A  is 

^=i^(F,  -  V,)=^Aa^d/c 

=  ^Ac/d .{V,-V,y^  \EDAd    (31) 

The  force  F  (positive  when  tending  to  increase  d,  or  to  separate 
the  plates)  upon  an  area  A  of  either  plate,  if  the  tubes  in   the 
condenser  are  the  only  tubes  terminating  upon  the  plates  (that 
is,  if  there  is  no  external  field),  is 
F=-  dWldd{a-  constant)  =  -  Icr'^Ajc  =  -  IcE^'A  =  etc. 

=  +  dWjdd  [  ( Fi  -  V^  constant]  (32) 

=  -  1^^  (  F;  -  V^fld-"  =  -IcE'A  =  etc. 
by  §  55,  Chapter  I. 
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This  result  also  follows  from  §  40,  I.,  or  the  result  there  j^vcn 
follows  from  (32). 

l\  —  Fj  can  be  obtained  also  by  the  direct  application  of  the 
law  of  inverse  squares.  We  assume  that  there  is  no  field  ex- 
ternal to  the  region  within  the  plates,  though  the  results  will  of 
course  be  independent  of  this  assumption,  since  the  internal  and 
external  fields  are  wholly  independent  of  one  another.  From 
any  point  P  of  the  positive  plate  imagine  a  straight  line  drawn  per- 
pendicular to  both  plates.  Imagine  the  surfaces  of  the  conduc- 
tors divided  up  into  infinitesimal  circular  zones  centered  on  this 
line,  and  let  x  denote  the  radius  of  any  zone  and  r/x  its  width. 
Then  the  potential  at  P,  i.  e.,  the  potential  at  all  points  of  the 
positive  plate,  is  evidently 

[—  <r27rxdxl47rc{x^  +  df  )*  -|-  a27rxdx/4.'rrcx'\ 

=  trl2c  r"[l  -  ^/(^'  -f  dyyx=  -\-  <rdl2c 

Similarly  V^=  —  (Td\2c 

Hence  V^-  V^^  adjc  (28) 

Laplace's  Equation  for  a  TIniform  Field.  The  same  result  can 
be  obtained  also  from  Laplace's  equation.  In  a  uniform  field,  if 
we  take  X  in  the  direction  of  D,  the  equation  (21),  Chapter  I., 

simplifies  to  jnzi  j  1  /   ,\ 

^  d^Vldx^  =  o  (33) 

since  D^  =  D^  =  o  (or  dVfdy  =  dVjdz  =  o). 
By  integration,  (33)  gives 

dV/dx=C,=  -<T/c  (a) 

By  a  second  integration 

K-K=  ^i(^  -  ^) ^1^=  <^^/^  (28) 

At  any  point  distant  x  from  the  positive  plate,  when  x  is  less 
than  d,  we  have 

V=  V,  +  C,x  (34) 
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13.  Maxwell's  Plane  Diagrams  of  the  Uniform  Field,  (i)  The 
equipotentials  are  equidistant  planes  perpendicular  to  the  lines  of 
displacement. 

(2)  The  diagram  of  the  tubes  of  displacement  may  be  drawn  in 
two  different  ways.     If  the  tubes  are  to  be  formed  by  moving 


Fig.   17. 

the  diagram  perpendicularly  to  its  own  plane,  the  corresponding 
lines  in  the  diagram  must  be  drawn  equidistant.  But  if  the  tubes 
are  to  be  mapped  out  by  rotating  the  diagram  about  a  line  of 
displacement  as  axis,  the  distances  of  the  successive  lines  from 
the  axis  (or  the  radii  of  the  outer  surfaces  of  the  cylindrical 
tubes)  may  be  found  by  giving  to  the  expression  irl^Di^  =  the 
flux  through  a  tube  of  radius  R)  values  which  are  multiples  of 
the  successive  whole  numbers  by  a  constant,  and  solving  for  the 
corresponding  values  of  R.  A  diagram  of  the  former  kind  is 
given  in  Fig.  1 7,  and  one  of  the  latter  kind  in  Fig.  1 8. 


Fig.  18. 


14.  Maxwell's  Plane  Diagram  of  the  Resultant  of  two  Fields. 

If  the  plane  diagrams  of  two  fields  are  given,  both  drawn  for  the 
same  strength  of  tubes  and  the  same  potential  differences,  and  if 
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both  are  diagrams  which  trace  out  the  tubes  of  displacement  by 
their  revolution  about  the  same  axis,  or  by  motion  at  right 
angles  to  their  plane  through  the  same  distance,  the  resultant 
diagram  of  the  two  fields  superposed  can  easily  be  drawn. 

(i)  The  equipotentials.  Since  the  potential  of  each  line  in  both 
diagrams  is  known,  the  potential  of  every  point  of  intersection 
when  the  diagrams  are  superposed  is  known.  Hence  by  draw- 
ing curves  through  all  the  points  of  intersection  which  have  the 
same  potential  we  get  the  resultant  equipotential  curves.  This 
is  equivalent  to  drawing  the  curves  forming  the  diagonals  of  the 


Fit,  19. 


quadrilaterals  made  by  the  superposition  of  the  two  systems  of 
equipotentials,  since  in  passing  from  one  comer  to  the  other  the 
potential  of  one  diagram  diminishes  as  much  as  that  of  the  other 
increases.  There  is  no  difficulty  in  choosing  the  proper  diagonal. 
The  difference  of  potential  between  the  successive  curves  in  the 
resultant  diagram  is  the  same  as  that  between  the  successive 
curves  in  the  original  diagrams.  A  particular  case  is  illustrated 
in  Fig,  19,  the  lines  of  the  resultant  diagram  being  dotted, 

(2)  The  lines  of  displacement.  The  lines  of  displacement  in 
the  resultant  diagram  are  the  curves  forming  the  diagonals  of 
the  quadrilaterals  resulting  from  the  superposition  of  the  two 
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diagrams  of  lines  of  displacement.  For  across  every  element  of 
such  a  curve,  as  ab  in  the  figure  (Fig.  20),  the  flux  is  zero,  since 
the  flux  through  one  tube  as  7"  in  one  direction  just  cancels  that 
through  another  as  T'  in  the  other  direction.     It  is  also  obvious 


Fig.  20. 

from  the  figure  that  the  flux  along  any  resultant  tube  is  equal  to 
that  along  any  of  the  original  tubes.  No  difficulty  can  be  ex- 
perienced in  choosing  the  proper  corners  of  the  quadrilaterals  to 
connect. 

By  compounding  diagrams  in  pairs  it  is  clear  that  the  diagram 
of  the  resultant  of  any  number  of  fields  superposed  can  be  ob- 
tained by  the  above  method. 

15.  The  Field  Terminated  by  two  Equal  and  Opposite  Concen- 
trated Charges.  Let  the  charges,  which  will  be  denoted  by  q 
and  —  q,  be  located  at  A  and  B,  Fig.  2 1 ,  distant  2d  apart.  The 
field  is  evidently  symmetrical  about  the  line  AB,  and  is  the  re- 
sultant of  two  radial  fields,  §  I .  The  displacement  and  intensity 
at  any  point  P  distant  L^  from  A  and  L^  from  B  are  therefore 

D  =  Vector  sum  of  D^(=  qj^rrrL^  directed  from  A)  and 

A(=  ^l^'^^2  directed  toward  B)  (35) 

and 

E^Djc  (36) 

For  the  potential  at  P,  (36)  gives 

V=  V,+   V,=  qlA-rrc   {l/L.-l  jL^)  (37) 
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(37)  is  also  the  equation  of  the  equipotential  surface  whose 
potential  is  V. 

The  lines  of  intensity  are  the  lines  orthogonal  to  the  surfaces 
given  by  (37).  The  equation  of  a  line  of  intensity  can  be  ob- 
tained at  once  by  writing  down  the  condition  that  there  is  no 


component  of  electric  intensity  perpendicular  to  such  a  line.  If 
{/s  (Fig.  21)  is  an  element  at  P  of  the  line  of  intensity  through 
P,  and  if  a^  and  a.^  are  the  angles  made  by  E^  and  E^  with  the 
normal  N  at  P,  we  have,  to  express  this  condition, 

£^  cos  a,  -f-  B^  cos  0^  =  0 

If  L^  and  Zj  make  with  AB  the  angles  0^  and  0^,  this  condition 
may  be  written,  as  the  figure  shows, 

d0JL,+  ^0JL,  =  o 

Multiplying  by  PB,  the  perpendicular  to  AB  from  P,  and  inte- 
grating, we  have 

Constant  =C=—  (/sin  0,d0^  +/sin  02^0^)=  cos  0^-\-  cos  0^ (38) 

which  is  the  equation  sought,  in  terms  of  0^  and  0^ 

By  giving  to  C  different  values,  the  equation  of  any  line  of 
intensity  may  be  obtained.     To  find   C  for  the  line  which  cuts 
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the  plane  normal  to  AB  through  its  central  point  C  at  a.  distance 
X  from  C,  we  have,  for  this  point,  6^  =  6^,  and 

L,  =  L^  =  {d^  +  xy 
Therefore 

(7=  2  cos  <9j  =  2  cos  6^  =  2^/(^2  _^  ^^i  .  ^29) 

The  lines  of  displacement  and  the  equipotential  lines,  drawn 
by  the  method  of  Maxwell,  §  14,  are  shown  in  Fig.  22.  (See 
(Maxwell's  Treatise,  §123.) 

If  the  distance  2d  is  diminished  indefinitely  and  the  charges  q 
and  —  q  increased  in  such  a  way  that  q  x  2d  =  constant  =  M, 
the  system  becomes  a  poi7tt  doublet  of  moment  M.  This  doublet 
and  its  field  are  discussed  in  §  27. 

From  (37)  it  follows  that  the  infinite  plane  perpendicular  to 
AB  through  its  middle  point  C  \s  at  zero  potential. 

At  any  point  on  this  plane  the  resultant  intensity  and  displace- 
ment are  normal  in  the  direction  AB.  If  P  is  distant  x  from  C, 
the  displacement  at  Pwill  be,  by  (35), 

D  =  2ql4.ir{d^  +  x^)  ■  dl{d^  +  x^f  =  qdl2ir{d''  +  x^    (40) 

If  for  the  infinite  plane  equipotential  surface  through  C  an  in- 
finitely thin  conducting  sheet  is  substituted,  the  field  on  either 
side  will  remain  unaltered,  and  the  two  point  charges  will  be- 
come electric  images  of  one  another  in  the  sheet. 

If  the  field  on  the  side  toward  B  is  destroyed,  or  if  the  con- 
ductor is  extended  toward  B  in  any  manner,  the  field  on  the  side 
toward  A  will  not  be  affected,  and  we  have  the  electric  field 
bounded  by  a  concentrated  charge  q  and  the  (induced)  charge 
upon  an  infinite  plane  conducting  surface  distant  d  from  q  and 
maintained  at  zero  potential.  If  q  is  positive  the  electric  surface 
density  is  negative  at  every  point  of  the  surface,  since  D  there 
has  the  direction  AB.  The  magnitude  of  D  =  (t  \s,  given  in 
(40).  The  total  charge  upon  the  infinite  plane  is  —  q,  since  all 
the  tubes  from  A  terminate  upon  the  plane. 
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Since  the  field  about  A  was  unaltered  by  the  introduction  of 
the  conducting  sheet  and  the  destruction  of  the  field  on  the  side 
toward  /?,  the  force  between  the  charged  body  at  A  and  the  plane 
conductor  is  the  same  as  the  force  formerly  acting  between  A 
and  B.     That  is, 

F^  -  q"" I  leTTcd^  (41) 

Since  concentrated  charges  do  not  exist,  we  shall  suppose  the 
charges  at  A  and  B  distributed  over  extremely  small  conducting 


Fig.  22. 

spheres  each  of  radius  a,  so  that  the  field  in  the  region  outside 
the  spheres  will  be  practically  the  same  as  that  already  discussed. 
From  (34),  I.,  the  potentials  of  the  spheres  A  and  B  are 

Vx=Pu9+Pn{-9)     and      V^  =  p,^q  +  pj,- q) 

the  subscripts  i  and  2  being  applied  to  A  and  B  respectively. 

Since  the  spheres  are  very  small,  these  equations  become  very 

approximately 

V^  =  g/47rca  —  qj^ircld 
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and  V^=  —  qj^TTca  +  ql4.7rc2d  =  ~  V^ 

from  which      V^—  V^=  2V^  =  ql2'irc{ila  —  1/2^)  (42) 

The  capacity  of  the  system  AB  is 

S-^KK  -  K)  =  27rcl{i/a  -  i/2d)  (43) 

and  the  energy  of  its  field  is 

W=  g-l^irc^ija—  i /2d)  =47rcV^^I{i /a  —  i/2d)     (44) 

When  the  conducting  sheet  is  placed  coincident  with  the  zero 
equipotential,  the  capacity  of  the  dielectric  between  A  and  this 
surface  is 

S,  =  g/V,  =  2S  (45) 

The  energy  of  the  dielectric  is 

W,^l-W  .       (46) 

The  force  tending  to  increase  the  distance  between  the  charge 
at  A  and  the  plate  can  also  be  found  from  (44)  or  (46)  by  the 
method  of  §  55,  I.     Thus 

F=-  dWJdd=  -  dW/d(2d)  =  -  q'/iGircd' 

=  +  dWJdd=  +  dWld{2d)  =  -  'KcV^\d\\la-\l2dy-    ^^'^^ 

in  agreement  with  (41),  the  first  differentiations  being  performed 
with  the  charges  constant,  and  the  second  with  the  potentials 
constant. 

16.  The  Electric  Field  Surrounding  Two  Concentrated  Charges 
of  the  Same  Sign  in  the  Ratio  of  4 : 1,  and  its  Derivatives.  Max- 
well's diagram  with  twenty  tubes  emanating  from  one  of  the 
charges  {A)  and  five  from  the  other  {B)  is  given  in  Fig.  23  (from 
Maxwell's  Treatise,  §  118).  One  equipotential  surface,  indicated 
by  the  dotted  line,  consists  of  two  lobes  meeting  at  the  point  P. 
At  P,  which  is  distant  from  A  two  thirds  of  the  distance  AB, 
the  intensity  vanishes.  Within  this  surface,  each  charge  is  sur- 
rounded by  a  separate  system  of  equipotentials,  which  become 
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more  and  more  nearly  spherical  as  they  become  smaller,  though 
no  one  of  them  is  an  exact  sphere. 

If  two  of  these  surfaces,  one  surrounding  each  point,  are  taken 
to  represent  the  surfaces  of  two  conductors  with  charges  of  the 
same  sign  in  the  ratio  4:1,  the  diagram  will  represent  the  equi- 


Fig.  23. 

potential  surfaces  and  tubes  of  displacement  of  the  field  sur- 
rounding the  conductors,  provided  that  all  the  lines  within  the 
surfaces  are  annulled. 

The  diagram  shows  that  the  force  between  the  two  bodies  will 
be  the  same  as  that  between  the  two  points  A  and  B  with  the 
same  charges.  The  distribution  of  the  tubes  shows  that  this 
force  tends  to  pull  the  bodies  apart. 

If  a  conducting  surface  is  placed  coincident  with  the  two-lobcd 
equipotential,  its  electric  surface  density  at  P  will  be  zero  (of. 

§  57.  I.)- 

Outside  the  two-lobed  surface  a  single  system  of  equipoten- 
tials  surrounds  both  charges.     By  making  any  of  these  surfaces 


8o  ELEMENTS   OF   ELECTROMAGNETIC   THEORY. 

conducting  and  annulling  all  the  tubes  within,  we  obtain  the  field 
surrounding  the  isolated  conductor  with  a  charge  upon  its  sur- 
face equal  to  that  of  A  plus  that  of  B.  The  equipotentials  sur- 
rounding both  A  and  B  approach  the  form  of  spheres  as  their 
distances  from  A  and  B  increase  (cf.  §  57,  I.). 

17.  The  Electric  Field  Surrounding  Two  Concentrated  Charges 
of  Opposite  Signs  in  the  Ratio  4  to  1,  and  its  Derivatives.  Max- 
well's diagram,  with  twenty  tubes  emanating  from  one  charge  at 
A  and  five  terminating  with  the  other  at  B,  is  given  in  Fig.  24 
(from  Maxwell's  Treatise,  §  119). 

Here  again  one  of  the  equipotentials,  indicated  by  a  dotted 
line,  has  two  lobes,  an  inner  one  surrounding  the  point  B  and  an 
outer  one  surrounding  both  the  points  A  and  B.  All  the  sur- 
faces in  the  region  between  the  lobes  surround  A  only  and 
become  more  nearly  spherical  as  A  is  approached ;  while  all 
those  in  the  region  within  the  inner  lobe  surround  B  only  and 
become  more  nearly  spherical  as  B  is  approached.  The  equi- 
potentials lying  outside  the  surface  with  two  lobes  become  more 
nearly  spherical  as  their  distances  from  A  and  B  increase. 

One  of  the  surfaces,  that  with  the  potential  zero,  is  a  sphere, 
and  is  indicated  by  the  dotted  circle  Q. 

If  two  of  the  surfaces,  each  surrounding  one  of  the  two  points 
A  and  B,  are  made  conducting,  and  the  fields  within  them  an- 
nulled, the  diagram  gives  the  tubes  and  equipotentials  surround- 
ing these  conductors  when  charged  oppositely  in  the  ratio  4:1. 

The  diagram  indicates  that  the  force  between  two  such 
charged  conductors  is  one  of  attraction,  and  the  same  as  the 
force  between  the  two  charged  points  A  and  B.  The  field  sur- 
rounding the  charge  at  A  or  B  when  the  sphere  Q  is  made  con- 
ducting and  the  field  on  the  other  side  annulled  is  discussed  in 
§  23. 

If  we  consider  points  on  the  axis  AB  beyond  the  point  B,  we 
find  that  the  resultant  intensity  diminishes  up  to  the  point  P,  distant 
from  A  twice  the  length  AB,  where  it  vanishes.      It  then  changes 
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sign  and  reaches  a  maximum  at  M,  after  which  it  continually  di- 
minishes. The  distance  of  M  from  A  is  ^4/(^^4  _  \\  .  AB 
=  2.70  X  AB  (approximately). 


Fig.  24. 

18.  The  Electric  Field  Surrounding  Three  Points  A,  B,  and  C, 
with  Charges  Proportional  to  15,  —  12,  and  20,  respectively,  so 
Situated  in  a  Straight  Line  that  AB  :  BC  :  AC  : :  9 :  16 :  25,  and  its 
Derivatives.  Maxwell's  diagram  of  the  field  is  given  in  Fig.  25 
(from  Maxwell's  Treatise,  §  121). 

In  this  field  one  of  the  equipotentials,  corresponding  to  the 
potential  i  /4r,  consists  of  two  spheres  intersecting  at  right  angles, 
with  centers  ^  and  C,  and  radii  1 5  and  20,  respectively,  as  indi- 
cated by  dotted  lines  in  the  diagram.  The  point  B  is  at  the 
center  of  the  circle  of  intersection  DD,  the  radius  of  which  is  12, 
and  at  all  points  of  which  the  inten.sity  is  zero. 

If  the  sphere  A  is  made  conducting  and  all  the  lines  within  it 
annulled,  the  diagram  will  represent  the  field  surrounding  the 
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insulated  sphere  A  with  charge  3  upon  its  surface  in  the  pres- 
ence of  a  concentrated  charge  20  at  C.  The  part  of  A  within 
the  spherical  surface  about  C  will  be  negatively  charged  and  the 
rest  positively  charged,  the  electric  surface  density  along  the 
circle  DD  being  zero. 


Fig.  25. 

In  the  same  way,  if  C  is  made  conducting,  the  diagram  repre- 
sents the  field  surrounding  the  conducting  sphere  C  insulated 
with  charge  8  upon  its  surface  in  the  presence  of  the  concen- 
trated charge  15  at  y^. 

These  two  fields  are  particular  cases  of  that  discussed  in  §  24. 

If  both  spheres  are  made  conducting,  and  the  lines  within 
annulled,  the  diagram  represents  the  field  surrounding  a  con- 
ducting surface  consisting  of  the  external  segments  of  two  spheres 
intersecting  at  right  angles  in  DD  and  with  charge  23.  This  is 
a  particular  case  of  the  field  discussed  in  §  36. 
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19.  The  Electric  Field  Terminated  by  Two  Infinite  Parallel 
Straight  Lines  or  Circular  Conducting  Cylinders,  with  Charges  a 
and  —  <7  on  Unit  Length.  Consider  first  two  electrified  straight 
lines,  distant  2a  apart,  and  cut  by  a  perpendicular  plane  in  the 
points  A^  and  A^,  Fig.  26.  By  symmetry,  the  distribution  of 
the  lines  of  displacement  is  the  same  in  every  such  plane.  More- 
over, all  the  lines  emanating  from  a  point  A^  pass  to  the  point 
A^  in  the  plane  containing  the  two  points  and  perpendicular  to 
the  two  lines. 


Fif.  26. 

The  potential  at  any  point  P  distant  Z,  from  A^  and  Z,  from 


^2  is 


V=  V,-\-V,  =  g/2'jrc  (  C  dLIL  -  C  dL/L\ 
=  g/zTTc  I     dLjL  =  qj lire  log  LJL^ 


(48) 


This  is  also  the  equation  of  the  section  by  the  plane  of  the 
paper  of  the  equipotential  surface  whose  potential  is  / '  By  giv- 
ing to  V  different  values  the  corresponding  surfaces  may  be 
obtained. 

The  displacement  at  P  is 


D  =  Vector  sum  of  D^(  =  qlzirL^  directed  from  A^  ) 
and  D^{=  ql2iTL.^  directed  toward  A^ 

and  the  intensity  E  is  Die 


(49) 


84  ELEMENTS   OF   ELECTROMAGNETIC   THEORY. 

From  (49)  the  equation  of  any  line  of  intensity  can  be  obtained 
by  the  method  of  §  15.  Proceeding  exactly  as  in  that  article, 
we  find  the  equation 

6^  -\-  6^=  C=  constant  (50) 

which  is  evidently  the  equation  of  the  arc  of  a  circle  terminating 
at  A^  and  A.-^,  and  cutting  perpendicularly  the  line  normal  to 
A^A^  at  its  middle  point.  If  the  line  whose  equation  is  sought 
cuts  the  normal  to  A^A^  at  its  middle  point  O  at  a.  distance  x 
from  0,  we  have,  for  this  point,  0^  ==  6^,  and 

C=2d^=  20^=  20=2  cos-''[a/(a^  +  r')i]  (51) 

The  equipotential  surfaces  given  by  (48)  are  circular  cylinders, 
or  their  lines  of  intersection  with  the  plane  A^A^P  circles,  orthog- 
onal to  the  lines  of  intensity.     For  (48)  may  be  written 

IJL.^=e—'''>'^  =  h  (52) 

a  constant  for  the  curve,  or  surface,  whose  potential  is  V;  and 
this  is  the  equation  of  a  circle  cutting  the  line  A^A^  and  with  its 
center  C  on  the  line  A^A^  produced. 

The  radius  of  the  circle  whose  potential  is  Vis 

R  =  2hal{h'-i)  (53) 

the  distance  of  its  center  C  from  A^  is 

A^C=Rh  (54) 

and  the  distance  of  C  from  A^  is 

A,C=Rlh  (55) 

To  obtain  the  resultant  displacement  D'  at  P  we  must  obtain 
the  vector  sum  of  D^  and  D^,  Fig.  26,  which  will  be  along  R 
normal  to  the  equipotential.  Since  D^  and  D^  are  directed  along 
Zj  and  Z2  respectively,  and  since,  by  (49),  D^  jD^  =  L^  j L^,  the 
triangle  whose  sides  are  D^,  D^,  and  D'  is  similar  to  the  triangle 
A^PA, ;  so  that 

D' jD^  =  2a I L^,  and  D' j D^=  2a  jL^ 


ELECTRIC    FIELDS   AND   CONDENSERS.  85 

whence  D'  =  '2aD^  jL^  =  2aD^  jL^  =  qa  jirL^L^  (56) 

and  the  resultant  intensity  E  is  equal  to  ly  jc. 

The  force  F  upon  a  length  A  of  either  electrified  line,  con- 
sidered positive  when  tending  to  increase  a,  is 

F=  —  qAqlcztrza  =  —  q^Aj^irca  (57) 

The  plane  diagram  of  the  field,  drawn  by  Maxwell's  method, 
§  14,  is  given  in  Fig.  27  (from  Webster's  Theory  of  Electricity  aptd 
Magnetism,  §  1 59).  The  tubes  of  displacement  and  the  equipo- 
tentials  are  mapped  out  by  moving  the  diagram  perpendicularly 
to  its  plane. 


Re.  27. 

If  for  any  equipotential  surface  the  coincident  surface  of  a  con- 
ductor is  substituted,  the  electric  field  on  the  side  facing  this  sur- 
face will  remain  unaltered.  The  above  field  therefore  includes, 
as  particular  cases,  the  fields  bounded  by 

(i)  An  infinite  straight  line  and  a  parallel  infinite  conducting 
circular  cylinder, 
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(2)  An  infinite  straight  line  and  a  parallel  infinite  conducting 
plane, 

(3)  An  infinite  conducting  circular  cylinder  and  a  parallel  in- 
finite conducting  plane, 

(4)  Two  parallel  infinite  conducting  circular  cylinders,  internal 
or  external  (either  or  neither  surrounding  the  other),  all  with 
charges  q  and  —  q  upon  unit  length. 

The  fields  of  §§  8-9  are  particular  cases  of  (4)  when  one  of 
the  two  lines  is  removed  to  infinity. 

As  systems  of  practical  importance,  we  shall  discuss  (4)  for 
the  case  in  which  the  two  cylinders  are  external  to  one  another, 
each  of  the  same  given  radius  R,  with  their  axes  at  a  given  dis- 
tance 2d  apart,  and  charged  to  potentials  V  and  —  V,  and  (3), 
which  is  a  particular  case  of  (4). 

To  obtain  the  electric  field  terminated  by  the  two  cylinders,  we 
must  find  the  distance  a  and  the  charge  q  upon  unit  length  of 
the  positive  cylinder. 

From  the  similar  triangles  A ^CP  and  A^CP  (Fig.  26)  we  have 

{d-^a){d-a)  =  R^  (58) 

whence 

a  =  {d'-I^-)^  (59) 

From  (54)  and  (55) 


(60) 


h  =  {d-^a)/R  =  R/{d-  a)=[d-h{d^-  R^)i]  /R 

=R/[d-{d^-Ryq 

For  the  cylinder  whose  potential  is  —Vwe  have 

log  k  =  27r^  V/q 
and  therefore 

^=  27rrf71og/^=  27r^F/log[{^+  {d'-R'y}/R] 

=  2'7rcV/\og[R/{d-{d^-R'f}]        ^     ^ 

From  (49)  and  (56)  the  field  can  be  determined,  by  making  use 
of  (61),  at  all  points. 

The  capacity  of  a  length  A  of  the  system  is 
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S=-qAl2  r=  ircA/log/i  =  ttcA /\og[{d -^{d*-  /?*)»}//?]    (62) 

and  the  energy  in  the  same  length  is 

W=  ^gA'  2V=  27rcAr'/\og[{d  +  (d*  -  R^i]  /R]  , 

=  yA/7rc.\og[{d^{d^--R'y]/R]  ^  ^\ 

If  the  infinite  plane  surface  of  a  conductor  is  placed  coincident 
with  the  surface  of  zero  potential  (the  plane  passing  symmetric- 
ally between  the  conductors)  the  field  on  the  side  facing  the 
conductor  will  remain  unaltered  ;  it  is  simply  half  the  field  just 
considered. 

The  capacity  of  a  length  A  of  the  condenser  formed  by  the 
infinite  plane  and  the  cylinder  with  the  dielectric  is 

S^  =  qAIV  =  2S  (64) 

and  the  energy  is  half  that  contained  in  the  complete  field  sur- 
rounding the  two  cylinders,  or 

W,  =  \W  (65) 

The  force  F  acting  upon  a  length  of  A  of  either  conductor, 
plane  or  cylindrical,  is  given  by  (57).  It  can  also  be  obtained 
by  differentiating  W^  with  respect  to  d,  or  W  with  respect  to  2d, 
by  the  method  of  §  55,  I.     Thus 

F=  -  q'Al^wca  ,^. 
'ircAV^I{d^-F?)nog[{d->r{d^-R?f]IRY 

20.  The  Field  of  a  Line  Doublet.  When  2a  is  small  in  com- 
parison with  Zj  and  L^,  we  have 

V=  q/27rc\og  LJL^ 
=  (approximately)  q/27rc  •  log  ( i  -\-  2a  cos  0/R)  (67) 

=  ql2'irc-2acosdlR{i  —  2acos6/2R-\ ) 

if  ^  is  written  for  L^  and  if  d  denotes  the  angle  between  Z,  and 
the  line  A^^. 

If  now  the  product  g  2a  is  kept  constant  while  a  is  diminished 
indefinitely,  (67)  approaches  the  limit 
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V=  2aq  cos  6  jXTTcR  =  Mcoa  6l2'TrcR  (68) 

where  M  is  written  for  2aq.     This  system  is  called  a  line  doublet, 
and  M  is  called  the  moment  of  the  doublet. 


Fie.  28. 

The  radial  and  tangential  displacements  at  a  distance  R  from 
the  doublet,  at  a  point  where  R  makes  an  angle  6  with  the  line 
A^^y  now  infinitely  short,  are 

D^=-  cdVjdR  =  Mcos  dji'n-R^  (69) 

and 

D^=-cd  VldT=  -  cjR ■  dV/dS  =  Msin  e/2'7rR^     (70) 

The  total  displacement  is  equal  to 

JD  =  {D;  +  Z>,2) J  _  Mj  2'kR'-  (7 1 ) 

and  makes  an  angle  26  with  the  line  A^^  (the  axis  of  the  doublet). 

The  lines  of  intensity  are  evidently  circles  tangent  to  the  axis 

at  O,  and  the  equipotentials  circles  perpendicular  to  the  axis  at 
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O.  The  plane  diagram  of  the  field  is  given  in  Fig.  28  (from 
Webster's  Tluory  of  Electricity  and  Magnetism,  §  44),  the  tubes 
of  displacement  and  equipotential  surfaces  being  supposed  gen- 
erated by  moving  the  diagram  perpendicularly  to  its  plane. 

The  method  of  drawing  the  diagram  is  easily  understood  from 
Fig.  29.     Since  there  is  an  infinite  number  of  lines  of  displace- 


Flg.  29. 

ment  within  a  circle  of  any  finite  diameter  a,  only  the  lines  lying 
outside  some  such  arbitrarily  chosen  circle  can  be  drawn.  The 
same  is  true  of  the  equipotential  lines. 

The  flux  through  the  tube  between  the  cylinders  of  unit  depth 
with  diameters  a  and  y  is 

n  =  r Mllir ■  dyjy^  =  M/2'rr  (i /a  -  i /y) 

Hence  by  giving  11  any  set  of  successive  values  differing  by  a 
constant  the  diameters  [y)  of  the  corresponding  lines  of  displace- 
ment may  be  obtained. 

The  voltage  from  the  circle  of  equal  potential  of  diameter  d  to 
the  circle  of  diameter  x  is 

V,-  V^=M/2'n-c(i/d-  i/x) 

Hence  by  starting  with  a  circle  of  diameter  d  and  giving  l\ 
—  V^  any  set  of  successive  values  differing  by  a  constant,  the 
diameters  {x)  of  the  corresponding  equipotential  circles  may  be 
found. 


90  ELEMENTS   OF   ELECTROMAGNETIC   THEORY. 

21.  The  Electric  Field  Surrounding  an  Isolated  Conducting^ 
Spheroid.  First  it  will  be  shown  that  within  the  region  enclosed 
by  a  homogeneous  material  shell  whose  surfaces  are  similar  and 
similarly  situated  ellipsoids  there  is  no  gravitational  field  of  force. 
Such  a  shell  is  called  an  ellipsoidal  homoeoid. 

Let  a  cone,  Fig.  30,  of  infinitesimal  angle  d(o  at  any  point  A" 
in  the  region  cut  from  the  shell  the  volumes  B" C"  and  D"E" . 
If  p  denotes  the  density  of  the  shell,  g  the  gravitation  constant, 
L  the  distance  from  A"  of  any  element  of  volume  dr  of  the  shell, 
the  intensity  at  A"  in  the  direction  A"  C"  due  to  the  masses  in 
B"C"  and  D"E"  is 

r»A"C"  r»A"E" 

dG  =  g\         pdr/L'-g  pdr/L' 

Ja"b"  *Ja"B" 

since  the  attractions  due  to  the  masses  in  B"C"  znd  D"E"  are  in 
opposite  directions.     Since  dr  =  DdadL,  the  integrals  reduce  to 

dG  =  gpda>{B"C"  -  D"E>') 

and  since  the  plane  N"OC"  intersects  the  ellipsoids  in  two 
similar  and  similarly  placed  ellipses,  the  same  diameter  ON'' 
bisects  B"D"  and  C"E".     Hence  B"C"  =  C"E",  and 

dG  =  o 

In  the  same  manner  it  may  be  shown  that  the  intensity  at  A" 
due  to  the  matter  within  any  other  infinitesimal  cone  with  vertex 
at  A"  vanishes.     Hence 

G=o 

or  the  region  contains  no  gravitational  field. 

When  a  conducting  ellipsoid  is  charged  the  tubes  of  displace- 
ment are  distributed  by  the  tensions  and  pressures  until  they 
touch  the  surface  normally,  or  until  the  surface  becomes  an  equi- 
potential.  The  conducting  substance  may  then  be  considered 
replaced  by  a  dielectric  of  permittivity  c  equal  to  that  of  the  exte- 
rior medium,  for  the  sake  of  applying  the  law  of  inverse  squares, 
§  28,  I.     At  any  point  A  within  this  region  the  intensity  and  dis- 
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placement  are  zero.  And  therefore,  since  the  law  of  inverse 
squares  prevails  in  electrostatics  as  in  gravitation,  the  law  of 
variation  of  the  electric  surface  density,  or  outward  displacement 
at  the  surface,  must  be  identical  with  the  law  of  variation  of  the 
thickness  of  the  shell  in  the  above  gravitational  problem.  In 
discussing  the  electric  case  the  shell  must  be  considered  as  of 
infinitesimal  thickness,  since  the  charge  resides  wholly  at  the 
surface  of  the  conducting  ellipsoid. 

The  distribution  of  charge  or  displacement  at  the  surface  of  an 
ellipsoid  of  revolution,  or  spheroid,  only  will  be  determined  here. 
We  proceed  to  find  the  distribution  of  the  charge  by  investigating 
the  law  of  the  variation  of  the  thickness  of  a  spheroidal  homceoid. 


Let  the  given  spheroid  be  generated  by  the  revolution  of  the 
ellipse  BAB',  Fig.  30,  about  the  line  BB',  and  the  exterior  sur- 
face of  the  infinitely  thin  homceoid  by  the  revolution  of  the  sim- 
ilar ellipse  B^A^B^  about  the  same  axis.  We  must  find  the  ratio 
of  A  thickness  of  the  shell  at  any  point  P,  to  /„,  the  thickness  at 
B.  Since  the  shell  is  infinitely  thin,  /  is  to  be  measured  in  the 
direction  of  the  normal  P^PC  to  the  spheroid  at  P. 

From  the  similar  triangles  PP^P^  and  PCD  we  have 

t  =  PAylP(^=  ^y{yi  -y)IK^  -  ^^')*  =X^i  -y)  ^^l^ 

By  the  equations 
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j/  -/  =  b^^ja^^  -{a^  -  x^")  -  b'^ja'  ■  {a"  -  x"), 

b^ja^  ==  bja  (since  the  spheroids  are  similar), 
and 

X  =  x^,    y  =yi     (in  the  Hmit), 
we  have 

y{y,  -y)  =  KK  -^)  =  K 

and  the  equation  for  /  becomes 

tlt^  =  bjPC  =  a/{a^  -  ^-^2)i  _  OR/b  =  DjD^  =  aja^ 
or 

D  =  <T  =  <T^al{a'  -  ^V)i  =  D^alia"  -  x^e")^  =  DJb=  <t^  /b  (72) 

where  cr^  and  o-  denote  the  electric  surface  densities  at  B  and  at 
points  of  the  spheroid  distant  x  from  the  axis  BB',  and  D^  and 
D  the  corresponding  outward  displacements. 

Thus  the  surface  density  increases  in  passing  from  B  to  A,  at 
which  point  it  has  the  value 

<r  =  (7^a/b  (73) 

To  obtain  the  total  charge  q  upon  the  spheroid,  the  charge 
adS  upon  the  elementary  zone  cut  out  by  PP^  as  the  ellipse  re- 
volves about  OB  must  be  found  and  integrated  over  the  whole 
surface.     Thus 

adS  =  c2'KxPP^  =  b(T^  I  PC-  2irxdx-  PCjy  =  —  2'ira^a^lb  •  dy 
and 

q  —    I  adS  =  —  2'7ra^ajb  I      dy  =  ^ird^cr^  (74) 

The  potential  of  the  spheroid  when  the  charge  is  q  may  be  ob- 
tained by  finding  the  potential  at  the  center  0,  since  the  potential 
is  uniform  over  and  within  the  spheroid. 

The  potential  at  0  due  to  the  charge  upon  the  zone  dS  is 

dV=  adSl4nrc{x''  +/)J  =  -  (j^d^dy\2bc{x''  +  /)i 
=  -  c^a^\2c{ce'  -  <^)i  •  dyl  [a^b'/i^  _  ^)  _  /]  i 
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and  the  total  potential  is 

=-  o-„«'/V(^  -  ^)i  •  sin-'  [(^  -  ^)V«] 

The  capacity  of  the  isolated  spheroid,  or  the  permittance  of  the 
dielectric  bounded  by  the  spheroid  and  an  infinitely  remote  sur- 
rounding surface  (§  58,  I.),  is 

S=g/V=  47rc{d'  -  ^)Vsin-»  [{a'  -  if^i/a]  (76) 

T/ie  isolated  sphere.  K  d  =  a,  the  equations  reduce  to  those 
already  developed  (§2)  for  an  isolated  sphere. 

An  infinitely  thin  circular  plate.  If  b=  o,  the  spheroid  re- 
duces to  an  infinitely  thin  circular  conducting  plate  of  radius  a, 
and  (72),  (74),  (75),  and  (76)  become 

D  (or  a)  =  aDJ,ov  a^)l{d^  -  x^  {77) 

since  e  =  [(a^  —  d^)/d^i  =  i, 

^  =  4'^a\  =  47raW^  (78) 

F=  Traaj2c  (79) 

S  =  %ac  (80) 

Near  the  edges  the  displacement  is  very  great,  D  becoming 
infinite  when  x  ^  a.  But  the  total  charge  is  finite  since  an  edge 
has  no  area. 

The  ratio  of  the  capacity  of  a  thin  circular  plate  to  that  of  a 
sphere  of  the  same  radius  is 

Sac/47rac=  2/7r  =  1/1.571 

a  relation  established  experimentally  by  Cavendish  long  before 
the  development  of  the  theory. 

If  two  thin  circular  plates  of  the  same  radius  a  are  placed  par- 
allel to  one  another  with  the  distance  d  between  them  so  small 
that  the  field  is  sensibly  uniform  between  them,  and  relatively 
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weak  outside,  the  capacity'  of  the  system  will  be  very  approxi- 
mately 

The  ratio  of  the  capacity  of  a  single  isolated  plate  to  this 

capacity  is 

d>dj'7ra 

The  energy  of  the  field  connected  with  two  such  plates  very 
remote  from  one  another  and  with  charges  q  and  —  q,  respec- 
tively, is 

The  energy  of  the  field  when  the  two  plates  are  parallel  and 
separated  by  the  very  small  distance  d  is 

^^dJTrd^c 

Hence  the  work  which  would  be  done  by  the  electrical  forces 
in  drawing  the  two  plates  into  the  latter  configuration  from  the 
former  is 

^^(  I  /  %ac  —  dj  27r«V)  =  q"^  j  2ac  -(1/4  —  djird) 

It  may  be  shown  that  the  equipotential  surfaces  surrounding 
the  isolated  plates  are  the  confocal  spheroids  with  the  edge  of 
the  plate  as  focal  line,  and  that  the  lines  of  displacement  are  the 
corresponding  confocal  hyperbolas. 

If  any  one  of  the  spheroidal  equipotentials  is  made  conducting, 
and  the  lines  within  annulled,  the  remainder  of  the  field  just 
described  will  be  the  field  surrounding  this  spheroid. 

22.  The  Average  Value  of  the  Potential  over  a  Spherical  Sur- 
face in  any  electric  field  whose  charges  are  situated  wholly  out- 
side of  or  upon  the  sphere  and  whose  dielectric  is  homogeneous 
and  isotropic  within  the  sphere  is  equal  to  the  potential  at  its 
center.  To  prove  this,  consider  first  the  spherical  surface  vS  of 
radius  R  in  the  radial  field  from  a  concentrated  charge  q  distant 
X  from  the  center  of  the  sphere,  q  being  the  only  charge  in  the 
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field.     Let  the  charge  be  at  A  and  the  center  of  the  sphere  at 
C,  Fig.  31. 

The  area  of  an  elementary  zone  of  the  sphere  included  be- 
tween two  planes  perpendicular  to  A  C,  at  distances  j  and  /  +  </>' 
from  A,  is  vc      «    dj 

The  potential  of  this  zone  is 

V^  =  g/4'^c{R'  -  ^  +  2^j)i 
The  integral  of  the  potential  over  the  zone  is  therefore 
F/5  =  qRdyjic  {K' -  x"  +  2xy)i 

(18 


Fig.  31. 

To  obtain  the  average  value,  V,  of  the  potential  over  the  sur- 
tace  of  the  whole  sphere,  the  integral  of  this  expression  must  be 
taken  over  the  sphere,  and  the  result  divided  by  the  area  of  the 
sphere.     Thus 

F=  I  l47rl^  C  VdS  =  qj^-KcR  f  ■  dyj^R^  -  x^ -\-  24j)» 

=  q  l^ircx 

which  establishes  the  proposition  for  a  single  concentrated  charge. 
If,  instead  of  a  single  concentrated  charge,  there  is  any  other 
electric  distribution,  subject  to  the  limitations  above  mentioned, 
we  have  by  the  principle  of  superposition 


F=  I  l^irc  •  Jdqjx 


96  ELEMENTS    OF    ELECTROMAGNETIC    THEORY. 

which  establishes  the  proposition  for  a  homogeneous  dielectric, 
or  such  a  dielectric  and  conductors,  filling  all  space.  That  the 
proposition  is  perfectly  general  will  appear  from  Chapter  IV.,  (17). 
As  an  example,  the  average  potential  of  the  insulated  sphere 
of  §  24,  which  is  the  same  as  the  potential  of  any  point  of  the 
sphere,  since  it  is  a  conducting  surface,  is 

F=  g^l^ircx  +  gj  4.7rcR  =  q^j^.Trcx 

since  g,  the  sum  of  the  (induced)  charges  on  the  sphere,  is  zero. 
If,  in  addition  to  the  induced  charges,  the  sphere  possesses  a 
charge  q,  its  potential  is 

V=  g^j/^ircx  -\-  gl^TTcR 

The  same  results  are  obtained  by  another  method  in  §  24. 
They  also  follow  immediately  from  (15)  and  §  28,  I. 

23.  The  Electric  Field  Surrounding  a  Concentrated  Charge  in 
the  Presence  of  a  Spherical  Surface  at  Zero  Potential.  Consider 
first  the  case  in  which  the  given  charge,  g^,  is  dX  A^  external  to 
the  sphere,  S,  Fig.  26.  Let  R  denote  the  radius  of  ^  and  x  the 
distance  between  its  center  and  the  charge  q^ 

If  a  charge  g^  and  its  position  within  the  surface  ^9  can  be 
found  such  that  in  the  field  surrounding  g^  and  ^2  'S"  is  a  surface 
of  zero  potential  when  there  are  no  other  charges  in  the  field, 
then,  by  §  48,  I.,  the  portion  of  the  field  outside  5  will  be  the 
only  field  satisfying  the  given  conditions,  and  ^j  and  g^  will  be 
the  electric  images  of  one  another  in  the  surface  ^  if  it  is  made 
conducting. 

If  a  charge  g,^  is  placed  at  A^,  the  potential  at  a  point  P  of  the 
sphere  will  be 

F=  F;  +  F2  =  I  JA-rrc  ■  {gJL^  +  qjL^  =  I  JA-^cL^  ■  {g^  +  hg^ 

where  h  —  L^\L^  has  the  same  significance  as  in  §'  19. 

If  ^2  is  so  chosen  that  , 

^1  +  $^2^  =  o 
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F=  o  for  every  point  upon  the  sphere.  Hence  the  portion  out- 
side S  of  the  field  surrounding  the  charge  ^,  at  A^  and  ^,  at  A^, 
where 

^a=-^iM  (82) 

is  the  field  required. 

A^  and  A^  are  called  inverse  points,  or  geometrical  images  of  one 
another,  in  the  sphere  (§  30). 

The  part  of  the  field  within  >S  is  the  field  surrounding  a  con- 
centrated charge  g^  in  the  interior  of  a  spherical  surface  at  zero 
potential,  the  charge  being  distant  A^C^  =  Jt^  from  the  center  of 
the  sphere. 

The  resultant  displacement,  Z>,  at  any  point  of  either  of  the 
required  fields  (given  charge  inside  or  outside  the  sphere)  is  thus 
the  vector  sum  of  D^  and  D^,  the  radial  displacements  which 
would  accompany  the  charges  q^  and  q^^  separately.  We  shall 
find  the  displacement  only  at  the  surface  of  the  sphere,  to  which, 
an  equipotential,  it  is  everywhere  normal. 

When  q^  is  positive,  and  q^  therefore  negative,  Z?,,  D^,  and  D 
are  in  the  directions  A^P,  PA^,  and  PC,  respectively,  their  direc- 
tions being  reversed  when  q^  and  q^  change  signs.  Moreover,  in 
magnitude, 

from  the  geometry  of  §  19.  Therefore  the  triangle  with  sides 
Z>,,  D^  and  D  is  similar  to  the  triangle  A^PA^,  and 

D  =  2aDJL^  =  2aD^lL^ 
in  magnitude. 

If  D  is  reckoned  positive  along  the  outward  normal  to  5",  we 
have,  therefore, 

Z)  =  -  2ahqj4'rrL,'  =  -  q.RiJt^  -  l)/4^Z,» 

which  is  equal  to  the  electric  surface  density  on  the  outside  of 
the  sphere  at  P,  when  the  sphere  is  the  surface  of  a  conductor  at 
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zero  potential  in  the  presence  of  the  charge  q^  at  Ay  The  total 
charge  upon  the  sphere  is  evidently  q.^. 

If  D  is  reckoned  positive  along  the  inward  normal  to  S,  we 

have 

D  =  q,R{h'  -  i)/47rZ,^  =  q^^^  -  R')l^'rrRLl  (84) 

which  is  equal  to  the  electric  surface  density  on  the  inside  of  the 
sphere  at  P  when  the  sphere  is  the  inner  surface  of  a  conductor 
at  zero  potential  surrounding  a  charge  q.^  =  —  q^jh  at  A^.  Since 
when  the  internal  field  is  sought,  q^,  x' ,  and  L^  are  the  given 
quantities  instead  of  q^,  x,  and  L^  (84)  must  be  transformed  by 
substituting  for  q^,  x,  and  L^  their  equals  —  qji  =  —q.J^jx',  R^jx' , 
and  hL^  =  RLJx* ,  respectively.  On  making  these  substitu- 
tions, we  have 


D^-  q,R{h'  -  i)lA'r^h^L^  =  -  qlR'  -  x'^)\A'rrRL^ 
=  -  q.lA'^L^-  {R  -  ^W  +  ^)\R 

The  total  charge  on  the  inner  surface  of  the  sphere  is  —  q^. 
The  force  between  either  charged  body  and  the  sphere  is 

=  -  q^Rx\A,'rrc{x'  -  R^f  =  -q^Rx"  l^irc^P?  -  x'J  ^ 

Maxwell's  plane  diagram  of  the  field,  for  the  case  in  which 
k=  —qi/q2=  20/5  is  given  in  Fig.  24,  the  sphere,  of  radius 
R  =  ABjh  =  lAB,  being  indicated  by  the  dotted  circle  Q. 

If  the  radius  R,  in  what  precedes,  is  made  to  approach  infinity, 
while  {x  —  R)  or  (R  —  x')  is  kept  constant,  we  have,  in  the  limit, 
a  concentrated  charge  in  the  presence  of  an  infinite  plane  surface 
at  zero  potential,  and  the  above  equations  reduce  to  the  equa- 
tions of  §  15. 

24.  Sphere  at  Any  Potential,  or  with  Any  Charge,  in  the  Pres- 
ence of  a  Concentrated  Charge.  The  field  external  to  the  sphere 
in  §  23  is  a  particular  case  of  the  field  surrounding  a  concen- 
trated charge  and  a  spherical  equipotential  surface  (as  that  of  a 
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spherical  conductor),  the  potential,  F,  of  the  surface,  or  the  out- 
ward flux  across  it  (or  charge  upon  it,  if  a  conducting  surface), 
q,  being  given. 

1 ,  If  the  potential  V  is  given,  the  required  field  is  found  by- 
superposing  upon  the  external  field  of  §  23  the  radial  field  from 
a  charge  q^  =  AprcR  V  at  the  center  of  the  sphere.  For  the  po- 
tential at  every  point  of  the  sphere  due  to  the  fields  from  q^  and 
q^  is  zero,  and  the  potential  due  to  the  radial  field  from  q^  is  the 
same  at  every  point  of  the  sphere  and  equal  to 

qJOfircR  —  ^.ircR  VI/\.'ircR  =  V 

so  that  the  resultant  potential  is  the  same  all  over  the  sphere  and 
equal  to  V.  The  field  outside  the  sphere  is  therefore  determined 
(§  48,  I.)  and  is  identical  with  the  field  surrounding  the  charge 
q^  and  a  spherical  conductor  of  radius  R  and  at  potential  V. 
The  total  charge  upon  the  conductor  is  q  =  q^-^-  Qy 

2.  If  the  outward  flux  q  (or  total  charge,  if  the  surface  is  that 
of  a  conductor)  is  given,  the  required  field  is  found  by  superpos- 
ing upon  the  external  field  of  §  23  the  radial  field  from  a  charge 
q^=  q  —  q^  placed  at  the  center  of  the  sphere.  For,  as  in  (1), 
the  surface  will  remain  equipotential,  and  the  flux  across  it  (or  the 
charge  upon  it)  will  be  (^  —  q^  -\-  (!<<—  <1-  The  position  of  the 
equipotential  surface  being  given  together  with  the  flux  across  it 
and  the  outside  charges,  the  external  field  is  determined  (§  48,  I.) 
and  is  identical  with  the  field  surrounding  a  conducting  sphere 
of  radius  R  and  charge  q.     The  potential  of  the  sphere  is 

r=  qjAprcR  =  {q-  q^)^'^^^ ^^ 

The  outward  displacement  at  the  surface  of  the  sphere  (or  the 
electric  surface  density  if  the  equipotential  sphere  is  the  surface 
of  a  conductor)  is  / 

Z?  =  Z>3  +  Z>'(  =  Z>  of  preceding  article)  «=  qjA"^^'       ,  •. 

-q.ix^-R^lA-rrRW     ^'\  (gr) 
=  cV/R-  qlx^  -  Rr-)lA'jrRL,'  (2) 

=  {q+  q,Rlx)\AprF?  -  q^x^  -  R')/4'^RL,'  (3)  . 
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Maxwell's  plane  diagram  of  this  field  is  given  for  two  particu- 
lar cases  in  Fig.  25,  and  is  discussed  in  §  18. 

The  force  between  the  body  with  the  charge  q^  and  the  spher- 
ical conductor  is  equal  to  the  force  between  this  body  and  those 
with  the  charges  q.^  and  q^     Thus 


=  -  q^'Rxl4irc{^  -  R'f  +  q,{q  +  q,Rlx)/47rcx'        "^  ^ 
=  -  q^'Rx/4'7rc{x'  -  R'f  +  q^  VRfx"  (2) 


(88) 


If  the  sphere  is  insulated  without  algebraic  charge,  q  "=  q^-k-  q^ 
=  O,  and  q^=  —  q^=  q^Rjx.     In  this  case  (87)  and  (88)  become 

D  =  qjA-rrR ■[i/x-ix'-  R^)/L^']  (89) 

and 

F=  -  q^'Rx/47rc{x'  -  R^f  -f  q^^Rj^ircx"  (90) 

If  the  given  charge  is  internal,  the  internal  field  is  exactly  the 
same  as  that  in  §  23,  and  the  external  field  is  the  radial  field 
from  the  charge  q  at  the  center  of  the  sphere. 

If  a  conducting  sphere  is  in  the  presence  of  any  number  of 
fixed  charges,  internal  and  external,  the  electric  images  and  the 
electric  field  can  be  got  at  once  from  what  precedes  by  the  prin- 
ciple of  superposition. 

25.  A  Conducting  Sphere  in  a  Tlniform  Field.     If  ^  =  o,  §  24, 

and  if  q^  is  kept  constant  and  x  made  to  increase  without  limit, 
Z>j  approaches  a  uniform  direction,  parallel  to  x,  and  a  uniform 
magnitude,  at  all  points  within  and  near  the  sphere.  But  this 
uniform  magnitude  is  zero.  If,  however,  as  x  increases,  q^  is 
made  to  increase  at  such  a  rate  that  qj^rrrx^  remains  constant  and 
equal  to  D^,  then,  when  x  =  infinity, 

and  we  have  an  insulated  spherical  conductor  in  a  field  whose 
displacement  is  uniform  (except  for  the  disturbances  due  to  the 
presence  of  the  sphere)  and  equal  to  D^. 
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We  can  obtain  the  resultant  displacement  D  at  the  surface  of 
the  sphere  by  substituting  in  (89)  for  q^  its  value  47r^/^„,  and  for 
Zj  its  value  (^^  ^  ^^  +  2Rx  cos  ^)»,  where  6  is  the  angle  PCE, 
Fig.  26,  reducing,  and  passing  to  the  limit  x  =  infinity.     Thus 

D=^DJR-{\x{^^F?-\-  2RxQo%e)\ 

-  xXx"  -  ;?2)]/(;r^  -^I^^-2Rx  cos  ^)i} 
=  D^x\i  +  f (^/^  +  2R  cos  eix)  +  . . . 

-  I  +  F^jx'ilRli  +  3(/?2^,r2  +  27?  COS  (9/^  +  . . .)] 
=  (3Z)„  cos  0  4-  terms  containing  powers  of  x  in  dc- 

nominators)/(  I  +  terms  containing  powers  of  x 
in  denominators) 

=  iD^  cos  e 

in  the  limit,  the  displacement  for  a  given  value  of  the  angle  6 
being  thus  independent  of  the  radius  R  of  the  sphere. 


(91) 


Fig.  32. 


At  the  poles  of  the  sphere,  where  ^  =  0°  and  180°,  /?  =  + 
3/?^  and  —  3/?^,  respectively ;  while  its  value  at  the  equator, 
where  ^  =  90°,  is  zero. 

The  displacement  at  a  point  of  the  infinite  plane  passing 
through  the  equator  and  distant  L  from  the  center  of  the  sphere 
is  (§  26)  the  sum  of  D^  and  the  displacement  —  M  sin  90°  ^ttI} 
=  —  DJdlD  due  to  the  doublet  of  moment  J/=  4'»"/?/^o  at  the 
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center  of  the  sphere  with  its  axis  in  the  direction  of  the  displace- 
ment Z)y.     Thus  at  such  a  point 

D  =  Dli  -  R^lD)  (92) 

The  plane  diagram  of  the  field  drawn  by  superposing  accord- 
ing to  the  method  of  Maxwell,  §  14,  the  diagram  of  the  doublet 
(§  27)  of  moment  M=  47rR^D^  and  that  of  the  uniform  field  of 
displacement  Z^y  is  given  in  Fig.  32  (from  Webster's  TJieory  of 
Electricity  and  Magnetism,  §  194).  The  diagram  of  the  field 
surrounding  the  conducting  sphere  is  obtained  from  this  figure 
by  annulling  the  lines  within  the  circle  (see  Fig.  62). 

From  symmetry,  it  is  evident  that  there  is  no  resultant  force 
upon  the  conductor. 

A  Hemispherical  Boss  upon  an  Infinite  Plane.  All  the  lines  of 
intensity  in  the  above  field  (except  of  course  those  terminating 
upon  the  sphere)  cut  the  infinite  plane  (an  equipotential,  with  the 
potential  zero)  passing  through  the  equator  normally.  Hence, 
if  this  surface  is  made  conducting,  the  fields  on  each  side  will  re- 
main unaltered  and  each  will  be  the  field  proceeding  from  (or  to) 
an  infinite  plane  conductor  with  a  hemispherical  boss  upon  it. 
The  surface  density  upon  the  boss  is  given  by  (91),  and  that  upon 
the  rest  of  the  surface  by  (92),  or  by  this  expression  with  the 
opposite  sign,  according  to  the  half  of  the  original  field  con- 
sidered. 

26.  The  Field  of  an  Electrical  Point  Doublet.     Method  I.     In 

the  problem  of  §  25,  as  ;f  approaches  the  limit  infinity,  ^^  =  —  ^2 
=  q^Rlx^=  ^D^Rx  dX'&o  approaches  the  limit  infinity,  while  the 
distance  AJ^=  R^jx  approaches  the  limit  zero  at  the  same  rate. 
The  product  g^-  A^C  therefore  remains  finite  and  constantly  equal 
to  ^.ttR^D^.  Such  a  system,  consisting  of  two  equal  and  opposite 
very  great  charges  at  a  very  small  distance  apart,  when  indefi- 
nitely near  its  limit,  is  called  an  electric  point  doublet,  and  the  finite 
product  of  the  positive  charge  by  the  distance  between  them  is 
called  the  moment  of  the  doublet.  The  straight  line  directed  from 
the  negative  to  the  positive  charge  is  called  the  axis  of  the  doub- 
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let.     In    the    case    considered,    the   axis   of  the  doublet  is  the 
line  A^C,  and  the  moment  is 

J/=  47r/e»A  (93) 

The  total  displacement  D  in  the  field  of  §  25  is  therefore  the 
vector  sum  of  the  displacement  D^  due  to  the  field  connected 
with  the  doublet  and  the  uniform  displacement  D^  directed  paral- 
lel to  the  axis  of  the  doublet. 


^ 

^o^^'-A/ 

V, 

oy 

\ ",. 

-t 

Fig.  33. 

In  many  cases  it  is  necessary  to  know  the  field  of  a  doublet 
alone,  that  is,  to  know  the  displacement  Dj.  This  quantity  can 
be  easily  found  by  taking  the  vector  difference  of  D  and  /?„, 
§25. 

From  the  figure  (Fig.  33)  it  is  evident  that  the  radial  com- 
ponent of  D^f  at  P,  a  point  whose  coordinates  are  R  and  6,  is 

D  =  -kD^  cos  6  —  Z>.,  cos  6  =  2D.  cos  0  =  zMcos  eUirF? 

=  Mcos  ei2-irl^        ^^^ 

measured  in  the  direction  of  increase  of  R. 
The  tangential  component  is 

D,  =  D^  sin  6  =  il/sin  Bja^-jtR^  (95) 

measured  in  the  direction  of  increase  of  d. 

The  total  displacement  D^^  due  to  the  doublet  is 

D^  =  {D;  +  D^^  =  J//47r/?» •  (3  cos'  ^  +  i)  (96) 


(97) 
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The  horizontal  and  vertical  components  are 

Dj^=D  cos  e  -D,=  D^{3  cos^  d-i) 

=  Mj^'jrR^  {Z  cos"  e-i) 
and 

Z>„  =  Z)  sin  ^  =  3Z>„  sin  6  cos  d  =  ^Mj^-rrR^  ■  sin  6  cos  6  (98) 

The  angle  made  by  D^  with  the  axis  of  the  doublet  is 

0'  =  sm-^DjD^  =  sin-^  [3  sin  d  cos  ^/(3  cos'  ^  -  0]    (99) 

27.  The  Field  of  an  Electrical  Point  Doublet.     Method  II.     In 

§  26  the  field  of  a  doublet  was  obtained  by  using  the  results  of 


Fig.  34. 

§  25.  The  field  may  be  found  independently  as  follows.  We 
shall  first  obtain  an  approximate  solution  for  the  case  of  two 
charges  g  and  —  q  separated  by  a  distance  L,  short  in  compari- 
son with  OP=R,  Fig.  34,  the  product  qL  being  equal  to  M. 
Then  if  M  is  kept  constant  while  L  is  increased  indefinitely,  the 
system  becomes  a  doublet  and  the  solution,  in  the  limit,  exact. 
The  potential  dX  Pis 


V=ql47rc-{L.^-L,)IL^L, 
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But  L^  —  L^  =  L  cos  6  approximately,  and  Z,,Z,j  —  B?  approxi- 
mately, these  relations  approaching  exactness  indefinitely  as  L 
approaches  zero.     Hence,  in  the  limit,  for  a  doublet, 

V  =  qL  cos  e I  ^TTCI^^M  cos  e  I ^TTCF?.  (icx)) 

The  radial  component  of  the  displacement  is 

D^  =  cE^^-  cdVldR  =  Mcos  efiirl^  (94) 

and  the  tangential  component  is 

D^  =  cE^^-  cdVldT=  -  cdV/dd  ■  d0/dT=  J/sin  ^/4ir;?»  (95) 

since  dT=  Rdd,  or  d0/dT=  ijR. 

From  the  above  equations  the  horizontal  and  vertical  compo- 
nents, D^  and  D^,  and  the  angle  6'  made  by  D^  with  the  axis  of 
the  doublet,  can  be  readily  found.  These  quantities  are  given  in 
the  preceding  article. 


Fig.  35. 

The  equation  of  a  line  of  intensity  or  displacement,  L,  is  easily 
found  from  (94)  and  (95)  with  the  assistance  of  Fig.  35.  For 
we  have  evidently 

DJD^  =  2  cos  ejsm  e  =  dRIRde 

from  which  we  obtain 

dRjR  =  2  cos  edejsxn  6 
The  integral  of  this  equation  is 

R=Csm-0  (lOl) 


io6 
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which  is  the  equation  sought,  C  being  a  constant  for  a  given  line 
and  equal  to  the  distance  from  the  doublet  at  which  the  line  cuts 
the  plane  perpendicular  to  the  doublet's  axis  through  its  center. 
When  C  is  given  for  any  line,  the  line  can  be  drawn  directly 
by  means  of  (loi),  or  it  can  be  drawn  by  the  process  indicated  in 
Fig.  36.  Draw  a  line  OA  making  an  angle  Q  with  OX,  which  passes 
through  the  axis  of  the  doublet,  and  cutting  in  the  point  A  a 
circle  with  radius  C  and  O  as  center.  Then  let  fall  a  perpen- 
dicular AB  on  the  line  OY,  perpendicular  to  OX  through  the 
doublet,  and  a  second  perpendicular  from  B  on  OA  cutting  it 
in  P.  P  is  a  point  on  the  line  required.  For  OB  =  C  sin  B,  and 
0P=  OB  sin  6=  C  sin^  6.  See  J,  Buchanan,  Nature,  Vol.  21. 
1880,  p,  370. 


Fig,  36. 

If  the  figure  is  rotated  about  the  axis  OX,  the  flux  through 
the  tube  enclosed  between  the  surfaces  for  which  C  =  C  and 
C  =  a  will  be 

n  =    r  MI^-ttC^  ■  2'7rCdC  =Ml2'7rC  dCj  O 

=  Ml2ir-{ila-\lC) 

Hence  by  giving  to  11  a  series  of  successive  values  differing 
by  a  constant  quantity  and  starting  with  a  curve  for  which  C  has 
an  arbitrary  value  a,  the  value  of  C  can  be  deterrnined,  and  the 
lines  of  displacement  drawn  to  correspond  to  tubes  of  equal 
strength,  for  as  much  of  the  field  as  desired. 
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The  equipotential  surfaces  corresponding  to  successive  equal 
potential  differences  can  be  drawn  by  means  of  (icxj),  which  may 
be  written 

FT- =  M  cose  I  ^ircV 

and  which  becomes,  for  points  along  OX^ 

R'=  Mj^irVc 


Re.  37. 

The  plane  diagram  of  the  lines  of  displacement  is  given  in 
Fig.  37  from  Webster's  Theory  of  Electricity  and  Magnetism, 
§122)  and  the  diagram  of  both  lines  of  displacement  and  equipo- 
tcntials  for  the  part  of  the  field  lying  outside  a  sphere  with  the 
doublet  at  its  center  in  Fig.  67. 
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28.  The  Electric  Field  Bounded  by  a  Concentrated  Charge  q 
and  Two  Jnfinite  Planes  at  zero  potential  meeting  at  an  angle 
0  =  TTJn,  where  n  is  an  integer.  We  shall  find  the  image  sys- 
tem of  the  charge  q  in  the  planes.  From  this  system  and  the 
given  charge  g  the  electric  field  at  all  points  can  then  be  deter- 
mined by  methods  already  discussed.  Let  P  denote  the  position 
of  the  given  charge,  and  let  its  distances  from  the  two  planes  be 
denoted  by  a  and  d  respectively. 

Case  I.  When  n  =  i,  ^  =  tt,  the  two  planes  are  coincident, 
a  =  &,  and  the  image  of  ^  is  a  concentrated  charge  —  q  distant  from 


Fig.  38. 


Fig.  39. 


q  2a-=  2b  on  the  other  side  of  the  plane  on  the  line  through 
P  perpendicular  to  the  plane.     This  field  is  fully  discussed  in  §  15. 

Case  11.  When  «  =  2,  ^  =  7r/2,  and  the  image  system  con- 
sists of  the  charges  4-  <1  and  —  q  situated  as  shown  in  Fig.  38  at 
the  comers  of  a  rectangle  with  sides  2a  and  2b  and  on  the 
circle  of  radius  {c?  -f  <5^)*  with  center  at  the  intersection  of  the 
planes. 

Case  III.  When  ?z  =  3,  Q  =■  7r/3,  and  the  image  system  con- 
sists of  charges  situated  as  shown  in  Fig.  39. 
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Case  IV.  The  images  when  n  is  any  other  integer  niay  be 
obtained  in  the  same  manner.  They  consist  in  every  case  of 
concentrated  charges  +  q  and  —  q  distant  a  and  b  from  the 
planes  and  situated  symmetrically  on  the  circle  through  the 
given  charge  at  P  and  with  center  at  the  intersection  of  the 
planes.  The  charges,  in  going  around  the  circle,  are  alternately 
+  and  — . 

Case  V.  When  a  and  b  are  kept  constant  and  n  is  made  infi- 
nite, we  have  a  concentrated  charge  between  two  parallel  planes, 


4; 

I 
I 


Q 


.•-4 4- 


Fig.  40. 

Fig.  40.  In  this  case  the  arc  of  the  circle  through  P  is  a  straight 
line,  and  the  images  are  located  along  this  line  at  intervals  of  2a 
and  2b. 

In  all  the  above  fields  the  total  charge  upon  the  two  planes 
is  —  q. 

29.  The  Electric  Field  Surrounding  a  Conducting  Surface  Formed 
of  the  External  Segments  of  Two  Spheres  Intersecting  at  Right 
Angles  and  Maintained  at  Any  Potential  V.  The  field  will  be 
found  by  the  method  of  images. 
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Let  a  and  b  denote  the  radii  of  the  two  spheres  with  centers  at 
A  and  C,  respectively,  Fig.  2  5 ,  distant  d  apart.  Since  the  spheres 
intersect  at  right  angles,  we  have  from  the  figure 

BD  =  ablia"  -f-  by  =  abjd 

and  AB  AC=  l^=^AB  d 

CB  CA  =  a^=CB  d 

Hence  B  is  the  geometrical  image  of  A  in  the  sphere  C  and 
the  image  of  C  in  the  sphere  A.  If  therefore  a  charge  q^ 
=  Aprca  V  is  placed  at  A,  a.  charge  g^  =  ^.TrcbV  at  (7,  and  a  charge 
g^=  —  47rc  BD  =  —  ^.ttc  abjd  =  —  q^  bjd  =  —  q^  ajd  at  B,  the 
(uniform)  potential  of  the  sphere  A  due  to  the  three  charges  will 
be  qj47rc-a  =  V,  since  the  potential  over  A  due  to  q^  and  q^  is 
zero  (§  23);  and  the  (uniform)  potential  of  the  sphere  6"  will  be 
q.J/^.'ircb  =  V,  m  the  same  way.  Hence  both  spheres  are  at 
potential  V  in  the  presence"  of  the  three  charges.  Hence  the 
portion  outside  the  surface  of  the  field  connected  with  these 
charges  is  the  field  sought. 

The  plane  diagram  of  the  field  connected  with  the  charges 
at  A,  B,  and  C,  when  bja  =  20/15  ^^i^  ^^  =  4-  15,  ^3  =  -f  20. 
^2  =  —  12,  is  given  in  Fig.  25,  in  which  the  spheres  are  shown 
in  dotted  lines.  At  D,  the  circle  of  intersection,  the  displace- 
ment is  zero,  in  accordance  with  §  57,  I.  The  field  is  further 
discussed  in  §18  above. 

The  charges  q^,  q^,  q^  will  be  found  in  another  manner  in  §  36. 

The  total  charge  upon  the  conductor  is  equal  to  the  algebraic 
sum  of  the  charges  at  ^,  B,  and  C.     Thus 

q  =  q,  +  q._  +  q^  =  A-^cVla  +  b  -  abji^d'  +  b^^       (102) 

The  capacity  of  the  conductor  is 

S=qlV=4'Kc[a  +  b-  abl{d^  +  l^f]  (103) 

The  charge  upon  the  spherical  segment  A,  or  the  flux  across 
this  segment  from  the  images  at  A,  B,  and  C,  is  easily  seen  to  be 

qla  +  AB)l2a  +  qlb  -  BC)\2b  +  \q,  = 

27rr  V\a  +  b  +  {l^  -  a"  -  ab)ld]     ^  ^^ 
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The  charge  upon  the  segment  C,  found  by  interchanging  a  and 
b  in  (104)  is       2'ircV[a  ^  b  ^  {a' -  Ir  -  ab)/U]  (105) 

If  one  of  the  spheres  is  made  infinitely  greater  than  the  other, 
the  problem  reduces  to  that  of  a  hemispherical  boss  upon  an 
infinite  plane,  §  25. 

30.  Geometrical  Inversion.  Let  P,  Fig.  41,  denote  any  point 
distant  0P==  r  from  a  fixed  point  (7,  and  let  a  point  P'  be  taken 
on  the  line  OP  such  that  0P{=  r)  x  0P'{=  r')  =  F?.  Then  P 
and  P'  are  said  to  be  inverse  points  with  respect  to  the  sphere, 
called  the  sphere  of  inversion,  with  center  O,  called  the  center  of 
ifiversion,  and  radius  R.  P  and  P'  are  also  called  the  geometri- 
cal images  of  one  another  in  the  sphere.  The  process  of  obtain- 
ing P  from  P' ,  or  P'  from  /*,  by  the  relation 


Fig.  41. 

OP  OP'  =  R' or  rr'  =1^  (106) 

is  called  inverting  P  or  P'  with  respect  to  the  given  sphere. 

If  every  point  of  a  given  surface,  volume,  or  curve  is  inverted 
with  respect  to  a  given  sphere,  a  new  surface,  volume,  or  curve 
will  be  obtained  which  is  called  the  inverse  or  geometrical  image 
of  the  given  surface,  volume,  or  curve  with  respect  to  the  given 
sphere. 

31.  Inverse  of  a  Sphere.  Inverse  of  a  Plane.  The  image  of  a 
sphere  (or  circle)  is  another  sphere  (or  circle),  the  centers  of  the 
two  spheres  (or  circles)  and  of  the  sphere  of  inversion  being  on 
the  same  straight  line.  To  prove  this,  let  C,  Fig.  42,  be  the  center 
of  the  given  sphere  (or  circle)  of  radius  a,  distant  OC^  b  from 
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0,  the  center  of  inversion.  -  With  0  as  origin  and  OB  as  initial 
Hne,  the  equation  of  the  given  circle  (or  sphere)  in  polar  coordi- 
nates {r,  6)  is 

r^  —  2br  cos  6  -{-  Ir'  —  a^  =  o  (i07) 

The  equation  of  the  inverse  surface  is  obtained  from  (107) 
by  substituting  for  r  its  equal  E}\r' ,  the  coordinates  of  the  in- 
verse being  r' ,  6.      Thus  we  find 

r'^  -  2R^l{p'  -  a')  ■  r'  cos  0  +  R'l{b'  -  a")  =  o      (108) 


Fig.  42. 

which  a  comparison  with  (107)  shows  to  be  the  equation  of  a 
sphere  (or  circle)  with  center  at  C  distant 

b'  =  J^bjil^-d')  (109) 

from  0,  and  with  radius 

a'  =  \b'^  -  Ry{b'  -  a"")]  J  =  R'a/{P  -a-)  (no) 

When  the  given  sphere  passes  through  the  center  of  inversion, 
i.  e.,  when  b  =  a,  Fig.  43,  (107)  and  (108)  become 

r  —  2a  cos  Q  =  0  (m) 

and  r' cosO  —  R^l2a  =  o  (112) 

(112)  is  the  equation  of  a  plane  (or  straight  line)  distant 

p  =  R^l2a  (113) 

from  0. 
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Conversely,  (112)  inverts  into  (iii),  so  that  the  image  of  a 
plane  (or  straight  line)  is  a  sphere  (or  circle)  passing  through  the 
center  of  inversion  and  with  radius 


Fig.  43. 


a  =  F?l2p  (114) 

The  above  propositions  can  also  be  easily  demonstrated  by 
purely  geometrical  methods. 

32.  The  Angle  at  which  Two  Curves  or  Surfaces  Intersect  is  Un- 
altered by  Inversion.  To  establish  this  proposition  for  two  curves 
(which  will  also  establish  it  for  two  surfaces),  let  AB  and  AC, 


Fig.  44. 


Fig.  44,  be  the  elements  of  two  curves  intersecting  in  the  point 
A  at  an  angle  6,  and  A'B'  and  A'  C  their  inverses  cutting  at  the 
angle  6'.  The  triangles  ^(9-5  and  A' OB'  are  evidently  similar, 
since  rr'  =  R^,  and  likewise  the  triangles  OAC  and  OA'C. 
Hence 

6'  (-  angle  OA'C  -  angle  OA'B')  =  angle  OAB 
-2ir\g\tOAC=d 


(ii5) 
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33.  Electrical  Inversion.  The  electric  potential  at  a  point  B 
due  to  a  charge  dq  at  a  point  A  \s  dl\  =  dgj^rTrcAB,  and  the 
potential  at  B' ,  the  inverse  oi  B,  due  to  a  charge  dq'  dX  A' ,  the 
inverse  of  A,  is  dV^^,  =  dq'  j ^.wcA' B' .     Thus 

dV^,ldV^  =  dq'  jdq  ■  ABjA'B' 

But,  if  0  is  the   center  of  inversion,  ABjA'B'  =  OA/OB'. 

T~rpnre 

dV^,  =  dV,dq' jdq    OAjOB'    .  (ii6) 

If  ^^'^  is  so  chosen  that 

dq'jdq  =  -RjOA  =  -  Rjr  (117) 

<a?i^'  is  called  the  electric  image  by  inversion  of  dq  with  respect  to 
the  sphere  of  radius  R  and  with   center  0  ;  and  (116)  becomes 

dV^,  =  -  dV^RjOB'  =  -  dV^47rcR/4'7rcOB'  (118) 

If  now  we  have  any  electric  distribution  whatever,  and  it  pro- 
duces at  B  a  potential  V^  =  jdV,^  ;  and  if  we  place  at  the  geo- 
metrical images  of  the  charged  points  charges  related  to  the 
charges  at  the  original  points  according  to  (117),  i.  c.,  form  a 
distribution  which  is  the  electric  image  by  inversion  of  the  orig- 
inal distribution,  the  potential  at  B'  will  be  V^,  =  fdVj^,.  Hence 
(118)  gives  for  the  potential  at  B'  due  to  the  electric  image  by 
inversion  of  the  original  distribution 

V,,  =fdV^,=  -  4'7rcR/47rcOB'  ■  fdV, 

=  -  V^4'rrcR/47rcOB'  (119) 

which  is  the  potential  which  would  be  produced  at  B'  by  a 
charge  —  Vi^47rcR  at  0,  the  center  of  inversion.  If,  therefore, 
we  place  at  0  a  concentrated  charge  q  =  -{-  Vj^47rcR,  the  point 
B'  will  be  at  zero  potential  in  the  presence  of  this  charge  to- 
gether with  the  inverted  system.  If  the  potential  V^=  F  is  the 
same  for  all  charged  points  of  the  original  system,  that  is,  if  the 
original  charge  is  distributed  over  an  equipotential  surface,  as  the 
surface  of  a  conductor,  at  potential  V,  the  potential  at  a  point  B' 
of  the  inverse  surface  due  to  the  inverse   distribution  will   be 
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f-fc'  =  —  47rcR  F/ 47rcOB' .  Hence  if  a  charge  </ =  -\-  ^ircRT  is 
placed  at  0,  the  potential  at  all  points,  such  as  B',  of  the  inverse 
surface  will  be  zero.  The  introduction  of  (j  does  not  alter  the 
distribution  upon  the  inverse  surface,  but  renders  this  surface 
equipotential  so  that  it  may  be  made  conducting  without  disturb- 
ing the  distribution.  The  electric  field  after  the  introduction  of 
g  is  the  field  bounded  by  a  concentrated  charge 

^  =  47rcR  V  ( 1 20) 

at  0  and  the  inverse  of  the  original  surface  at  zero  potential. 

Conversely,  if  we  have  a  charge  q  concentrated  at  a  point  O 
in  the  presence  of  a  charged  surface  at  zero  potential,  we  can  in- 
vert the  surface  and  its  distribution  [not  including  the  charge  q) 
with  reference  to  a  sphere  of  radius  R  and  center  O  and  obtain 
the  inverse  surface  charged  to  a  uniform  potential 

V=  qj^TTcR  (121) 

alone  in  the  field,  the  charge  q  being  annulled. 

Or,  if  we  have  a  surface  at  zero  potential  in  the  presence  of  a 
charge  q,  concentrated  at  a  point  0,  and  its  image  system  (on  the 
other  side  the  surface),  we  can  invert  the  image  system  (not  in- 
cluding the  charge  q)  and  the  given  surface  with  respect  to  a 
sphere  of  radius  R  with  center  0,  and  as  a  result  obtain  the  in- 
verse surface  at  the  uniform  potential 

F=  ql^ircR 

and  within  (or  on  one  side)  the  inverse  image  system  which  pro- 
duces on  the  other  side  the  same  field  as  that  connected  with  the 
surface  itself  when  charged  to  uniform  potential  V.  From  the 
image  system  the  distribution  upon  the  surface,  when  charged  in 
this  manner,  or  made  conducting,  can  readily  be  found. 

The  direct  inversion  of  the  distribution  on  the  surface  at  zero  po- 
tential would  be,  in  general,  a  difficult  matter.  Hence  the  second 
of  the  two  processes  of  inversion  just  described  is  usually  preferable. 

34.  The  Electric  Surface  Density  upon  the  Inverse  Surface. 
The  electric  surface  density,  a' ,  at  any  element  dS'  of  the  inverse 
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surface  corresponding  to  the  element  dS,  with  density  o-,  of  the 
original  surface,  can  easily  be  found  in  terms  of  a,  R,  and  r' ,  the 
distance  from  0  to  dS' .     For  we  have 

(T'dS'l<TdS=  dq'ldq  =  -  R/'r,  or  a' /<7  =  -  R/rdS/dS' 

But  dS  is  similar  to  dS/  hence  dSjdS'  =  r^jr'^  and 

a'la  =  -  Rrjr'^  =  -  R^jr'^ 

Thus  a'  =  -(jR^\r'^  (122) 

As  stated  in  §  33,  cr'  is  not  altered  by  the  introduction  of  the 
charge  q  at  O. 

35.  The  Sphere  and  Plane.  Consider  a  sphere  of  radius  a  uni- 
formly electrified  to  potential  V.  Let  the  sphere  be  inverted 
with  respect  to  a  sphere  of  radius  R  with  its  center  O  upon  the 
surface  of  the  given  sphere.  The  sphere  inverts  into  an  infinite 
plane  (§  31)  distant/  =  R^\2a  from  O.  If  now  we  place  at  6>  a 
charge  q  =  ^ircR  V,  the  plane  will  be  at  zero  potential  in  the 
presence  of  the  charge  q.  The  electric  surface  density  over  the 
given  sphere  was  uniform  and  equal  to  o-  =  47rcaV/4'7ra^  =  cV/a. 
Hence  the  density  at  a  point  on  the  plane  distant  r'  from  0  is 

a'  =  -  crR^r''  =  -  gR'l^'irar'^  =  -  qpl2'Trr'^         ( 1 23) 

which  is  the  result  obtained  in  §  15,  (40),  proper  attention  being 
paid  to  sign. 

Conversely,  we  may  start  with  the  plane  at  zero  potential 
electrified  to  density  a'  =  —  pqj27rr'^,  and  by  inversion  obtain 
the  distribution  upon  a  freely  electrified  sphere  of  radius  a.  Thus 
the  plane  inverts  into  the  sphere,  and  the  image  of  q  in  the  plane, 
viz.,  —  q  distant  p  from  the  plane  on  the  other  side  from  q,  in- 
verts into  the  charge  -|-  Rq\2p  at  the  center  of  the  sphere  ;  and 
this  brings  the  sphere  to  the  potential  Rql2pir4ca  =  qj^ircR  =  V. 

Next  let  the  center  of  inversion  be  taken  outside  the  sphere  or 
inside  the  sphere,  and  let  the  sphere  of  inversion  be  so  chosen 
that  the  given  sphere  inverts  into  itself  This  makes  R^  =  x^  —  a^ 
when  the  point  0  is  outside  the  sphere,  and  R^-  =0?  —  x^  when 
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0  is  inside,  if  x  denotes  the  distance  from  0  to  the  center  of  the 
sphere.  Thus  the  surface  density  at  a  point  of  the  sphere  dis- 
tant r'  from  0,  when  a  charge  q  =  4ircRV=  ^^trc^x^ '^  (i^)^V 
is  placed  at  0  is 


<r'  =  -  aR^jr'^  =.  -  qf^x" -^  a^j^irar''' 


(124) 


in  accord  with  (83)  and  (84). 

Conversely,  we  may  pass  at  once  from  this  distribution  to  that 
upon  the  isolated  sphere. 

36.  Two  Spheres  Intersecting  at  Right  Angles.  The  field  of 
§  29  may  also  be  obtained  by  inverting  the  distribution  upon  two 
infinite  planes  meeting  at  right  angles  and  at  zero  potential  under 


Fig.  45. 

the  influence  of  a  charge  q  =  ^.TrcRVdX  a  point  P  distant  a  and  b 
therefrom  (Fig.  45). 

Let  the  planes  and  the  image  system  in  the  planes  of  the 
charge  <7  at  P  be  inverted  with  respect  to  a  sphere  with  center  P 
and  radius  R.  The  two  planes  invert  into  two  spheres  intersect- 
ing at  right  angles  (corresponding  parts  of  surfaces  are  shown 
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in  full  or  dotted  lines),  and  of  radii  a  =  R^/za  and  /3  =  J^Jzb, 
respectively.  The  images  of  q  dX  P  invert  into  charges  gRJ2a 
=  qajR  at  A,  qRjzb  =  q^jR  at  C,  and  -  qRl2{cr  +  b"-)^ 
=  —  qa^jRia^  -f  yS^)^  at  B.  And  in  the  presence  of  these 
charges  the  two  spheres  are  at  the  potential  V=  ql^rircR,  and 
the  field  outside  the  spheres  is  the  field  required.  The  total 
charge  upon  the  spheres,  when  made  conducting,  the  capacity, 
etc.,  may  now  be  found  as  in  §  29. 

By  inverting  the  system  consisting  of  two  planes  meeting  at 
the  angle  it j n,  etc.,  §  28,  the  field  surrounding  two  spheres  cut- 
ting at  that  angle  may  be  obtained.  When  n  =  infinity,  this 
problem  merges  into  that  of  the  next  article. 

37.  Two  Spheres  in  Contact.  By  inverting  the  two  planes  of 
§  28  with  respect  to  a  sphere  of  radius  R  and  center  P  we  ob- 


Flg.  46. 


tain  two  spheres  of  radii  A  =  R^Jza  and  B  =  R^/2b  in  contact  at 
P,  Fig.  46.  All  the  images  to  the  right  of  P  invert  into  the 
region  within  the  sphere  B  and  all  to  the  left  of  P  into  the  region 
within  the  sphere  A  ;  and  the  system  of  two  spheres  in  contact 
is  brought  to  the  uniform  potential  V=  q/47rcR,  and  may  be 
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made  conducting,  and  the  inner  field  destroyed,  without  affecting 
the  external  field. 

In  the  original   system  the  distances  from  P  of  the  positive 

charges,  -f  q,  are 

2d,  4d,  6d,  •  ••  to  the  right 
and 

2d,  4d,  6d,  '• '  to  the  left 

and  the  distances  from  P  of  the  negative  charges,  —  q,  are 

2d,  2b  +  2d,  2b  -f  dfd,  •  • .  to  the  right 
and 

2a,  2a  +  2d,  2a  +4  d,  •  •  •  to  the  left 

This  system  inverts  into  the  system  of  negative  charges 

—  Pq/2d,  —  Rqf^d,  —  Rql6d,  •  •  •  within  the  sphere  B 
and 

—  Rql2d,  —  Rqj^d,  —  Rq\6d,  . .  •  within  the  sphere  A 

and  the  system  of  positive  charges 

Rql2b,  Rql{2b  -f  2d),  Rq\{2b  +  4^),  ■  •  •  within  the  sphere  B 
and 

Rql2a,  Rq\{2a  +  2d),  Rql{2a  -f  ^d),  •  •  ■  within  the  sphere  A 

The  total  charge  of  the  images  within  the  sphere  A,  or  the 
total  charge  upon  the  surface  of  A  when  made  conducting,  is 

q^  =  Rql2  •  {  [l/«  +  l/(«  +  ^)  4-  l/(«  +  2^/)  +  . .  •] 

-(i/^+  1/2^+  l/3^H----)} 

and  that  of  the  images  within  B,  or  upon  the  surface  of  the 
sphere  B  when  a  conductor,  is 

g^^Rql2.{\_llb+ll{b  +  d)+ll{b+2d)+.---] 

-(1/^+1/2^+1/3^+...)} 

Now 
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[i/a  -{-  il(a  +  d)  -\-  il(a  -\-  2d)  +  •■•]—  {i  jd  -j-  ijid 

+  1/3^+  ...)  =  (i/«-  1/^)4-  [ilia^d)-  i/zd] 

—  l/(«+  lyj  =dld^i/{n+  i){a  +  nd) 

n=0 

=  2A'B\R\A  +  ^)."|:  i/[^+«(^  +  ^)(«  +  I)] 
Hence  "=<> 

q^=qA^BlR{A^.  ByY.^l\_B  ^  n{A  ^  B){n^  1)1 
=  47r^  VA'B/{A  +  ^)  •  Z  i  /  [^  +  «(-^  +  ^)  («  +  i)] 

n— 0 

Interchanging  A  and  ^,  we  obtain 
g,  =  47rcVB'A/{B  +  A)  •  E  1/ [^  +  «(^  +  ^)  («  +  I)]      (126) 

n=0 

The  capacity  of  the  two  spherical  conductors  in  contact  is 

5=^/F=(^„+^J/F  (127) 

We  shall   consider  further   two  particular  cases  :    (i)    when 
A  =  B,  (2)  when  BjA  is  very  small, 
(i)  A  =  B.     In  this  case 

n=oo 
?a  =  ^6  =  27rr^  ^Z  1/(1   +  2«)  («  +    I) 

=  47rr^F(i+ 1/3-4+  1/5-6  + •••)  (^28) 

=  4'jrcA  Flog  2  =  4'7rcA  V x  0.693 
and  5  =  2gJ  V=  Sire  A  log  2  =  477^^^  x  1.386  (129) 

Thus  the  capacity  of  the  system  of  two  equal  spheres  in  contact 
is  equal  to  1.386  times  the  capacity  of  a  single  isolated  sphere 
of  the  same  radius. 

The  energy  of  the  field  surrounding  the  spheres  is 

ir=  i^F=  47rr^  log2-  F^  = //l67r£-^log2        (130) 
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From  this  expression  and  ( 1 1 )  it  is  easy  to  compute  the  work 
done  against  the  electrical  forces,  or  the  work  done  upon  the 
electric  field,  when  two  equal  spheres  with  equal  charges  arc 
brought  together  from  an  infinite  distance  (or  a  great  distance, 
practically)  apart. 

(2)  BJA  very  small.  When  BjA  =  o,  the  sphere  A  is  alone 
in  the  field  at  potential  V\  hence  q^  =  ^ircA  V,  a  relation  which 
holds  approximately  when  BjA  is  very  small.  In  this  case  we 
have  for  q^,  approximately, 

n  =  0 

=  47rr^F/^-(i/i2+  1/2^+  ...)  =  47rr^/^-7r2/6-  V  (131) 
=  4'7rcB^/A  X  1.645  F 

The  capacity  of  the  system  is,  approximately, 

S=4'n-c(A  +  '7r'/6-B'/A)  (132) 

The  electric  surface  density  upon  the  larger  sphere,  except 
near  the  point  of  contact,  is,  approximately, 

<^,.  =  ^VIA  (133) 

■while  the  average  density  upon  the  smaller  sphere  is,  approxi- 
mately, 

a^  =  cVlAir'l6  (134) 

The  relation  a-^fa-^  =  7r^/6  will  hold  very  approximately  when 
the  small  sphere  B  touches  any  conducting  surface  A  which,  like 
a  large  sphere,  is  nearly  plane  in  the  neighborhood  of  the  point 
of  contact,  the  nearly  uniform  density  in  that  vicinity  being, 
before  contact  with  the  small  sphere,  <r^. 


CHAPTER    III. 

STANDARD    CONDENSERS.     CONDENSER    SYSTEMS. 
ELECTROMETERS. 

1.  Actual  Condensers.  The  electric  fields  and  condensers  or 
leydens  discussed  in  Chapter  II.  are  ideal,  the  conditions  assumed 
being  impossible  to  realise  completely  in  practise.  Concentrated 
charges  and  infinite  conductors  do  not  exist;  one  or  two  con- 
ductors cannot  be  infinitely  removed  from  all  other  conductors; 
and  all  the  tubes  from  the  first  conductor  will  not,  in  general, 
terminate  upon  the  second,  unless  the  second  conductor  com- 
pletely surrounds  the  first  or,  what  amounts  to  the  same  thing,  is 
connected  with  the  walls  of  the  room,  which  thus  becomes  one, 
electrically,  with  the  second  conductor.  The  field  in  this  latter 
case  cannot  be  rigorously  computed,  however ;  and  though  it  is 
possible  to  construct  a  condenser  of  concentric  spheres  with  a 
high  degree  of  accuracy,  or  of  conductors  of  other  form  so 
arranged  that  one  completely  surrounds  the  other,  and  such  that 
the  electric  field  can  be  rigorously  computed,  yet,  to  use  the 
system,  an  insulated  wire  must  pass  through  an  opening  in  the 
outer  conductor  to  the  inner,  and  through  this  opening,  however 
small,  some  tubes  will  emerge  and  pass  to  the  external  surface 
of  the  outer  conductor  and  to  other  bodies.  The  wire  and  the 
opening  also  disturb  the  field  in  other  ways. 

But  finite  portions  of  all  the  fields  can  be  very  nearly  pro- 
duced, and  the  results  established  above  for  ideal  condensers  and 
fields  can  be  applied  without  sensible  error  to  actual  systems. 
This  can  be  done,  for  example,  with  the  systems  consisting  of 
two  parallel  similar  conducting  surfaces,  as  two  spheres,  two 
planes,  or  two  cylinders,  by  making  the  distance  between  them 
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small  in  comparison  with  their  linear  dimensions.  Then  the  part 
of  the  field  between  the  surfaces — concentric  spheres,  coaxial 
cylinders,  or  parallel  planes — becomes  practically  identical,  ex- 
cept near  the  edges,  with  those  already  described,  and  the  part 
of  the  field  outside  this  region  relatively  very  weak.  The  capacity 
of  such  a  condenser,  of  any  form,  is  approximately  the  product 
.  of  the  area  of  one  of  its  conductors  by  the  permittivity  of  its 
dielectric  divided  by  the  distance  between  the  conductors,  the 
intensity  being  practically  constant  in  magnitude  throughout  the 
dielectric. 

A  plane  section  of  the  tubes  of  displacement  of  a  square  par- 
allel plate  condenser  taken  parallel  to  one  edge  and  perf>endicu- 
lar  to  the  plates  through  their  centers  is  shown  in  Fig.  47.     The 


Fig.  47. 

tubes  in  the  neighborhood  of  the  section  are  supposed  to  be 
formed  by  moving  the  diagram  perpendicularly  to  its  plane.  The 
diagram  is  drawn  only  approximately.  The  tubes  are  closely 
concentrated  and  uniformly  distributed  between  the  plates,  except 
near  the  edges,  where  the  field  becomes  less  intense,  and  sparsely 
distributed  over  the  outer  surface,  becoming  less  numerous  as 
the  central  points  A  and  B  are  approached.  These  results  fol- 
low from  the  principle  of  symmetry  and  the  fact  that  the  voltage 
jEdL  is  the  same  along  every  line  of  intensity  from  one  con- 
ductor to  the  other,  which  makes  the  average  intensity  great 
where  the  length  of  the  line  is  small,  and  vice  versa. 
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As  the  capacities  of  ordinary  condensers  are  computed  only 
roughly  for  construction  purposes,  and  then  determined  or  ad- 
justed accurately,  when  necessary,  by  comparison  with  standard 
capacities,  it  is  of  little  importance  whether  their  fields  are  such 
that  the  capacities  can  be  determined  accurately  by  geometrical 
measurement  or  not.  But  this  is  obviously  necessary  in  the  case 
of  condensers  designed  as  absolute  standards  of  capacity.  Such 
standards  have  been  constructed  of  concentric  spheres,  coaxial 
cylinders,  and  parallel  plates.  The  first  form  does  not  need 
further  description  here ;  the  last  two  will  be  described  in  the 
next  article. 

To  eliminate  the  electric  field  surrounding  the  earth,  all  the 
apparatus  here  described  will  be  supposed  enclosed  within  a 
hollow  conductor,  such  as  the  walls  of  a  room  in  a  house.  The 
phenomena  would  not  be  essentially  different,  however,  outside 
such  an  enclosure.  The  potential  of  the  walls  of  the  enclosure 
(earthed)  will  be  assumed  zero. 

2.  The  Standard  Parallel  Plate  Condenser.  The  construction 
of  this  condenser  and  its  electric  field  near  the  center,  drawn 
like  the  field  in  §  i,  are  shown  in  Figs.  48  and  49.     A  and  A' 


Vo 

A 

C 

B 

c 

A 

1 

U 

A' 

A' 

Fig.  48. 

are  the  two  plates  distant  d  apart.  The  central  portion,  B,  of  A 
is  separated  from  the  rest  by  an  air  gap  CC  whose  breadth  is 
very  small  in  comparison  with  d.  Above  and  continuous  with 
the  plate  y^  is  a  metal  cover  D,  which  forms  with  A  and  B  a 
hollow  conductor  closed  except  for  the  gap  CC.  If  B  is  put  in 
metallic  contact  with  A,  and  the  condenser  then  charged,  the 
electric  field  shown  in  the  figures  will  result,  and  will  remain 
when  B  is  again  insulated  from  A.  Since  the  region  above  B  is 
the  interior  of  a  hollow  conductor  practically  closed,  all  the 
tubes  from  B  will  proceed  to  the  upper  surface  only  of  A',  and 
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but  few  tubes  will  emanate  from  the  upper  surface  of  B  and  pass 
through  the  gap  CC  to  A' .  The  field  below  />,  being  remote 
from  the  edges,  will  be  sensibly  uniform  except  in  the  immediate 
neighborhood  of  the  gap  C,  which,  however,  will  not  sensibly 
disturb  the  uniform  field  near  A'.     By  symmetry,  sensibly  half 


Fig.  49, 

(The  width  of  the  gap  C  is  greatly  exaggerated.) 


the  tubes  which  terminate  upon  the  small  area  of  ^'  just  beneath 
the  gap  CC  must  emanate  from  B  and  half  from  A.  If  b  de- 
notes the  area  of  B,  and  a  that  of  CC,  the  area  of  A'  receiving 

tubes  from  B  is  thus 

A  =  b-^\a  (I) 

The  charge  upon  B  is  therefore  the  same  as  the  charge  upon 
the  area  A  =  b  -^  \a  o{  A' ,  which  is  the  same  charge  B  would 
have  if  its  area  were  A  =  b  +  \a  and  there  were  no  gap.  The 
capacity  of  the  condenser  formed  by  B,  A' ,  and  the  tubes  con- 
necting them  is  therefore 


5  =  Acjd  =  c{b  +  \a)ld 


w 


The  conductor  A  which  surrounds  B,  and  by  means  of  which 
the  field  beneath  B  is  made  uniform,  is  called  a  guard  ring. 


—a: 

c 

B 

C 

^A- 

i 

1 

— tl- 

^A- 

Fl8.  50. 


The  force  of  attraction  between  B  and  A'  is  the  force  acting 
upon  the  area  A  =  b  ■\-  \a  oi  A'  \  that  is 
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F^  \EDA  =  \cE''A  =  \c  V^jd^  •  A  (3) 

if  F denotes  the  voltage  between  the  plates  AB  and  A' . 

The  Standard  Cylindrical  Condenser.  The  guard  ring  con- 
struction can  be  applied  equally  well  to  the  condenser  formed  of 
coaxial  cylinders.  The  construction  of  the  condenser  is  shown 
in  Fig.  50,  the  inner  cylinder  serving  also  as  guard  ring  and  pro- 
tector. 

3.  Electroscopes  and  Electrometers.  An  electrometer  is  an  in- 
strument for  measuring  voltages,  or  electric  potential  differences, 
by  means  of  the  forcive  acting  between  electrified  bodies.  Other 
instruments  for  measuring  voltages  will  be  described  later.  An 
electroscope  is  a  crude  electrometer,  used  principally  for  detect- 
ing rather  than  measuring  electrical  effects. 

4.  The  Kelvin  Absolute  Electrometer.  This  instrument  con- 
sists of  a  condenser  constructed  like  the  standard  parallel  plate 
condenser  of  §  2  with  certain  modifications  and  additions  :  The 
plate  B  (in  one  of  the  commonest  forms  of  the  instrument)  is 
connected  through  a  small  opening  in  the  sheath  D  with  one 
arm  of  a  gravity  balance,  so  that  the  force  F  between  B  and  A' 
can  be  determined  by  weighing.  A  vertical  micrometer  screw 
topped  by  an  insulating  support  which  carries  A'  enables  the 
distance  d  to  be  varied  and  measured.  B  is  kept  in  electrical 
connection  with  A,  and  an  optical  device  is  provided  with  the 
aid  of  which  the  planes  of  A  and  B  are  always  made  coincident 
(by  altering  the  weights  in  the  balance  pans  or  by  varying  the 
distance  d^  when  the  force  upon  B  is  to  be  measured. 

To  measure  a  voltage,  A  and  A'  are  first  metallically  con- 
nected, and  the  weights  on  the  balance  pans  adjusted  until  the 
planes  of  A  and  B  are  coincident.  Then  the  connection  between 
A  and  A'  is  broken,  and  they  are  brought  .to  the  difference  of 
potential  V,  to  be  determined.  The  force  F,  due  to  the  attrac- 
tion between  the  plates  is  balanced  by  the  addition  of  known 
weights,  and  the  distance  <3f  is  measured.     Then  by  (3) 


CONDENSERS   AND    ELECTROMETERS. 


12: 


irhence 


F=\cir-IAd^ 
V=d\/'2F/7A 


(4) 


The  above  method  of  using  the  electrometer  is  called  the 
idiostafic  method,  as  the  voltage  to  be  determined  is  the  only  one 
employed.  Since  F\s  proportional  to  the  square  of  the  voltage, 
alternating  as  well  as  direct  voltages  can  be  measured. 

In  the  heterostatic  method  an  auxiliary  agent  with  a  constant 
voltage  V  is  also  used.  When  this  voltage  alone  is  applied  to 
the  electrometer  terminals,  we  have  from  the  last  equation 

V  =  d'V2Fl7A 

if  F  denotes  the  force  upon  B  when  the  distance  between  the 
plates  is  d' . 

If  now  we  connect  up  in  series  the  agent  whose  voltage  V  is 
to  be  determined  and  the  agent  whose  voltage  is  V,  both 
voltages  being  directed  in  the  same  way  so  that  the  resultant 
voltage  is  V-\-  V ,  we  have,  when  the  voltage  V-\-  V  is  applied 
to  the  electrometer  terminals, 

F-f  V  =  d"  i/tFJTA 

\^  d"  denotes  the  distance  between  the  plates  when  the  force  F 
remains  the  same  as  before. 

Subtracting  the  first  equation  from  the  second  gives 


V={d"  -d')V2FlcA 


(5) 


The  advantage  which  this  method  has  over  the  other  is  due  to 
the  much  greater  accuracy  with  which  the  micrometer  permits 
the  measurement  of  the  difference  of  the  two  distances  d"  —  d' 
than  either  separately. 

Since  7^  is  propqrtional  to  l^,  it  becomes  so  small  for  small 
voltages  that  it  cannot  be  accurately  measured  with  this  instru- 
ment. This  form  of  absolute  electrometer  is  therefore  used  only 
for  measuring  large  potential  differences,  and  small  voltages  are 
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measured  by  the  quadrant  electrometer,  the  Bichat  and  Blondlot 
electrometer,  the  capillary  electrometer  of  Lippmann,  or  a  form 

of  absolute  electrometer  recently  de- 
vised by  Perot  and  Fabry.  The  first 
two  instruments  are  described  in  the 
succeeding  articles. 

Bichat  and  Blondlot's  Electrometer 
(Modified).  This  instrument  (Fig.  51) 
consists  of  a  metallic  circular  cylin- 
der C  suspended  from  the  arm  of  a 
balance  (or  connected  to  another 
dynamometer)  by  a  fine  wire  DE, 
with  its  axis  vertical  and  coincident 
with  the  axis  of  a  longer  hollow  me- 
tallic circular  cylinder  AB,  cut  in  two 
at  FG  and  projecting  well  beyond  the 
ends  of  C,  the  difference  between  the 
radii  (Zj  and  L^,  L^  >  L^  of  the  two 
cylinders  being  small  in  comparison 
with  either  radius. 

Let  A,  B  and  C  be  charged,  the 
voltage  from  B  to  A  being  denoted 
by  Fg^,  that  from  C  to  A  by  V^, 
and  that  from  C  to  B  by  Vg,  C  being 
charged  by  the  wire  DE,  dipping  in  a 
conducting  liquid.  The  field,  in  plane  section  through  the  axis,  for 
the  case  in  which  F^  >  J^  and  P^^=  Va  —^b  therefore  positive, 
is  shown  approximately  in  the  figure  (all  the  lines  of  intensity 
should  touch  the  conductors  normally).  Except  near  and  beyond 
E  and  H,  and  G  and  F,  the  field  is  cylindrically  radial,  and  its 
capacity  per  unit  length  is  constant  and  equal  to 

vS'=  27rc-\og  LJL^ 

By  symmetry,  there  is  no  resultant  horizontal  force  acting  on 
C.      In  general  the  vertical  forces  acting  on  (7  at  //  and  E  are 
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not  equal  and  opposite.  The  resultant  force  can  be  found  as 
follows  :  Imagine  C  to  be  moved  downward  an  infinitesimal  dis- 
tance dx.  The  capacity  of  the  condenser  AC  vs,  increased  by 
Sdx  and  that  of  the  condenser  BC  by  —  Sdx,  no  sensible  change 
occurring  in  the  capacity  of  the  non-cylindrical  parts  of  the  field. 
The  increase  in  the  energy  of  the  field,  if  the  voltages  are  kept 
constant,  is 

dW  =  Sdx{y^  -  V^) 

Hence,  by  §  55, 1.,  the  resultant  force  acting  downward  upon  C\% 
F=  dlV/dx  =  IS{  VJ  -  r/)  =  iSV,^{  V,  -f  F,) 

(i)  If  P^  is  great  in  comparison  with  V^^,  the  voltage  to  be 
measured,  this  equation  becomes,  with  a  negligible  error, 

F=  SV,^  .  V^  (7) 

Hence,  if  V^  is  kept  constant  and  V^a  varied,  F  is  proportional 

to    VsA. 

(2)  If  A  and  B  are  connected  to  the  terminal  plates  of  an 
auxiliary  battery  consisting  of  an  even  number  of  similar  voltaic 
cells  in  series,  and  if  one  terminal  of  the  cell,  condenser,  or  other 
agent  whose  voltage  V  is  to  be  measured  is  connected  to  the 
central  point  of  this  auxiliary  battery,  the  other  to  the  conductor 
C,  we  have,  if  "^  denotes  the  e.m.f  of  the  auxiliary  battery, 
Vba  =  '^,Vs=  V-  l^,  Vj,  =  r+  1^  ;  and  (6)  becomes 

F=S^V  (8) 

so  that  ^is  proportional  to  V'\i  ^  is  kept  constant. 

(3)  If  B  and  C  are  connected  together,  Vg  =  o,  f^  =  Vgj^, 
and  (6)  becomes 

F=  \SVl^  (9) 

Equations  (7),  (8),  and  (9^^  indicate  three  methods  of  com- 
paring voltages  with  the  instrument,  the  force  F  being  meas- 
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ured  with  the  balance  (or  other  form  of  dynamometer).  If  5  is 
determined  from  direct  measurement,  and  F  measured  in  dynes, 
the  third  method  gives  an  absolute  determination  of  the  voltage 
V^j^.  The  first  and  second  methods  are  called  licterostatic ,  as  an 
auxiliary  voltage,  V^  or  ^,  is  employed  in  addition  to  that  to  be 
measured.  The  third  method  is  called  idiostatic,  since  the  volt- 
age to  be  determined  is  the  only  one  applied. 

5.  The  Kelvin  Quadrant  Electrometer.     This  instrument  (Fig. 
52)  is  constructed  as  follows :  A  right  circular  cylindrical  me- 
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Fig.  52. 

tallic  box,  with  its  axis  vertical,  is  cut  symmetrically  into  four 
quadrants  A,  A' ,  B,  B' ,  separately  insulated  on  glass  rods,  but 
connected  by  wires  in  pairs,  A  to  A'  and  ^  to  B' ,  so  that  when 
the  field  is  static  there  is  never  a  potential  difference  between  op- 
posite quadrants.  A  light  aluminium  needle  C,  consisting  of 
two  equal  opposite  flat  quadrantal  arcs  CC  and  C  C  attached  by 
thin  radii  at  their  extremities  to  a  central  vertical  rod  R,  is  sus- 
pended from  a  support  by  two  silk  fibers  (or  other  insulating 
torsion  device)  in  such  a  way  that  the  arcs  CC  and  C  C  are 
horizontal,  concentric  with  the  quadrant  cylinder,  and  midway 
between  the  top  and  bottom  of  the  box.  When  the  quadrants 
and  the  needle  are  all  connected  together,  so  that  there  is  no 
potential  difference  between  any  two  parts  of  the  system,  the  arcs 
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C,  C  are  adjusted  to  lie  symmetrically  with  respect  to  the  two 
quadrant  pairs  A  A'  and  BB' ,  as  shown  in  the  figure.  To  the 
rod  R  is  attached  a  mirror  M,  by  means  of  which  and  a  lamp 
and  scale  or  telescope  and  scale  any  deflection,  B,  of  the  needle 
can  be  read,  and  on  the  other  side  of  the  quadrants  a  vertical 
platinum  wire  JF,  ending  in  a  platinum  vane  V.  The  end  of  the 
wire  and  the  vane  hang  free  in  dry  sulphuric  acid  contained  in  a 
glass  vessel  G,  the  outer  surface  of  which  is  partly  covered  with 
tin  foil.  The  sulphuric  acid  serves  to  make  electrical  contact 
with  the  needle,  to  dampen  the  needle's  motion,  and  to  form  with 
the  tin  foil  and  glass  vessel  a  condenser  of  considerable  capacity, 
whose  function  is  to  keep  constant  the  potential  difference  be- 
tween the  needle  and  the  case.  The  whole  instrument  is  enclosed 
in  a  tight  case,  often  an  extension  of  the  vessel  G  (whose  tin  foil 
covering  is  then  outside)  and  is  kept  dry  by  the  sulphuric  acid 
within.  The  case,  largely  metal,  serves  also  to  screen  the  needle 
and  quadrants  from  any  external  field. 

If  the  instrument  is  symmetrically  made  and  adjusted,  the 
arcs  CC  and  C  C  form  with  the  two  quadrant  pairs  AA'  and 
BB'  two  condensers,  the  capacity  of  each  of  which,  per  unit 
angle  subtended  at  the  center  of  the  system,  is  the  same,  let 
us  say  5,  and  constant,  except  near  the  edges  of  the  arcs 
and  quadrants,  for  all  but  exceedingly  large  deflections  of  the 
needle. 

Also,  if  the  instrument  is  symmetrically  made  and  in  adjust- 
ment, the  needle  will  obviously  not  be  deflected,  even  when 
charged,"  as  long  as  the  quadrants  are  all  connected  together. 
If  the  needle  and  the  quadrant  pairs  AA'  and  BB'  are  charged, 
the  needle  will,  in  general,  be  deflected,  coming  to  rest  when  the 
angle  of  deflection,  B,  is  such  that  the  torque  T  upon  it  due  to 
the  electrical  stresses  is  balanced  by  the  return  torque  due  to  the 
twist  of  the  suspension.  To  find  the  relation  between  the  deflec- 
tion and  the  voltage,  we  may  proceed  as  follows,  using  the 
method  of  §  55,  I. 
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Let  V^s  denote  the  voltage  from  the  quadrants  AA'  to  the 
quadrants  BB',  F^  the  voltage  from  the  needle  to  AA' ,  and  Fg 
the  voltage  from  the  needle  to  BB'. 

When  9  is  increased  by  an  amount  dO,  the  capacity  of  the  con- 
denser formed  by  CC  with  A  A'  is  increased  by  SdO,  and  that 
of  the  condenser  formed  by  CC  with  BB'  is  decreased  by  the 
same  amount.  The  increase  in  the  energy  of  the  two  condensers 
is  then 

dw=^  isdd  vi  -  \sde  v/  =  ^sdd{  F,  -  v^){  v^  +  v^) 
=  isdev^^{v^  +  v^)  =  sde  ■  v^^{v^-iv^^)=Tde 
=  Kede 

since  F^  =  f^  -j-  P^^,  and  since  TdO  =  KQ  dQ  is  the  work  done 
in  twisting  the  bifilar  (or  other)  suspension  through  the  angle  dO 
by  the  torque  T  of  the  electrical  forces,  K  being  the  constant  of 
torsion  of  the  suspension.     The  last  equation  gives 

T\K=e=  \SIK  ■  V^l  V^  +  V2)  =  S\K  ■  V^^{  V^  -  \  V^^)  (lo) 
(i)  If  J^  and  Vji  =  Vj^-\-  V^^  are  very  large  in  comparison  with 
Vj^Sf  the  voltage  to  be  measured,  V^^  "^^7  be  neglected  without 
appreciable  error  in  the  expression  {Vb  —  j  ^ab)>  ^-^id  0  is  sensibly 
proportional  to  V^^  ^^^  to  V^.  Hence  by  making  F^  large,  even 
small  potential  differences  V^^  may  be  measured  with  accuracy. 
In  this  case  (lo)  becomes 

V^^^K/SV^d  (II) 

(2)  If  the  needle  is  in  metallic  contact  with  one  of  the  quad- 
rant pairs,  as  AA',  V^  =  o,  V^  =  V^^,  and  (10)  becomes 

V/j,=  2K/S-0  (12) 

Since  the  deflection  in  this  case  is  proportional  to  the  square 
of  the  voltage,  alternating  as  well  as  steady  voltages  can  be 
measured ;  but  low  voltages,  either  steady  or  alternating,  cannot  be 
measured  with  accuracy  (except  with  very  sensitive  instruments). 

(3)  The  quadrant  pairs  A  A'  and  BB'  are  connected  to  the  ter- 
minal plates  of  an  auxiliary  voltaic  battery  consisting  of  an  even 
number  of  similar  cells  in  series,  and  one  pole  of  the  voltaic  cell 
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or  other  agent  whose  voltage  F  is  to  be  measured  is  connected 
to  the  needle  C,  the  other  to  the  central  point  of  the  auxiliary 
battery.  Then,  if  ^  denotes  the  e.m.f.  of  the  auxiliary  battery, 
Vab  =  "^,  Va=  V-  V^,  ^B  =  F+  i^  ;  and  (10)  becomes 

V=K/S^d  (13) 

In  this  arrangement  the  deflection  is  accurately  proportional  to 
V,  whether  Fis  large  or  small  in  comparison  with  ^. 

The  first  and  third  methods  of  using  the  instrument,  in  which 
a  supplementary  voltage  is  employed  in  addition  to  that  to  be 
measured,  are  called  heterostatic  methods ;  the  second  is  called 
idiostatic. 

While  the  quadrant  electrometer  cannot  be  used  for  absolute 
measurements,  the  factor  multiplying  6  being  impossible  to  de- 
termine with  accuracy  directly,  this  factor  can  be  determined  in 
any  case  by  measuring  the  deflection  produced  by  a  known  volt- 
age, such  as  that  of  a  standard  cell. 

7.  Condensers  in  Multiple.  When  any  number  n  of  condensers 
whose  separate   capacities  are  S^,  S^,  •  •  • ,  S^  are   connected  in 


b. 
Fig.  53. 


multiple,  as  in  Fig.  53,  «,  a  compound  condenser  is  formed  whose 


capacity  is 


5  =  5i  -f-  5,  -h  • . .  +  5, 


(14) 


I 
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provided  that  the  field  of  each  condenser  is  included,  practically, 
between  its  plates  only,  and  therefore  does  not  affect  appreciably 
the  fields  of  the  other  condensers. 

For  if  Fis  the  common  voltage  between  the  separate  pairs  of 
plates  of  the  compound  condenser,  q  the  total  charge  on  each 
compound  plate,  and  q^,  g^y  '  "  >  In  ^^  charges  on  the  separate 
plates  when  the  condensers  are  charged  separately  to  the  volt- 
age F,  we  have,  for  such  a  system, 

^  =  ^1  +  ^2  +  •  •  •  +  ^»  and 

=  5,  +  5,+  ...4-5„ 

8.  Condensers  in  Series.  When  n  condensers  of  individual 
capacities  S^,  S^,  etc.,  are  connected  up  in  series,  as  in  Fig.  53,  <^, 
a  compound  condenser  is  formed  of  capacity 

S=il{i/S,+  i/S.+  .-.+.i/SJ  (15) 

provided  that  the  plates  of  each  condenser  are  so  close  together 
that  sensibly  all  the  tubes  from  one  plate  terminate  upon  the 
other. 

For  if  Fis  the  total  potential  difference  between  the  terminal 
plates  of  the  compound  condenser,  q  the  (numerical)  charge  on 
each  of  them,  and  q^,  q.^,  etc.,  and  Fj,  V^,  etc.,  the  charges  and 
voltages  of  the  individual  condensers,  we  have 

9  =  9i  =  ^2  =  ?s=  ■•■  =  ^n 

since  the  intermediate  plates  are  all  charged  by  induction,  and 

sensibly  all  the  tubes  from  one  plate  of  each  condenser  terminate 

upon  the  other. 

Also  F=  F,  +  F2  4-  •  •  •  +  F„ 

Hence 

S=q/V=q/{V,  +  F,  +  .  .  .  +  FJ  =  q/{q/S,  +  ^/5,  +  •  •  •  +^/^J 

from  which  (15)  follows  on  cancelling  q. 
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9.  Some  Electrostatic  Methods  of  Comparing  Capacities.  In 
each  of  the  following  methods  the  capacity  of  the  electrometer, 
or  electrometers,  and  connecting  wires  is  supposed  to  be  negli- 
gible in  comparison  with  the  capacities  to  be  compared,  or  else 
to  be  included  with  them. 

(i)  The  capacities  S^  and  S^  to  be  compared  are  connected  in 
series  with  a  battery  of  electromotive  force  F,  and  an  electrom- 
eter is  connected  across  the  plates  of  each;  or  an  electrom- 
eter is  connected  across  the  plates  of  one,  for  example  S^,  and 
another,  with  the  battery,  across  the  terminal  plates.  In  the  first 
case  we  have 

whence 

SJS.^VJV,  (i6) 

and  in  the  second  case 

5,P;=F/(i/5,+  i/5,) 

whence 

SJS,=  VIV,-i  (17) 

If  the  leakage  and  absorption  (Chapter  VI.)  of  the  condensers 
are  negligible,  the  two  measurements  may  be  made  in  succession 
with  a  single  electrometer. 

(2)  The  capacities  to  be  compared  are  arranged  to  be  put  in 
multiple  by  a  switch  K.  With  K  open  let  5„  to  whose  plates 
the  quadrants  of  an  electrometer  are  connected,  be  charged  to  a 
voltage  V,  and  then  connected  in  multiple  with  .S^,  when  both 
condensers  will  come  to  voltage  V^.     Then  we  have 

whence 

SJS,=  VIV,-i  (18) 

(3)  In  this  method  the  condensers  whose  capacities  S^  and  5, 
are  to  be  compared  are  charged  in  multiple  to  the  voltage  V, 
insulated,  and  then  again  connected  in  multiple,  but  in  such  a 
way  that  the  positive  and  negative  plates  of  i  are  connected  to 
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the  negative  and  positive  plates  of  2,  the  final  voltage  being  Vj^. 
Immediately  after  charging 

g^=  S^V    and     ^2=  S^V 

After  the  final  connection  in  multiple 

Hence 

SJS,  =  {V-V,)I(V+V,)  (19) 

It  is  obvious  that  the  above  three  methods  cannot  be  applied 
when  one  or  both  of  the  condensers  are  of  the  guard  ring  type, 
thus  having  more  than  two  conductors.  The  following  method  of 
testing  the  equality  of  the  capacities  of  two  guard  ring  condensers 
was  devised  by  Maxwell.  It  can  also  be  applied  when  only  one, 
or  neither,  of  the  condensers  is  of  the  guard  ring  type.  In 
the  last  case  it  becomes  identical  with  the  last  of  the  preced- 
ing methods,  which  is  an  extension  of  a  method  due  to  Caven- 
dish. 

10.  Maxwell's  Method  of  Testing  the  Equality  of  the  Capacity 
of  a  Guard  Ring  Condenser  and  that  of  any  Other  Condenser.*     Let 

A  be  the  disk,  B  the  guard  ring  and  sheath,  and  C  the  larger 
plate  of  one  of  the  condensers  ;  and  let  A' ,  B' ,  and  C  be  the 
corresponding  parts  of  the  other.  If  either  condenser,  as  ABC, 
is  of  the  simpler  form  with  only  two  conductors,  we  have  only  to 
suppress  B  and  to  suppose  A  and  C  to  be  the  two  conduc- 
tors, it  being  understood  that  sensibly  all  the  tubes  of  induc- 
tion pass  from  one  plate  to  the  other  when  the  condenser  is 
charged. 

Let  B  be  kept  always  connected  with  C ,  and  B'  with  C.    Then 

(i)  Let  A  be  connected  with  B,  and  C  with/,  the  positive 

(for  the  sake  of  definiteness)  terminal  of  a  battery  or  other  source 

of  electrification,  the  other  terminal  of  which  is  connected  to 

*  Maxwell,   Treatise,  §  229. 
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earth  ;  and  let  A'  be  connected  with  B'  and  C  and  with  the 
earth.  The  two  condensers  are  now  charj^ed  oppositely,  so  that 
A  is  positive  and  A'  negative,  and  the  field  of  each  is  sensibly 
confined  to  the  region  between  the  plates. 

(2)  Let  A,  B,  and  C  be  insulated  from  /. 

(3)  Let  A  be  insulated  from  B  and  C,  and  A'  from  B' 
and  C. 

(4)  Let  B  and  C  be  connected  with  B'  and  C  and  with  the 
earth.  The  charges  on  A  and  A'  remain  unaltered  in  magni- 
tude, but  are  now  distributed  over  their  whole  surfaces,  the 
fields  no  longer  being  confined  to  the  regions  between  the 
plates. 

(5)  Let  A  be  connected  with  A\ 

(6)  Let  A  and  A'  be  connected  with  one  quadrant  pair  of  an 
electrometer  E,  the  other  quadrants  of  which  are  earthed.  If  the 
charges  of  A  and  A'  are  equal  in  magnitude,  the  electrification 
wholly  disappears,  since  they  have  opposite  signs,  and  the  elec- 
trometer is  unaffected.  In  this  ca.se  the  fields  connected  with  A 
and  A'  have  the  same  capacities.  Otherwise,  the  electrometer 
will  indicate  positive  or  negative  electrification  according  as 
A  or  A'  has  the  greater  charge  and  therefore  the  greater 
capacity. 

By  making  repeated  tests  and  adjustments,  if  necessary,  the 
capacity  of  a  condenser  constructed  with  movable  conductors  so 
as  to  have  a  variable  capacity,  or  a  condenser  in  the  process  of 
construction,  may  be  made  equal  to  that  of  a  standard  condenser 
of  the  guard  ring  form. 

Other  methods  of  comparing  capacities  are  described  in  Chap- 
ters XII.  and  XIII. 

IL  Some  Methods  of  Extending  the  Range  of  an  Electrometer* 
If  the  ratios  of  the  capacities  of  the  condensers  in  the  three  first 
arrangements  described  above  are  known,  the  three  methods  of 
comparing  capacities  may  be  inverted  for  the  measurement  of 

*Cf.  Maxwell,   Treatise,  §220;  Lord  Kelvin,  B.  A.  Report,  1885,  p.  907. 
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high  voltages  with   electrometers  constructed   for  low  voltage 
measurement.     Thus  we  have,  from  (17),  (18)  and  (19), 


(0 

(2) 

(3) 


(20) 


By  measuring  V^,  V  may  be  determined  ;  so  that  by  properly 
choosing  or  adjusting  the  ratio  of  the  capacities  the  range  of  an 
electrometer  may  be  almost  indefinitely  extended. 


CHAPTER  IV. 

GENERAL  ELECTROSTATIC  THEORY.     IDEAL     FIELDS 
CONTAINING  TWO  OR  MORE  DIELECTRICS. 

1.  Qeneralisation  of  Gauss's  Theorem.*  In  §  23,  Chapter  I., 
this  theorem  was  established  for  a  surface  enclosing  a  single 
homogeneous  isotropic  dielectric,  or  such  a  dielectric  and  con- 
ductors. We  shall  now  show  that  it  holds  for  a  closed  surface 
cutting  any  number  of  such  dielectrics,  or  such  dielectrics  and 
conductors.  To  do  this  it  is  necessary  to  show  only  that  the 
strength  of  a  tube  of  induction  is  not  altered  when  it  passes  from 
one  dielectric  into  another. 

For  this  purpose,  consider  the  electric  field  between  the  plates 
A  and  B  of  a.  closed  condenser  containing  two  dielectrics  i  and  2, 
I  being  in  contact  with  A  only,  and  2  in  contact  with  B  only. 
If  the  charge  of  A  is  ^,  that  of  ^  is  —  (/,  and  there  is  no  charge 
upon  the  interface  between  the  dielectrics  i  and  2.  (If  there  are 
charges  due  to  contact,  they  are  equal  and  opposite  at  any  point 
of  the  interface.)  Applying  Gauss's  theorem  to  the  region  i,  we 
find  the  total  strength  of  all  the  tubes  emanating  from  A  to  be^; 
and,  likewise,  in  the  region  2,  the  total  strength  of  all  the  tubes 
terminating  upon  B  to  be  g.  Thus  the  total  strength  of  all  the 
tubes  is  unchanged  in  passing  across  the  interface  from  A  to  B. 
And  since  this  result  is  absolutely  independent  of  the  size  or 
shape  of  the  dielectrics,  that  is  of  the  shapes  of  the  tubes,  it 
follows  that  the  strength  of  n>erj'  tube  remains  constant  in  cross- 
ing the  interface,  howsoever  the  field  is  divided  up  into  tubes. 

It  may  be  shown  that  the  theorem  is  also  valid  in  the  general 
case  when  the  dielectrics  are  neither  homogeneous  nor  isotropic, 

*See  TAe  Physical  Review,  September,  1902,  p.  173. 
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but  the  demonstration  lies,  outside  the  scope  of  this  work.     In  all 
that  follows  we  shall  assume  the  theorem  to  be  perfectly  general. 

2.  The  (Uncharged)  Interface  Between  Two  Dielectrics.  Laws 
of  Refraction  of  Lines  of  Intensity  and  Displacement.  At  an  un- 
charged interface  S,  Fig.  54,  between  two  dielectrics  i  and  2 
with  permittivities  c^  and  c^,  certain  conditions,  which  we  pro- 
ceed to  find,  must  be  satisfied  by  the  electric  intensity  and  dis- 
placement. 

In  the  first  place,  the  line  integral  of  the  electric  intensity 
around  the  infinitesimal  circuit  ad/ca,  in  which  ad  and  cf  are  par- 
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allel  to  the  interface,  and  ac  and  df  normal  to  the  interface,  is 
zero,  since  the  field  is  static.  This  integral,  that  is,  the  e.m.f. 
around  the  circuit,  is 

E^  sin  6^  ad  +  E^  cos  Q^  de  4-  E^ cos Q^ef  -\-  E^sm  d^fc 

-f-  E^  cos 6^ cb  -\-  E^ cos  O^ba  =  0 
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But  lie  =  —  ba,  and  cf  =  —  cb,  hence  all  the  terms  but  the  first 
and  fourth  cancel,  leaving 

E^  sin  0^  ad  +  E^  sin  O^fc  =  o 

or,  since  fc^=—  ad^ 

E^  sin  6^  =  jEj  sin  6^  (l) 

Thus  the  tangential  component  of  the  intensity  does  not 
change  on  crossing  the  interface. 

Moreover,  E^  lies  in  the  plane  containing  E^  and  the  normal  to 
the  interface,  N^N^ .  For  if  E.^  were  not  in  this  plane,  it  would 
have  a  component  perpendicular  to  this  plane,  while  E^  has  no 
such  component.  Therefore  the  e.m.f.  around  a  circuit  in  a 
plane  perpendicular  to  the  interface  and  lying  partly  in  medium 
I  and  partly  in  medium  2  would  differ  from  zero,  which  is  im- 
possible in  the  static  field. 

Consider  finally  the  electric  flux  outward  across  the  surface  of 
an  elementary  parallelepiped  acfd  with  center  at  o  in  the  inter- 
face ;  two  of  the  faces,  of  breadth  ad  and  height  h  (perpendicular 
to  the  paper)  being  parallel  to  S,  and  the  others,  of  breadth  ac 
and  height  //,  normal  to  5.  This  flux  must  be  zero,  by  Gauss's 
theorem.     Hence 

—  D^  sin  6^  ab  h  —  D^  cos  B^  adh  -\-  D^  sin  ^j  de  h 

-f  Z?2  sin  ^2 <//'  +  A  cos  ^2 cfh  —  Z>2  sin  B^  bch  =  o 

But  since  de  —  ef=  ab  =  be,  and  ad=  cf,  this  reduces  to 

Z>2  cos  B^  —  D^  cos  ^,  =  o 
or 

Z)j  cos  B^  =  D^  cos  ^2    1 

c^E^  cos  B^  =  ^2^2  cos  ^2  J 

Thus  the  normal  component  of  the  displacement  does  not 
change  in  crossing  the  interface. 

From  (1)  and  (2)  we  have  by  division, 

tan  B,l  tan  B,  =  {DJE,)I{DJE,)  =  ejc,  (3) 
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In  passing  from  one  dielectric  to  another  lines  of  displacement 
are  therefore  refracted  in  such  a  way  that 

I,  The  incident  and  refracted  lines  are  in  the  same  plane  per- 
pendicular to  the  interface  at  the  point  of  incidence  ;  and  that 

II.  The  ratio  of  the  tangent  of  the  angle  of  incidence  to  the 
tangent  of  the  angle  of  refraction  is  a  constant  for  the  given 
media,  and  equal  to  the  ratio  of  the  two  permittivities. 

Since  tan  6^  and  tan  6^  become  infinite  together  when 

0,  =  0,  =  90° 

no  phenomenon  similar  to  total  reflection  in  optics  occurs. 

If  ^2  is  kept  constant,  and  c^/c^  diminished,  tan  6^  increases. 
In  the  limit  when  c^/c^  =  o,  tan  ^j  =  infinity,  and  0^  =  90°.  In 
this  limiting  case  6^  is  of  course  meaningless,  since  when  c^/c^  =  6, 
there  is  no  electric  field  in  medium  2.  As  stated  in  §  14,  I.,  no 
substance  has  a  permittivity  less  than  c^==  i,  but  for  the  sake  of 
certain  analogies  (VIII.  and  IX.)  the  imaginary  case  of  c^/c^ 
=  o  is  here  considered. 

If  while  ^2  is  kept  constant,  ^2/^1  ^^  increased,  ^j  increases,  ap- 
proaching o  as  ^2  approaches  infinity.  In  this  limit  also  0^  is 
meaningless,  and  medium  2  contains  no  electric  field,  as  D 
would  there  be  infinite  if  £  were  greater  than  zero.  Since  in  a 
static  field  the  lines  of  intensity  always  meet  the  surface  of  a  con- 
ductor normally  (6^  =  o)  and  since  there  is  no  electric  field 
within  the  conductor,  a  conductor  behaves  in  a  static  field  like  a 
substance  of  infinite  permittivity.  Since  in  this  case  the  displace- 
ment is  discontinuous  at  the  surface,  the  conductor's  surface  is 
charged.  This  behavior,  however,  is  not  due  to  the  conductor's 
permittivity,  but  to  its  conductivity.  Of  the  permittivity  of  most 
conductors  little  is  known. 

An  experimental  method  of  verifying  (3)  is  described  in  §5, 
VII, 

3.  Fictitious  or  Apparent  Electric  Charges.  The  discontinuity 
in  the  normal  component  of  the  electric  intensity  at  any  point  of 
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the  interface,  viz.,  A,  cos  0^  —  E^  cos  d^  (£,  and  £^  being  reckoned 
positive  when  directed /r^;«  medium  2  to  medium  i),  is  exactly 
the  same  as  it  would  be  if  r^  were  equal  to  c^  and  there  were  a  dis- 
continuity in  the  normal  component  of  the  displacement  at  the 
point  equal  to  c^  {E^  cos  6^  —  E^  cos  B^.  This  would  leave  E^  and 
E^  everywhere  unaltered,  and  would  leave  Z?,  unaltered  ;  but 
since  D^_  would  now  equal  c^E^  instead  of  c^E^,  as  before,  it  would 
decrease  D^,  and  therefore  all  the  charges  in  medium  2,  in  the 
ratio  c^lcy 

Thus  the  electric  intensity  everywhere  in  the  field  containing 
two  dielectrics  in  contact  (the  interface  being  uncharged)  is  the 
same  as  it  would  be  if  medium  2  were  replaced  by  medium  i, 
if  the  (former)  interface  were  charged  to  a  surface  density 
<r'  =  c^{E^  cos  6^  —  E^  cos  0.^),  and  if  all  the  charges  in  medium  2 
(or  at  the  interfaces,  if  any,  between  medium  2  and  conductors, 
which  could  be  replaced  by  medium  2  (§  28,  I.)  without  altering 
the  field)  were  reduced  in  the  ratio  cjc.^.  Imagining  these 
changes  made  in  any  case,  we  can  compute  the  intensity  at  any 
point  by  the  direct  application  of  the  law  of  inverse  squares. 
From  the  intensity  and  the  permittivity  at  any  point  the  displace- 
ment can  be  found,  and  from  the  charges  and  the  intensity  the 
mechanical  forces  upon  the  charged  bodies.  This  is  an  extension 
of  the  method  of  §  28,  I,,  which  treats  of  the  case  in  which 
^2  =  infinity,  or  cjc^  —  o,  only.  The  mechanical  force  at  the 
interface  between  the  two  dielectrics  will  be  determined  in  §§  6 
and  9. 

The  quantity     c'  =  c^{E^  cos  6^  —  E^  cos  6^  (4) 

is  called  the  apparent  or  fictitious  electric  surface  density  at  the 
point  with  respect  to  medium  i.  [In  the  irrational  systems  of 
units,  Chapter  XIV.,  <t'  is  defined  by  the  equation 

47ro-'  =  <*i(-£^,  cos  ^j  —  E^  cos  B.^ 

By  simply  interchanging  the  subscripts  i  and  2  we  could  of 
course  refer  everything  to  the  dielectric  2.     In  all  that  follows, 
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however,  the  medium  designated  as  i  will  be  taken  as  the  stand- 
ard medium,  and  the  apparent  charges,  etc.,  will  be  computed 
with  respect  to  it. 

If  there  are  several  dielectrics  in  the  field,  it  can  be  shown  by 
the  method  used  above  that,  to  reduce  everything  to  medium  i 
for  the  sake  of  computing  the  electric  intensity  by  the  law  of 
inverse  squares,  a  surface  density  must  bg  assumed  at  every  point 
of  each  interface  equal  to  c^  x  the  normal  discontinuity  of  £  at  the 
point,  and  the  charges  in  any  medium  of  permittivity  c  must  be 
reduced  in  the  ratio  cjc. 

In  the  same  way,  if  the  permittivity  varies  continuously,  in- 
stead of  suddenly  at  distinct  interfaces,  there  will  be  an  apparent 
volume  density  of  electrification  equal,  at  a  point  where  the  in- 
tensity is  E,  to 

p'  —  c^  div  E  (5) 

(In  the  irrational  systems  of  units  ^irp'  =  c^  div  ^.) 

If  both  volume  density  and  surface  density  of  apparent  elec- 
trification are  present,  we  have 

/  =fcr'dS  +fp'dT  (6) 

the  first  integral  being  extended  over  all  fictitiously  charged 
surfaces,  and  the  second  throughout  all  fictitiously  electrified 
volumes. 

Electric  Poles.  The  fictitiously  charged  surfaces  or  volumes, 
that  is,  the  surfaces  or  volumes  where  the  electric  intensity  is 
discontinuous,  are  called  electric  poles.  The  total  apparent  charge 
in  any  region  is  the  strength  of  the  pole  (or  portion  of  a  pole)  in 
that  region,  and  is  equal  to  c^  x  the  outward  flux  of  the  electric  in- 
tensity *  across  a  closed  surface  surrounding  the  pole,  by  (4)  and 
(5).  Another  expression  is  given  below.  The  pole  is  positive 
or  negative  according  as  the  apparent  charge  is  positive  or  nega- 
tive. 

*  The  flux  of  any  vector  across  a  surface  is  the  integral  over  the  surface  of  the  nor- 
mal component  of  the  vector. 
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4.  Fictitious  Charges  (continued).  Intensity  of  Electrisation. 
Electric  Susceptibility.     (4)  may  be  written 

a'  =  c^{E^  cos  ^,  -  E.,  cos  ^2)  =  (A  -  ^^1^2)  cos  0^         (7) 

The  quantity  D.^  —  c^E^,  the  difference  between  the  actual  dis- 
placement in  medium  2  and  the  displacement  which  would  exist 
there  with  the  same  value  of  intensity  if  c^  were  equal  to  r,,  is 
called  the  intensity  of  electrisation  of  medium  2  with  respect  to 
medium  i,  and  is  denoted  hy  J.     Thus 

J=D,-c,E,  (8) 

Another  definition  of  y  is  given  in  §12. 

(In  the  irrational  systems  of  units,  Chapter  XIV.,  y  is  defined 
by  the  relation  A-trJ^  D,^  —  c^E^J) 

When  none  of  the  electrisation  is  intrinsic  (§1,  VI.),  (8)  may 
be  written  j^  ^^  _  ^^^^  ^  ^^^^  _  ^_j^^j^^  ^^^ 

J  is  evidently  a  vector  with  the  same  direction  as  that  of  D^  or 
the  opposite  direction,  according  as  D.^  is  greater  or  less  than 
c^E^ ;  or,  when  (9)  is  valid,  according  as  c^  is  greater  or  less 
than  Cy 

(9)  may  be  written 

/=(^2-^i)^2  =  'f^j  (10) 

K  =  (c^  —  c^  is  called  the  electric  sjisceptibility  of  medium  2 
with  respect  to  medium  i .      [In  the  irrational  systems  of  units, 

'^  =  (^2  -  ^i)/4'^] 
(8)  and  (10)  may  be  transformed  into 

A  =  ^2^2=/+^.^2=(^l  +  '^)^2  (") 

In  terms  o(/,  the  apparent  surface  density  is 

o-'=/cos^j  (12) 

and  the  apparent  charge  upon  a  surface  is 

q' ^Jj  cos  e^S  (13) 
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The  volume  density  of  fictitious  electrification  is 

p' =c^  div  £■=  div(Z?— /)  =  divZ?— div/=— div/=  conv/  (14) 

since  div  D  =  o. 

The  total  apparent  charge  within  a  volume  t  is 

g'  =  J  p'dT  =  J  conv  J  dr  (15) 

The  total  apparent  charge  in  a  pole  distributed  over  a  surface 
5  and  through  a  volume  t  is 

q' =    Cj  cos  6^dS  -\-   C  conv /dr  (16) 

The  total  apparent  charge  within  the  volume  r  and  upon  the 
surface  5  of  a  dielectric  2  completely  surrounded  by  a  homoge- 
neous dielectric  i  is  zero.  This  may  be  proved  by  integrating  the 
first  term  of  (16)  over  the  whole  interface  and  the  second  term 
throughout  the  whole  volume  of  the  dielectric  2.  The  equation 
may  be  written 

g'  =  JB.^  cos  O^dS  —c^  \  E^  cos  B^  dS  —  fdiv  D^dr  +  c^  Jdiv  E^dr 

The  first  and  third  terms  are  evidently  zero,  and  it  will  be  shown 
that  the  second  and  fourth  terms  cancel.  For  div  E^  dr  is  the  ex- 
cess of  the  flux  of  intensity  leaving  the  volume  dr  over  that  enter- 
ing the  volume  dr.  Hence  j  div  E^  dr  throughout  the  volume  t 
is  equal  to  the  total  excess  of  the  flux  of  intensity  leaving  the 
whole  volume  over  that  entering  the  same  volume  ;  and  this  is 
equal  and  opposite  to  —  c^  JE.^  cos  6^dS,  which  is  the  excess  of 
the  intensity  flux  entering  over  that  leaving  the  whole  volume. 
Thus  the  proposition  is  established. 
A  dielectric  in  which 

p'  =  convy=  c^  div  E=  o 

is  said  to  possess  solenoidal  electrisation  for  the  reason  that  in 
this  case  all  the  tubes,  or  solenoids,  of  intensity  {E^  or  electrisa- 
tion [J)  run  through  the  dielectric  from  one  pole  face  to  the 
other  without  discontinuity  at  fictitious  charges  between. 
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A  medium  in  which  /  or  Z?,  together  with  c,  is  constant  is  said 
to  be  uniformly  electrised. 

5.  General  Expression  for  the  Potential  at  a  Point  (  CE cos  QdL 
from  the  point  to  infinity).  When  fictitious  charges  are  present, 
we  must,  to  find  the  potential  at  a  point,  suppose  all  the  true 
charges  reduced  in  the  ratio  c^lc,  and  add  to  the  expression  for 
the  potential  due  to  the   true  charges  alone,  (16),  II.,  a  term 

Cdq'  j^trc^L.     Thus,  in  the  most  general  case, 

V^ll4'rrc,'{JcJc-dqlL+Jdq'IL)=ll4'ir'f{dqlcL+dq'ic,L){l7) 

where  c  is  the  permittivity  at  the  seat  of  the  true  charge  dq.  Or, 
if  we  call  cjc  •  dq  also  an  apparent  charge,  we  have,  instead  of 

(17), 

V^llA-rrc.-Jdq'lL  (18) 

6.  The  Integral  Force  Upon  an  Electric  Pole.  The  electric  in- 
tensity E'  dX  2i  point  P  "  due  to  "  an  electric  pole  of  strength  q" 
is 

E '  =  ^dq'l^ircji}  ( 1 9) 

where  L  is  the  distance  from  the  seat  of  dq'  to  P,  and  the  inte- 
gration is  a  vector  integration,  the  direction  as  well  as  the  mag- 
nitude of  Z  being  different  for  each  different  element  dq' . 

The  force  upon  a  small  body  at  P  with  a  concentrated  true 
charge  q  is 

E'q  =  Jql^irc.D'dq'  =  fEdq' 

where  E  is  the  intensity  at  the  seat  of  dq'  due  to  the  charge  q. 
Thus  the  total  force  F  upon  an  electric  pole  is 

F=  fEdq'  (20) 

where  E  is  the  intensity  at  the  seat  of  dq'  due  to  the  other  poles 
and  true  charges,  the  integration  being  a  vector  integration. 
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The  traction  per  unit  area  at  any  element  of  an  interface  is  com- 
puted in  §  9. 

The  force  between  two  concentrated  poles  with  apparent 
charges  q'  and  q"  distant  L  apart  in  a  dielectric  of  permittivity  c 

^^"^^^^  F=q'q"U'KcD  (21) 

7.  The  Infinite  Parallel  Plate  Condenser  with  Two  or  More  Di- 
electrics in  the  Form  of  Infinite  Plane  Slabs.  The  simplest  pos- 
sible field  involving  two  dielectrics  is  that  of  an  infinite  parallel 
plate  condenser  with  two  dielectrics  i  and  2  of  permittivities  c^ 
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Fig.  55. 

and  ^2  ij^  the  form  of  infinite  plane  slabs  of  thicknesses  d^  and  d.^ 
parallel  to  the  condenser  plates  distant  ^=  </j -j- ^2  ^P^^t  (Fig. 

55). 

Here  the  tubes  of  induction  evidently  run  straight  across  with- 
out change  of  strength  from  one  condenser  plate  to  the  other, 
meeting  both  conductors  normally.  \i  D^  =  D^  =  D  denotes  the 
displacement,  the  intensities  in  media  i  and  2  are 

E^  =  DJc^  =  Dlc^  and  E^  =  DJc^  =  Djc^ 

respectively.     Hence  the  voltage  of  the  condenser  is 

V,,  =  E,d,  -f  ^2^2  =  Djc,  ■  [d  -  [(^2  -  c^jc^  d\ 

The  capacity  of  a  right  prism  of  the  dielectrics  of  thickness  d 
and  cross-section  A  is 

S  =  ADlV,,  =  Acl{d-  [(^2  -  c^jc^ d,]  (22) 

and  the  energy  contained  in  the  prism  is 

W=  lADV,,  =  ^AD^Ic,.{d-  \ic,-c,)lc;\d,]  ^ 

=  lAc,V,l/{d-[(c,-c,)/c,-]d,]  ^"3; 
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Thus  the  substitution  of  dielectric  2  for  a  portion  of  dielectric 
I  (cf.  §  51,  Chapter  I.)  decreases  the  energy  if  the  charges  arc 
kept  the  same,  and  increases  the  energy  if  the  voltage  is  kept 
the  same,  provided  c^  is  greater  than  c^.  If  c^  is  less  than  r ,,  the 
opposite  is  true. 

If  the  second  dielectric  does  not  touch  either  condenser  plate, 
the  force  upon  either  plate  due  to  the  discontinuity  of  the  dis- 
placement, viz.,  \E^D  per  unit  area,  is  not  altered  by  its  intro- 
duction when  D  is  kept  the  same ;  but  if  V^^  is  kept  the  same, 
the  force  upon  the  area  A  becomes 

F^  \Ac,  V,^l{d  -  \_{c,  -  c^^lc^d.Y  (24) 

which  is  greater  or  less  than  when  the  whole  dielectric  had  the 
permittivity  c^  according  as  c^  is  greater  or  less  than  c^. 

If  the  dielectric  2  is  in  contact  with  plate  2,  and  the  displace- 
ment D  as  before,  the  force  per  unit  area  upon  plate  i  is,  as  before, 

but  the  force  per  unit  area  upon  plate  2,  due.  to  the  discontinuity 
of  the  displacement  at  its  surface,  is 

which  is  less  than  /j  if  c^  is  greater  than  c^  But  the  tension 
along  the  lines  of  intensity  in  medium  i  is  \E^D,  and  in  medium 
2,  \E^.  Hence  there  is  a  mechanical  force  upon  dielectric  2 
acting  toward  plate  i  of  magnitude,  per  unit  area, 

/3  =  \Ep  -  \EJ)  =  Wic,  -  c^\c,c,  (25) 

and  this  force  is  transmitted  mechanically  by  the  dielectric  to 
plate  2,  making  the  total  force  per  unit  area  upon  the  plate 
equal  to 

The  apparent  surface  density  at  the  interface  is  uniform  and 
equal  to  ^' =  /?(.,-.,)/.,  =/  (26) 
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The  electrisation  is  solenoidal. 

When  the  number  of  dielectrics  is  greater  than  two,  the  inten- 
sity, fictitious  charges,  etc.,  can  easily  be  determined  by  the  same 
method. 

8.  The  Spherically  and  Cylindrically  Radial  Fields.  The  field 
surrounding  a  point  charge  at  the  center  of  any  number  of  con- 
centric spherical  shells  of  different  permittivities,  or  the  field  of  a 
spherical  condenser  with  any  number  of  dielectrics  in  the  form 
of  concentric  spherical  shells,  together  with  the  fictitious  charges, 
etc.,  as  well  as  the  cylindrically  radial  field  in  coaxial  cylindrical 
shells  of  dielectric,  can  be  easily  found  by  the  method  of  the 
foregoing  article,  i.  e.,  by  the  direct  application  of  Gauss's 
theorem. 

As  an  example,  suppose  we  have  a  spherical  field  in  three 
dielectrics,  the  charge,  g,  being  in  medium  3,  and  medium  i  sur- 
rounding media  2  and  3  and  extending  to  infinity,  Fig.  56.    The 


Fig.  56. 

displacement  at  any  point  distant  R  from  C  is  ql4.'rrcl^,  and 
the  intensity  is  equal  to  the  displacement  divided  by  the  permit- 
tivity at  the  point. 

We  shall  also  find  the  intensity  by  means  of  the  fictitious 
charges.     It  can  be  computed  by  considering  a  charge 

to  exist  at  C  instead  of  ^ ;  a  uniformly  distributed  charge 
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q^  =  ^•JTR^'c^ql^trc^^  -  qj^irc^R^)  =  qc,  [(r,  -  f j)/f/J 
at  the  interface  23  ;  and  a  uniformly  distributed  charge 

at  the  interface  21  ;  all  in  a  dielectric  of  permittivity  c^.  Each 
charge  "  produces  "  outside  the  surface  on  which  it  is  distributed 
the  same  effect  as  if  it  were  concentrated  at  the  center  C,  and 
within  the  surface  no  effect  at  all.  Thus  the  intensity  at  a  point 
distant  R  from  C,  when  R  is  greater  than  R^,  is 

£  =  (^3'  +  ^23'  +  ^2/)/4^^i^  =  ^/4'r^i^'  (27) 

while  the  intensity  at  a  point  in  medium  2  distant  from  the  cen- 
ter c  by  R,  less  than  R^  and  greater  than  R^,  is 

9.  The  Mechanical  Force  at  the  Uncharged  Interface  Between 
two  Dielectrics.  In  the  particular  case  considered  in  §  7,  where 
the  lines  of  induction  were  normal  to  the  interface,  there  was 

Y 


Fig.  57. 


found  to  be  a  force  at  the  interface  normal  to  it  and  equal,  per 
unit  area,  to  Ic^E^^  —  \c^E.^  measured  in  the  direction  21.  In  this 
article  we  shall  find  the  force  per  unit  area  at  any  point  P  of  the 
interface  in  the  general  case  when  the  lines  of  induction  make 


V 
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any  angles  (Figs.  54  and  57),  connected  by  the  relations  (i)  and 
(2)  with  the  normal  at  P  to  the  interface. 

In  Fig.  57  let  the  plane  A^'F (the  plane  of  the  paper)  coincide 
with  the  plane  containing  E^  and  E^  at  the  given  point  of  the 
interface,  the  axis  Z  being  perpendicular  to  XY  through  P  and 
the  plane  of  the  interface  coinciding  with  the  plane  XZ.  Let 
dS  =  dxdz  be  a  rectangular  element  of  area  of  the  interface  at 
the  point,  with  its  sides  parallel  to  X  and  Z  respectfully.  We 
shall  find  the  components  dX  and  ^Fof  the  force  upon  dS  in  the 
directions  X  and  Y,  parallel  and  perpendicular,  respectively,  to 
the  interface.  It  is  evident,  from  symmetry,  that  the  component 
in  the  direction  Z  is  zero. 

The  force  upon  dS  is  clearly  equal  to  the  force  upon  the  sur- 
face abed  formed  by  drawing  rectangles  a,  b,  c,  d,  all  of  breadth 
dz,  through  the  ends  of  dS,  with  their  planes  parallel  and  per- 
pendicular to  E^  and  E,^.     The  areas  of  these  rectangles  are 

a  =  dS  cos  6^,  b  =  dS  sin  6^,  c  =  dS  cos  6^,  d  =  dS  sin  6^ 

Let  T^  and  p^=.  T^  =  i^i^i^  denote  the  tension  and  pressure 
parallel  and  perpendicular,  respectively,  to  the  intensity  in  me- 
dium I,  and  7^2  and  p^=  T^  =  \c^E^  the  corresponding  quan- 
tities in  medium  2. 

The  force  upon  the  face  a  \s  T^-a  =  T^dS cos 6^,  with  the 
components 

dX  =  T,dS  cos  6,   sin  9,     and     dY  =  T,dS  cos  6,   cos  6. 

in  the  positive  directions  of  X  and  Y.  The  force  upon  the  face 
<^  is  Pi'  b  =  p^dS sin  0^,  with  the  components 

dX^  =  p^dS  sin  (9,  •  cos  Q^  and  dY^=  —  p^dS  sin  6^  ■  sin  6^ 

in  the  positive  directions  of  X  and  Y.  In  like  manner,  the  com- 
ponents of  the  force  upon  the  faces  c  and  d  are 

dX^  =  -  T^dS  cos  6*2  •  sin  6^,     dY^  =  -  T^dS  cos  0^  ■  cos  0^ 

and    dX^  =  —  p^dS  sin  0^  ■  cos  0^,      dYj=  p^dS  sin  0^  •  sin  0^ 
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Hence  we  have,  for  the  X  and  Y  components  of  the  total  force 
upon  dS, 

dX=  dX^  +  dX^  4-  dX^  +  dX^  =  [^c^E,\2  sin  0,  cos  ^,) 

-  lc^^\2  sin  0^  cos  0^)]dS 
and 

dV=  dV^  +  dV,  +  dV^  +  dV,  =  [ic,E,\cos'  0^  -  sin^  0,) 

-  Ic^E.^  (cos^  0^  -  s\n''0^y]dS 

The  X  and  Y  components  of  the  force  per  unit  area  upon  the 
interface  at  P  are  therefore 


dXjdS  =  ^c^E^2  sin  0^  cos  0^  —  \c^^  2  sin  0^  cos  ^^ 

=  ^c.E^  sin  2^1  -  Ic^E^  sin  2^^ 
and 
rt'F/^^  =  Ic^E.Xcos'  0^  -  sin^  0^)  -  ic^E,\cos'  0^  -  sin^  0^) 

=  ^c^Ey^  cos  20^  —  j^^jrfij*  cos  2^2 


(29) 
(30) 


On  multiplying  together  equations  (i)  and  (2),  we  find 

c^E^^  sin  20^  =  r^fi"/  sin  S^,  (3 1) 

Hence 

dX/dS  =  ^Z/^5  =  o  (32) 

and  the  total  force  at  the  interface  is  normal  to  the  surface  and 
equal  to  dY/dS. 

By  making  use  of  (31),  (30)  may  also  be  written 

dY/dS=^c^,' sin  2{0,-0,)/sin  20,  (33) 

When  ^2  is  greater  than  r,,  0^  —  0,  is  positive  by  (3),  and  dYjdS 
is  positive,  that  is,  directed  toward  medium  i. 

When  0^=0^  =  0°,  (30)  and  (33)  reduce  to  (25). 

10.  The  Process  of  Changing  the  Dielectric  Within  the  Plates  of 
an  Ordinary  Parallel  Plate  Condenser  is  of  much  interest.  If  the 
plates  have  charges  q  and  —  q,  q  unit  tubes  will  pass  from  one 
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to  the  other.  When  the  permittivity  of  the  medium  inside  the 
plates  is  the  same  as  that  of  the  medium  outside,  c^,  the  tubes 
will  have  some  such  distribution  as  that  indicated  in  Fig.  47. 

If  a  slab  of  a  dielectric  of  greater  permittivity,  c^,  is  introduced 
between  the  plates,  the  tubes  will  crowd  into  this  dielectric  until 
(3)  is  satisfied,  leaving  fewer  tubes  in  the  region  outside  than 
before.  That  this  takes  place  follows  from  the  consideration  that 
if  the  induction  between  the  plates  were  not  to  increase,  the 
lateral  pressure  in  that  region,  which  is  proportional  to  I^^/c, 
would  be  insufficient  to  maintain  equilibrium,  c^  being  greater 
than  Cj,  and  equilibrium  having  existed  when  c^  was  equal  to 
c^,  or  when  the  dielectrics  outside  and  inside  were  the  same. 
Since  the  dielectric  outside  is  unaltered,  we  can  compare  the 
voltages  of  the  condenser  in  the  two  cases  conveniently,  if  we 
measure  them  along  the  same  path  outside  before  and  after  the 
introduction  of  the  slab.  Since  the  field  in  the  external  region 
is  weaker  after  the  introduction  than  before,  the  voltage  is  seen 
to  be  less.  If  c^  is  greater  than  c^,  the  effects  are  of  course 
opposite. 

To  look  at  the  matter  in  another  way,  the  tubes  connecting 
the  outside  surfaces  and  those  connecting  the  inside  surfaces  may 
be  regarded  as  the  tubes  of  two  condensers  connected  in  parallel. 
If  the  capacity  of  either  is  increased  by  increasing  the  permittivity 
of  its  dielectric,  the  tubes  will  crowd  into  that  one,  and  the  com- 
mon voltage  of  both  will  be  reduced.  If  the  distribution  of  the 
tubes  remained  unaltered,  the  voltage  between  the  two  plates 
would  be  greater  along  a  line  not  passing  through  the  slab  than 
along  a  line  passing  through  the  slab. 

During  the  lateral  introduction  of  the  slab  into  the  region 
between  the  condenser  plates,  the  tubes  crowding  into  it  exert  a 
pull  upon  it,  by  §  9,  which  continues  until  it  is  symmetrically 
situated  with  respect  to  the  plates,  when  the  pulls  urging  it  in 
all  directions  balance.  If  during  the  change  the  charges  are  kept 
constant,  the  energy  decreases,  since  the  voltage  decreases  ;  if 
the  voltage  is  kept  constant  the  charges  increase  and  the  energy 
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increases.  By  computing  the  space  rate  of  this  increase  or 
decrease  of  the  energy,  the  force  acting  upon  the  slab  may  be 
found  by  the  method  of  §  55,  Chapter  I.  This  computation  is 
made  in  §  4,  Chapter  VII,  The  force  could  not,  in  general,  be 
determined  without  very  great  diflficulty  by  the  method  of  §  9. 

11.  Field  Surrounding  a  Concentrated  Charge  Situated  in  One 
of  Two  Infinite  Dielectrics  Separated  by  a  Plane  Interface.  Let 
the  charge  q  be  concentrated  at  the  point  A,  Fig.  58,  in  the  me- 


dium of  permittivity  c^  distant  d  from  the  interface  separating  the 
medium  of  permittivity  i\  from  that  of  permittivity  c^. 

By  §  48,  I.,  there  is  only  one  field  which  can  satisfy  the  given 
conditions.  The  given  equipotential  in  this  case  is  the  infinite 
sphere  at  zero  potential  with  A  as  center.  To  find  the  field  by 
means  of  the  law  of  inverse  squares,  we  must  reduce  the  problem 
to  one  with  a  single  dielectric,  until  the  displacement,  or  else  the 
intensity,  everywhere  is  found.  Then  the  unknown  one  of  the 
two  can  be  found  in  each  dielectric  from  the  relation  D  =  cE. 
We  shall  combine  the  method  of  images  with  the  method  of  §  3. 

Guided  by  the  result  of  §  15,  II.,  which  solves  the  problem 
when  (fj  =  infinity,  and  by  what  we  have  learned  of  the  refraction 
of  lines  of  displacement,  the  simplest  rational  assumption  we  can 
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make  is  that  to  the  left  of  CD  the  displacement  is  such  as  would 
accompany  a  charge  q  2X.  A  and  a  charge  q^  at  B,  both  in  a  di- 
electric of  permittivity  c^ ;  and  that  the  displacement  to  the  right 
of  CD  is  such  as  would  emanate  radially  in  the  medium  i  from 
a  charge  q^  at  A.  If  q^  and  q^  can  be  given  such  values  as  to 
satisfy  (i)  and  (2),  at  every  point  of  CD,  the  assumption  will.be 
justified  and  the  problem  solved. 

Choosing  OB  and  OC  2a  positive  directions,  we  find,  for  the 
normal  displacement  at  P  on  the  left  side  of  CD, 

qdj^nrx^  —  q^dj^nrx^  =  (^  —  q^dl4.'irj^ 

and  for  that  on  the  right  side 

q^dj^irx^ 

(2)  Will  be  satisfied  if  these  are  equal.  Hence,  if  the  prob- 
lem can  be  solved  by  this  method, 

9-^1  =  ^2  W 

The  intensity  parallel  to  CD  is,  on  the  left, 

{q+q;)0Pl47rc^x' 
and  on  the  right, 

q^OPJA-TTC^^ 

Hence,  to  satisfy  (i),  we  must  have 

Equations  {a)  and  {b)  are  both  satisfied  by  the  values 

and  ?.  =  -K^..-0/(^,  +  ^,)l  (3^) 

q.,  =  2gc,  l{c^  -I-  c^)  J 

so  that  the  above  assumptions  are  justified  and  the  problem 
solved. 

When  c^  /c^  =  f ,  ^^  =  -  ^  /4  and  ^2  =  5^  1 4-  When  c,_  /c,  =  |, 
q^  =  qj^  and  q^  =  ^q  /8.  The  plane  diagrams  of  the  field  for 
these  two  cases  are  easily  constructed  from  Figs.  23  and  24,  or 
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from  the  above  charges  directly,  by  Maxwell's  method,  §  14,  II. 
The  diagrams  of  the  tubes  of  displacement  for  these  two  cases  arc 
given  in  the  upper  and  lower  halves,  respectively,  of  Fig.  59. 
The  dotted  lines  on  the  right  of  the  vertical  line  and  the  full 


Fig.  59. 

lines  on  the  left  are  the  lines  of  displacement  of  Figs.  23  and  24. 
The  force  upon  the  charged  body  at  yJ,  or  the  force  between 
the  charged  body  at  A  and  the  dielectric  2,  is 

F=  qq^ U-rrclzdy-  =  -  /(c,  -  r,)  ji^mdhlc^  +  c,)       (35) 

If  c^  is  greater  than  c^,  the  force  is  one  of  attraction,  the  tubes 
being  concentrated  on  the  side  o{  A  toward  medium  2  ;  but  if  r, 
is  less  than  r^,  the  force  is  one  of  repulsion,  the  tubes  being  now 
concentrated  on  the  opposite  side.  When  c^  —  infinity  (35)  re- 
duces to  (41),  II.  In  the  first  case  the  apparent  charge  upon 
the  interface  is  negative,  in  the  second  positive,  and  in  the  last  the 
charge  is  real  and  negative,  q  being  supposed  positive. 
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The  total  force  upon  the  interface  can  be  obtained  also  by  the 
method  of  §  6. 

Thus  the  apparent  surface  density  at  P  is 

0-'  : qd{c^  -  c^  l2Tr{c^  +  c^)^  (36) 

The  apparent  charge  dq'  upon  a  zone  in  the  interface  of  radius 
OP  and  width  d{OP)  is 

dq'  =  a'2'TrOP  ■d{OP)  =  (T'2'iTxdx  =  —  qd{c^  —c^dxl{c^  +0^'' 

The  normal  intensity  at  the  zone  due  to  the  charge  q  is 

qdJAprc^xr^ 

Hence  the  total  force  between  the  interface  and  the  charged 
body  at  -(4  is 

/r=  _  cfd\c^  -  c,)l^7rclc,  +  c,)  r  dxjx' 

=  -  'f{^2  -  c,)/l67rc^d\c^  +  Cj) 
as  in  (35). 

The  total  apparent  charge  upon  the  interface  is 

^'  =    I     a'  2'Kxdx=  —  qd(c^  —  c^  /{c^  +  c^)  I     dx  /x^ 

12.  Dielectric  Sphere  in  a  Uniform  Field  of  Different  Permit- 
tivity. Let  a  sphere  of  permittivity  c^  be  introduced  into  an 
infinite  medium  of  permittivity  c^  supporting  (before  the  introduc- 
tion of  the  sphere)  a  uniform  electric  displacement  D. 

If  ^2  =  c^,  the  tubes  will  remain  everywhere  unaltered. 

If  c^  is  greater  than  c^,  the  tubes  will  bend,  crowding  into  the 
sphere,  thus  making  D.^  greater  than  D,  until  the  condition  ex- 
pressed in  (3)  is  satisfied.  (If  D.^  were  to  remain  equal  to  B,  the 
lateral  pressure  \D^jc^  across  the  tubes  within  the  sphere  would 
be  less  than  ^V^/c^,  the  lateral  pressure  without,  and  equilibrium 
could  not  exist.     Also,  the  voltage  between  two  equipotentials 
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would  be  greater  along  a  line  not  traversing  the  sphere  than 
along  a  line  passing  through  the  sphere.) 

If  c^  is  less  than  c^,  D^  is  less  than  D,  tubes  crowding  out  of 
the  sphere  until  (3)  is  satisfied. 

We  proceed  to  the  exact  determination  of  the  electric  field 
within  and  without  the  sphere.  In  accordance  with  §  48,  I., 
there  is  but  a  single  field  satisfying  the  conditions  of  the  problem. 

With  respect  to  the  field  within  the  sphere,  we  shall  make  the 
simplest  possible  rational  assumption,  viz.,  that  the  displacement 
Z>2  is  uniform  and  in  the  same  direction  as  the  original  external 
displacement  D.     We  shall  further  assume  that  the  effect  of  the 


Fig.  60. 

sphere  on  the  (originally)  uniform  field  is  the  same,  in  the  region 
outside  it,  as  that  of  a  doublet  of  moment  M  placed  in  the 
original  dielectric  at  the  point  occupied  by  the  center  of  the 
sphere  with  its  axis  parallel  to  D.  The  probable  correctness  of 
this  assumption  follows  from  the  fact  that  conductors  and  dielec- 
trics produce  on  static  fields  into  which  they  are  introduced 
effects  differing  only  in  degree  ;  and  the  fact  that  the  effect  of  a 
conducting  sphere  on  a  uniform  field  can  be  represented,  in  the 
region  outside  the  sphere,  by  a  doublet  at  its  center. 

An  attempt  at  a  solution  based  on  these  assumptions  will 
obviously  satisfy  all  the  electrical  conditions  except  (i)  and  (2). 
If  in  addition  D.^  and  J/ can  be  so  chosen  as  to  satisfy  these  con- 
ditions also,  the  problem  will  be  solved. 
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To  see  whether  the  assumptions  made  above  will  satisfy  (i) 
and  (2),  the  radial  components  of  the  resultant  internal  and  ex- 
ternal displacements  and  the  tangential  components  of  the  re- 
sultant internal  and  external  intensities  at  the  surface  of  the 
sphere  must  be  determined.  The  radial  and  tangential  displace- 
ments at  any  point,  outside  the  sphere,  whose  coordinates  are  R 
and  0,  in  the  notation  of  §§  25  and  26,  II.,  will  first  be  found. 

For  the  radial  component  due  to  the  doublet  (94),  II.,  gives 
2M  cos  Oj^irR?,  to  which  must  be  added  the  component  D  cos  6 
due  to  the  uniform  field.  For  the  tangential  component  due  to 
the  doublet  (95),  II.,  gives  M  sin  OI^ttR^,  to  which  —  D  sin  6, 
due  to  the  uniform  field,  must  be  added.  For  the  total  radial 
displacement  outside  the  sphere  we  have,  therefore, 


D^  =  2M  cos  e/47rR^  +  D  cos  6 
and  for  the  total  tangential  displacernent, 

D^  =  M  sin  eidprR^  -  D  sm  6 


(38) 


(39) 


Fig.  6 


At  any  point  inside  the  sphere,  with  coordinates  R  and  6,  the 
radial  and  tangential  components  of  the  displacement  are  D.^  cos  6 
and  —  Z>2  sin  6,  respectively,  independently  of  the  value  of  R 
(less  than  the  radius  of  the  sphere). 
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Let  the  radius  of  the  sphere  be  denoted  by  a.  Then,  to  satisfy 
(i)  and  (2),  we  must  have,  when  R  =  a, 

2M cos  O'l^irc^  +  D  cos  6  =  D.^  cos  0,    or    M'lirc?  -^  D  =  D^ 

and  M  sin  Bjc^^'ira^  —  D'c^  •  s,\n  0  =  —  D^  sin  Bjc^, 

or  Mlc^^ira^  —  Djc^  =  —  DJc^ 

The  solution  of  these  equations  gives 

M=  A-^c^c^  —  c^)DI{c^  +  2r,)  =  4'rrc^{c^  -  c;)DJy^      (40) 

and  Z>2  =  S'^z^/C^z  +  ^^J 

(41) 
whence  -£"2  =  3^i^!(^2  +  2^,) 

The  assumptions  made  above  are  therefore  justified,  and  the 
problem  is  solved.  The  uniform  field  within  the  sphere  is  given 
by  (41),  and  the  external  field  by  (38)  and  (39)  on  substituting 
for  Mits  value  from  (40).     This  substitution  gives 

D^  =  [2a\c^  -  c,)/R\c^  +  2c,)  +  I ]  /?  cos  ^  (42) 

which  becomes,  when  R  =  a, 

A..  =  3^2^  cos  0/{c,  +  2c^)  (43) 

also  Z>,  =  [(r\c^  -  c,)/R\c^  +  2^^)  -  i  ]  Z>  sin  ^  (44) 

which  becomes,  when  R  =  a, 

^ta  =  -  3^1^  sin  0l(c,  +  2r,)  (45) 

When  ^2  is  greater  than  c^,  D^  is  greater  than  D,  E^  is  less  than 
E,  and  J/  is  positive.  That  is,  the  doublet  is  turned  with  its 
positive  end  in  the  direction  of  the  field.  When  c.^  is  less  than  r,, 
Z>2  is  less  than  D,  E.^  is  greater  than  E,  and  M  is  negative,  or  the 
doublet  is  turned  so  as  to  oppose  the  field.  When  c^  =  infinity, 
(41)  reduces  to  D^  =  3/?,  and  E.^  =  o\  and  (38),  (39),  and  (40) 
to  the  equations  of  ^§  25-27,  II. 

The  plane  diagrams  of  the  tubes  of  displacement,  drawn  by  the 
method  of  §  14,  II.,  for  cjc^  =  o,  3,  and  infinity,  respectively,  are 
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given  in  Figs.  60  (the  lines  i-nside  the  circle,  Fig.  32,  formed  by- 
superposing  the  uniform  field  on  the  field  of  the  doublet,  being 
here  annulled),  61,  and  62  (from  Webser's  Theory  of  Electricity 
and  Magnetism,  §  194). 

The  infinite  plane  passing  through  the  equator  of  the  sphere 
is  an  equipotential  surface  (at  zero  potential).  Hence  if  this  sur- 
face is  made  conducting  we  shall  have  on  each  side  half  the  field 
just  considered  terminated  by  this  conducting  sheet.  Thus  we 
have  solved  the  problem  of  finding  the  field  terminated  by  an 


Fig.  62 

infinite  plane  conducting  surface  with  a  hemispherical  boss  upon 
it  of  permittivity  c^  differing  from  that  of  the  dielectric  occupying 
the  rest  of  the  field  {c^. 

The  electric  surface  density  at  any  point  of  this  plane  distant 
R  from  the  center  of  the  hemisphere  is 

O-  =   ±  A  =   ±  3^2^/(^2  +   2^J  (46) 

when  R  is  less  than  a,  and 

^  =  ±  D(^e  =  90°)  =  ±  \a\c,  -  c,)lR\c^  +  2c,)  -  i]Z)  (47) 

when  R  is  greater  than  a. 

The  intensity  of  electrisation  of  the  sphere  is  uniform  and  equal 

to  /=  A[(^2  -  ^l)/^J  =   3^(^2  -  0/(^2  +    2.,)  (48) 
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(40)  may  now  be  written,  in  terms  oi J, 

M=  |7r^/  (49) 

so  that  the  intensity  of  electrisation  of  the  sphere  might  be  defined 
as  its  electric  moment  per  unit  volume,  the  electric  moment  denot- 
ing the  moment  of  the  doublet  producing  the  same  effect  on  the 
external  field  as  that  of  the  sphere. 

The  difference  between  the  actual  intensity  E^  in  the  sphere 
and  the  original  intensity  E  of  the  uniform  field  is  called  the  self- 
de'electrising  force  or  intensity  in  the  sphere  due  to  its  poles  or 
apparent  charges,  and  will  be  denoted  by  E' .     Thus 

E'  ^E^-E=-  Dlc^  -  c^jy^c^ 

=  -E{c,-c^l{c,^2c^=-Jllc,  ^5   ) 

The  apparent  electric  surface  density  at  a  point  whose  coordi- 
nates are  a  and  6  is 

«■'  =  A[(^2  -  ^.)/^2]  COS  ^  ==/  COS  ^ 

=  3[(^2-0/(^2+20]i?cos^  ^5  0 

The  total  apparent  charge  upon  one  half  of  the  sphere  between 
a  pole  and  the  equator  is 

q'  =  ±  'jra\/=  ±  'jra\{c,  -  ^,)/r,]Z),  (52) 

13.  Infinite  Dielectric  or  Conducting  Cylinder  in  a  Uniform 
Field.  Making  use  of  §  20,  II.,  we  can  obtain,  by  the  method  of 
the  preceding  article,  the  electric  field  in  and  about  an  infinite 
circular  cylindrical  dielectric  of  permittivity  c^  immersed  in  the 
uniform  field  of  an  infinite  medium  whose  permittivity  is  c^.  For, 
as  will  be  seen,  it  is  possible  to  satisfy  all  the  conditions  by 
assuming  the  displacement  external  to  the  cylinder  to  be  the 
resultant  of  the  original  uniform  displacement  and  the  displace- 
ment of  a  line  doublet  of  moment  M,  suitably  chosen,  at  its  axis, 
all  in  the  original  dielectric,  and  the  internal  displacement  to  be 
uniform  and  parallel  to  the  original  displacement.  If  the  radius 
of  the  cylinder  is  a,  and  if  D  and  D^  denote  the  original  uniform 
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displacement  and  the  actual  xiisplacement  within  the  cylinder, 
respectively,  the  conditions  (i)  and  (2)  to  be  satisfied  at  the 
interface  are  obviously 

Dcosd  -{-  Mcos  6/27ra^  =  D^  cos  (9 

—  D  sin  6\c^  +  i^sin  Q\c^2'Ka~  =  —  D^  sin  Ojc^ 

from  which  we  obtain 

A=2r/?/(r,-f  ^,)  (53) 

and    M=ira\{c^-c^lc^D^=^2irc^\{c^-c^l{c^Jrc^-\D    (54) 

Hence  outside  the  cylinder,  at  a  distance  R  from  its  axis,  the 
radial  component  of  the  total  displacement  is 

D^  =  Mcos  ejiirl^  +  DcosO 

=  [«V^' •  (^2  -  ^i)/(^2  +  -1)  +^W  cos  0  (55) 

and  the  tangential  component  is 

D^  =  [a^lR'-{c,  -  c,)l{c^  +  c,)  -  i]i?  sin  0  (56) 

while  within  the  cylinder  the  displacement  is  uniform  and  given 

by  (53). 

The  apparent  electric  surface  density  is 

<7'  =  [(^2  -  ^0/^2]  A  cos  (9  =/cos  0  (57) 

The  total  positive  or  negative  apparent  charge  on  half  of  unit 
length  of  the  cylinder  is 

^i=/x  2a  X  I  =2aJ  (58) 

The  self-deelectrising  force  of  the  apparent  charges  is 

E'  =  DJc,  -  Die,  =  -{c,-  c,)l2c,c,-D, 

(59) 

^(^2  -  ^1)  /(^2  +  ^1)  =  -//2^i 

14.  Dielectric  Spherical  Shell  in  a  Uniform  Field.  Electric 
Screen.  If  instead  of  the  solid  sphere  of  §  12,  we  have  a  spherical 
shell  of  permittivity  c^,  with  inner  and  outer  radii  b  and  a  respec- 
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tively,  surrounding  and  surrounded  by  a  medium  of  permittivity 
r,  supporting  an  (originally)  uniform  field  with  displacement  D,  we 
can  find  the  field  by  an  extension  of  the  method  used  in  the  two 
preceding  articles. 

Guided  by  the  results  obtained  for  the  solid  sphere,  we  shall 
assume  ( i )  that  within  the  inner  surface  of  the  shell  the  dis- 
placement, Z>3  is  uniform  and  parallel  to  that  of  the  original  field; 
(2)  that  within  the  shell  the  displacement  is  the  vector  sum  of  a 
uniform  displacement  D^  parallel  to  D  and  the  displacement  due 
to  a  point  doublet  of  moment  M^^  at  the  center  of  the  spheres ; 
and  (3)  that  the  displacement  outside  the  shell  is  the  vector  sum 
of  the  uniform  displacement  Z),the  displacement  due  to  the  doublet 
of  moment  J^,  and  the  displacement  due  to  a  second  doublet  of 
moment  J/ ,  also  placed  at  the  center  of  the  spheres,  the  axes  of 
both  doublets  being  parallel  to  D.  It  will  now  be  shown  that 
these  assumptions  satisfy  (i)  and  (2). 

At  the  outer  interface  the  conditions  to  be  satisfied  by  the 
normal  displacement  and  tangential  intensity  are,  respectively, 

(Z>  +  2J/ /47r^  -f  2MJ/^'jrc^)  cos  6  =  {D^-\-  2Mj47ra^)  cos  0 
and 
(-  D/c^  +  MJc,47ra^  +  M,/c^47ra^)  sin  0 

=  (-  njc^  +  MJc^TTcr")  sin  0 

At  the  inner  interface  the  conditions  are 

(Z>2  -I-  2Mj47rP)  cos  0  =  D^  cos  0 
and  (—  BJc^  +  MJc^irlr^)  sm0r=  —  DJc^ .  sin  0 

Cos  0  and  sin  0  will  divide  out,  and  the  equations  are  satisfied  by 
the  following  values  of  the  assumed  moments  and  displacements: 

n,  =  gc,c,DI\gc,c,  +  2{c,  -  c^\x  -  //'/^)]  (60) 

M^  =  2TT(^{D^  -  D)  (62) 

and  ^,  =  -  4^^/3  •  \k'^  -^,)  '-,]  A  (^3) 

The  relation  bet  wen  Z^j/Z?  and  b'a  is  given  in  the  accompany- 
ing table  (Table  I.)  for  the  cases  in  which  cji\  =  1 00  and  lOOO. 
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These  excessive  values  of  c^jc^  -do  not  occur  in  electrostatics,  but 
are  assumed  here  for  the  sake  of  the  much  more  important  mag- 
netic analogue,  §  23,  XI.  The  greater  the  ratio  of  c^  to  c^  and 
the  smaller  the  ratio  of  b  to  a,  the  less  is  D^  in  comparison  with 
D,  that  is,  the  shell  forms  a  more  effective  screen  from  electrical 
influences  for  the  region  within  it.  When  r^/^j  =  infinity,  that  is, 
when  the  shell  is  conducting,  D^ID  =  o  for  all  values  of  bja,  and 
the  shell  is  a  perfect  electrical  screen  (when  the  field  is  static). 

15.  Dielectric  Cylindrical  Shell  in  a  TJniform  Field.      Electric 
Screen.     The  field  of  an  infinitely  long  circular  cylindrical  shell, 


Fig.  63. 


of  permittivity  c^  and  with  inner  and  outer  radii  b  and  a,  when 
immersed  in  an  infinite  medium  of  permittivity  c^  supporting  an 
(originally)  uniform  displacement  D  can  be  obtained  in  exactly 
the  same  way,  by  making  use  of  line  doublets  (§  20,  II.)  instead 
of  point  doublets. 

Let  D,  Z>2,  D^,  M^,  and  M,^  have  the  same  meanings  as  in  §  14, 
except  that  cylinder  and  cylindrical  must  be  substituted-  for 
sphere  and  spherical  and  line  doublet  for  point  doublet.  Then 
we  have,  to  satisfy  (i)  and  (2),  at  the  outer  interface, 

{D  -(-  Mj2'Tra'-  +  M J 2770")  cos  6  =  {D^  +  Mj2ira^)  cos  6 
and 
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(—  Z>/<r,  +  J/ /r,27r«»  +MJc^2'rra'^)  sin  6 

=  (  —  A  /^j  +  ^6  /<^,27ra2)  sin  0 
and  at  the  inner  interface, 

(Z>,  +  MJiirlr^)  cos  ^  =  Z),  cos  ^ 

and  (-  DJc^  +  ^ft  lc^2'jrl^)  sin  6  =.  -  DJc^- sin  ^ 

Solving  these  equations,  we  obtain,  as  the  only  solution  of 
the  problem, 

A  =  ADc,C^  /   [  (^2  +  ^l)^  -  ^  /^  •  (r,  -  r.y  ]  (64) 

A  =  (^2 +  0/2^1  A  (65) 

M^^l-rra'iD,-  D)  (66) 

and  J/,  =  -  7r^^[  (^,  -  r,)/r,]  75,  (67) 

The  relation  between  D^j  D  and  <^/«  is  given  in  the  accompa- 
nying table  (Table  I.)  for  the  cases  in  which  c^jc^  —  100  and 
1000.  When  c^Jc^  =  infinity,  or  when  the  shell  is  a  conductor, 
D^/ D=  ofor  all  values  of  d/a.  The  cylindrical  shell,  like  the 
spherical  shell  of  §  14,  forms  an  electrical  screen,  the  remarks  at 
the  close  of  §  14  applying  equally  well  to  both  forms. 

The  plane  diagram  of  the  tubes  of  displacement  when  c^  /^,  =  10 
and  /^  /«  =  I  is  given  in  Fig.  63  (from  Webster's  Tlieory  of  Elec- 
tricity and  Magnetism,  §  198). 

Table  I. 
Screening  Effect  of  Spherical*  and  Cylindrical  Dielectric  Shells. 
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*  The  data  for  the  spherical  shell  are  taken  from  J.  J.  Thomson's  Elements  of 
the  Mathematical  Theory  of  Electricity  and  Magnetism,  §  i6l. 


CHAPTER  V. 

REVERSIBLE    THERMAL    EFFECT    DURING    ELECTRISATION. 
ELECTROSTRICTION. 

1.  Reversible  Thermal  Effect  During  Electrisation.  Let  a  con- 
denser be  carried  through  a  reversible  cycHc  process  as  follows, 
the  external  pressure  upon  the  dielectric  {e.  g.,  the  atmospheric 
pressure)  being  kept  constant : 

( 1 )  The  voltage  V  being  kept  constant,  let  the  condenser  be 
heated  from  the  absolute  temperature  /  to  the  absolute  tempera- 
ture t  -\-  dt.  If  p,  s,  and  t  denote  the  density,  specific  heat,  and 
volume,  respectively,  of  the  dielectric,  the  heat  absorbed  by  the 
condenser  during  this  process  is  H  =  psT dt. 

(2)  At  the  temperature  /  -f  dt,  at  which  the  capacity  of  the 
condenser  is  S  ■\-  dSjdt  dt,  let  the  voltage  be  increased  hy  dV. 
The  energy  of  the  condenser  increases  by  K^S -|-  dSldtdt)d[V^) 
=  {S+  dSldtdt)VdV. 

(3)  Let  the  condenser  be  cooled  to  the  original  temperature  / 
while  the  voltage  remains  constant  {V-\-  dV). 

(4)  Let  the  voltage  be  reduced  to  its  original  value  V,  the  con- 
denser thus  losing  an  amount  of  energy  equal  to 

lSd{V^)  =  SVdV 

The  condenser  is  now  in  its  .original  condition. 

The  total  work  done  upon  the  condenser  (exclusive  of  work 
done  in  heating)  during  the  complete  cycle  is 

dW=  {S  +  dSjdtdt)  VdV-  S  VdV=  VdS\dtdt  ■  dV 
The  quantity  of  heat  given  to  the  condenser  (exclusive  of  that 
given  out)  is  H  =psr  dt 
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Hence,  by  the  second  law  of  thermodynamics,  viz.,  Hjt  =  — 
dWjdt,  we  have 

psTdtjt VdVdSjdt 


or 


dtldV=  -  tV!psT  ■  dSldt  (i) 


If  therefore  we  assume  that  dS j dt,  s,  etc.,  are  independent  of 
V,  which  is  certainly  near  the  truth,  the  total  reversible  temper- 
ature change  when  the  condenser  is  charged  from  V=  o  to  F= 
Fis 

M==-t!psTdSldt  f  VdV t!psrilSdSldt\SV^   (2) 

Jo 

If  the  dielectric  is  homogeneous  and  isotropic,  we  have 

ilSdSidt=ilcL'd{cL)ldt=  ilc-dcldt+  \ILdLldt=k^-\-a{i) 

where  L  is  the  length  of  any  line  drawn  in  the  dielectric  (5  and 
dS  being  proportional  by  the  same  factor  to  the  product  of  the 
permittivity  and  such  a  length),  and  k^  and  a  are  written  for  ijc- 
dcjdt,  the  coefficient  of  increase  of  c  with  temperature,  and  ijL- 
dLjdt,  the  coefficient  of  linear  expansion  with  temperature,  re- 
spectively.    By  substituting  (3)  in  (2),  we  obtain 

A/ tlpsT-{k^  +  d)^SV^ 

or  A///  =-{k,  +  d)lpsT  •  \SV^  (4) 

If  the  field  of  the  condenser  is  uniform,  (4)  becomes 

A///  ^-{k,  +  d)lps  -IcE'^-  {k^  +  a)  Ulps  (5) 

Since,  moreover,  any  electric  field  is  uniform  in  its  infinitesimal 
parts,  (5)  is  perfectly  general. 

In  all  the  above  the  effects  of  conduction,  radiation,  etc.,  are  neg- 
lected, and  no  intrinsic  electrisation  (VI.)  is  supposed  to  be  present. 

For  all  solids  yet  investigated  {k^  -|-  a)  is  positive.  Hence  a 
condenser  with  such  a  dielectric  is  cooled  by  charging  and  heated 
by  discharging.  For  nearly  all  liquids  {k^  +  a)  is  negative.  Ac- 
cording to  experiments  by  W.  Cassie  (/%//.  Trans.,  A,  1890)  fc^ 
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(or  k^  +  a)  at  50°  C.  is  about  —  0.006  for  glycerine  and  +  0.0004 
for  mica.  For  recent  literature  see  Ann.  der  Physik,  Vol.  10, 
p.  748,  1903. 

[Analogous  magnetic  quantities  being  substituted  in  (5)  for 
the  electric  quantities  there  occurring,  the  equation  is  valid  for 
the  magnetic  case  (see  §  23,  XI.).] 

2.  Electrostriction.  Change  in  Volume  of  Dielectric  when 
Electrised.  When  a  condenser  is  charged  at  constant  tempera- 
ture its  dielectric,  or  dielectrics,  would  be  expected,  in  general, 
to  suffer  changes  in  volume  and  changes  in  Hnear  dimensions. 
These  phenomena,  as  yet  largely  hypothetical,  are  included  under 
the  general  head  of  electrostriction.  The  alterations  in  volume, 
etc.,  can  be  deduced  from  the  principles  already  developed,  in 
connection  with  the  principle  of  the  conservation  of  energy. 


Fig.  64. 

In  all  that  follows  it  will  be  assumed  that  the  condenser  plates 
are  always  in  contact  with  the  dielectric  and  that  they  follow 
accurately  without  appreciable  elastic  reaction  the  motion  of  its 
surfaces,  as,  for  example,  coats  of  gold  leaf  or  tin  foil.  Complete 
absence  of  intrinsic  displacement  will  also  be  assumed. 

First  we  shall  find  the  change  in  volume.  Consider  a  con- 
denser ABC,  Fig.  64,  whose  dielectric  C  occupies  the  volume  r 
and  possesses  the  permittance  vS  when  charged  to  the  voltage  V 
and  subjected  to  the  uniform  pressure  p  (which '  may  have  any 
value,  including  o)  over  its  surfaces. 
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(i)  While  F'is  kept  constant,  let  the  volume  be  increased  by 
dr.  The  energy  of  the  condenser  will  increase  by  —  pdr.  The 
increase  of  volume  will,  in  general,  be  accompanied  by  an  increase 
dS  in  the  permittance.  Now  let  the  volume  (t  -f  dr)  be  kept 
constant  while  the  voltage  is  increased  by  dV.  The  energy  in- 
cvG2iSGshy  \{S  +  dS)d{V^)  =  {S  -{■  dS)VdV.  Thetotal  increase 
in  energy  during  the  process  is 

dW^  =  -pdT  +  {S+dS)VdV 

(2)  Let  us  start  with  the  condenser  in  the  same  condition  as 
at  the  beginning  of  ( i )  and  bring  it  to  the  same  final  state  by  a 
slightly  different  process.  While  the  volume  remains  constant 
(t),  let  the  voltage  be  increased  hy  dV.  This  will  increase  the 
energy  of  the  condenser  by  SVdV,  and,  in  general,  the  pressure 
by  an  amount  dp.  Now  let  the  voltage  {V-\-  dV)  be  kept  con- 
stant while  the  volume  is  increased  by  dr.  The  energy  will  in- 
crease by  —  (/  -f  dp)dr.     The  total  increase  in  the  condenser's 

energy  is  thus 

dW^  =  SVdV-  {p  +  dp)  dT 

By  the  principle  of  the  conservation  of  energy,  dW^  =  dW^. 

Hence 

VdSdV^-dpdr 
or 

dT/dV=  -  VdS/dp  (6) 

For  ordinary  charges  dS/dp  will  be  sensibly  independent  of 
V.  Hence  we  have  for  the  total  change  in  t  when  the  condenser 
is  charged  from  a  neutral  state  to  the  voltage  V, 

At  =  -  dS/dp  rVdV=  \SV\-  i/SdS/dp)  (7) 

Hamogencous  Isotropic  Dielectric.  If  the  dielectric  is  homo- 
geneous and  isotropic,  (7)  may  be  simplified.  For  in  this  case 
5  and  dS  are  proportional  by  the  same  factor  to  the  product 
of  the  permittivity  and  the  linear  dimensions  of  the  condenser. 
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Hence  if  we  denote  by  L  the  length  of  any  line  drawn  in  the 
dielectric,  we  have 

-  \lS-dS\dp=  —  ilcLd{cL)ldp 

=  —  1 1  c- del  dp—  ij  L-dLldp=  {k^-\-  bj  i) 

where  b  =  the  coefficient  of  compressibility  of  the  dielectric 
=  —7,1  L-dLj dp,  and  k  =  —  ilc-dcjdp^  the  coefficient  of  di- 
minution with  pressure,  or  increase  with  traction,  of  the  permit- 
tivity c.     Thus  (7)  becomes 

^T=\SV\k^^bli)  (8) 

In  order  that  (7)  or  (8)  may  hold  when  the  dielectric  is  a 
fluid,  the  dielectric  must  be  completely  surrounded  by  the  con- 
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Fig.  65. 

denser  plates,  or  the  plates  must  be  so  arranged  that  they  are 
kept  apart  by  the  pressure  of  the  fluid  only,  and  sensibly  all  the 
tubes  must  be  contained  in  the  fluid,  as  in  Fig.  65. 

If  the  field  of  the  condenser  is  uniform,  '^SV'^  =  r^cE"^,  and 
(8)  may  be  written,  on  division  by  t, 

^Tlr=lcE\k^-\-blz)  (9) 

3.  Change  in  Length  of  a  Line  Normal  to  a  Uniform  Electric 
Field  in  a  Solid  Isotropic  Homogeneous  Dielectric  During  Electri- 
sation. Let  e  denote  the  thickness  of  the  dielectric  of  a  parallel 
plate  condenser  (the  plates  always  remaining  in  contact  with  the 
.single  dielectric),  and  L  and  L'  the  lengths  of  the  edges  normal 
to  ^  of  a  rectangular  prism  of  the  dielectric.  We  shall  find  the 
change  in  L  when  the  condenser  is  charged  to  the  voltage  V. 
Ihe  dielectric  in  all  that  follows  will  be  supposed  homogeneous 
and  isotropic. 
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(i)  The  voltage  V  being  kept  constant,  let  the  dielectric  be 
subjected  to  a  traction  in  the  direction  of  L,  the  stress  across  the 
area  ZV,  normal  to  Z,  being  Q^.  This  will  increase  the  energy 
of  the  prism  by  QyciL,  and  will,  in  general,  alter  its  capacity  by 
an  amount  dS.  Now  let  the  length  L  ■\-  dL  remain  constant 
while  the  voltage  is  increased  by  dV.  This  will  increase  the 
energy  by  {S  +  dS)  •  VdV.     The  total  increase  in  the  energy  is 

dW^  =  Q,dL  -f  (5  +  dS)  VdV 

(2)  Let  the  condenser  be  brought  from  the  same  initial  state 
to  the  same  final  state  as  before  by  a  different  process.  First  let 
the  voltage  increase  by  dV,  while  L  remains  constant,  which  will 
increase  the  energy  by  SVdV  and,  in  general,  the  traction  by 
dQy  Then,  the  voltage  {V -\-  dV)  being  kept  constant,  let  L  be 
increased  by  dL,  which  will  increase  the  energy  by  ((2i  -f-  dQ^dL. 
The  total  increase  is 

dW^=  SVdV+  {Q,  +  dQ,)dL 

As  in  §  2,  dW^  =  dW^,  hence 

dLjdV^  VdSjdQ,  (10) 

Since,  for  small  changes  at  least,  dS  j  dQ^  must  be  sensibly 
independent  of  Vy  (10)  gives  for  the  total  change  in  L  when  the 
condenser  is  charged  from  F=  o  to  V=  V, 

AL  =  dS/dQ^C  VdV=iSV\i/SdS/dQ,)  (11) 

Jo 
Since  S  =  cLL'  /  e, 

llSdSldQ^=  ilcdcldQ,-\-  ijLdLldQ, 

4-  ilL'dU  IdQ,-  iledejdQ, 

Moreover,  i  / U  ■  dL'  jdQ^  =  i  /e-  dc/dQ^  Hence  we  have, 
putting  dQ^  =  L'edq^y  simplifying,  and  dividing  by  Z, 

^LlL^y^cV'le'iilcdcldq^^-  \lLdL\dq^        (12) 

Now  1 1  LdLldq^is  the  reciprocal  of  the  stretch  modulus,  and 
will  be  denoted  by  M.     Also,  i  jcdcjdq^  is  the  coefficient  of  in- 
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crease  of  the  permittivity  with  traction  normal  to  the  lines  of 
displacement,  and  will  be  denoted  by  k^.     Thus  (12)  becomes 

AL/L  =  ^cV'/e'-{M+  k^  =  \cE\M ^-  k^  (13) 

The  above  results,  deduced  for  the  uniform  field  of  a  parallel 
plate  condenser,  will  hold  good,  without  sensible  error,  for  a 
condenser  of  any  form,  such  as  a  cylindrical  or  spherical  con- 
denser, in  which  the  conductors  are  parallel  and  so  close  to- 
gether that  E  is  sensibly  of  the  same  magnitude  throughout  the 
dielectric. 

4.  Change  in  Length  of  a  Line  in  the  Direction  of  a  Uniform 
Electric    Field   in   a    Solid    Isotropic    Homogeneous    Dielectric. 

Making  use  of  the  parallel  plate  condenser  of  the  last  article, 
and  of  the  same  general  method,  but  applying  a  traction 
Q^  =  LL' q^  parallel  to  the  lines  of  intensity,  we  obtain 

deldV=  VdSldQ^  (14) 

Ae  =  lSV\ilS-dSldQ^  (15) 

and 

Ae  I  e  =  -\cV'  I  ^■lM{2r  +  i)  -  k.;\ 

where  r  denotes  Poisson's  ratio,  and  k^-=  \  j c-dc j dq^  is  the  co- 
efficient of  increase  of  c  with  traction  parallel  to  the  lines  of  in- 
tensity. 

The  results  just  established  hold  good,  like  those  of  §  3,  for  a 
thin  condenser  with  parallel  plates  of  any  form. 

It  is  easy  to  see  that 

^;,=    2/^i+^2  "  (17) 

5.  Theory  and  Experiments.  A  rigorous  treatment  of  the 
general  theory  of  electrostriction,  together  with  a  resume  of  most 
of  the  experimental  and  theoretical  investigations  upon  the  sub- 
ject, is  contained  in  a  recent  memoir  by  P.  Sacerdote  {Ann.  de 
Chim.  et  de  Phys.  (7),  20,  p.   289,  1900).     Satisfactory  experi- 
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ments  upon  the  values  of  the  coefficients  k  ,  k^,  and  k^,  as  well  as 
entirely  satisfactory  experiments  upon  the  quantities  At/t,  A^/^ 
and  ^LjL,  have  not  yet  been  performed  (See  the  Philosophical 
Magazine  and  Nuovo  Cimento,  1900-1902,  for  some  of  the  most 
recent  and  best  results). 

§  §  2-4  are  based  largely  upon  portions  of  the  above-mentioned 
memoir  by  Sacerdote,  with  simplifications. 


CHAPTER  VI. 

ELECTRIC  ABSORPTION.  ELECTRETS. 

1.  Electric  Absorption.  In  all  that  precedes  electric  displace- 
ment has  been  treated  as  a  perfectly  elastic  phenomenon ;  that 
is,  the  relation  D  =  cE  (analogous  to  Hooke's  law)  has  been  as- 
sumed to  hold  universally  with  c  at  every  point  a  constant,  inde- 
pendent of  the  time.  On  this  assumption,  the  capacity  of  a 
condenser,  which  is  proportional  to  c,  would  be  invariable  with 
the  time  of  charging.  This  appears  from  experiment  to  be  ac- 
curately true  for  dielectrics  whose  homogeneity  is  perfect,  for 
example,  gases,  pure  paraffine,  and  pure  calc  spar ;  but  it  is  by 
no  means  true  in  general,  as  the  experiments  described  below 
demonstrate. 

Let  a  condenser  whose  dielectric  is  not  homogeneous,  with  its 
plates  connected  to  the  quadrants  of  an  electrometer,  be  charged 
to  a  given  potential  difference  and  then  insulated  from  the  bat- 
tery. The  potential  difference  will  gradually  diminish,  approach- 
ing a  limit  sometimes  considerably  below  its  initial  value.  If 
now  the  condenser  is  short-circuited,  the  potential  difference 
becomes  zero ;  but  it  gradually  reappears,  unchanged  in  sign  but 
much  smaller  in  magnitude,  after  the  condenser  is  again  insulated. 
The  remnant  of  the  original  charge,  whose  presence  is  proved 
by  the  existence  of  this  potential  difference,  is  called  a  residual 
charge.  If  the  operation  of  short-circuiting  and  insulating  is 
repeated,  the  same  phenomena  recur,  the  potential  difference  de- 
veloped after  insulation  being  smaller  each  time  and  finally  be- 
coming insensible.  The  disappearance  of  the  phenomena  is  of 
course  hastened  by  the  "leakage"  of  the  condenser,  if  appre- 
ciable, arising  from  the  conductivity  of  its  dielectric,  from  the 

presence  of  moisture,  etc. 
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If  the  condenser  is  charged  for  a  long  time  in  one  direction, 
then  for  a  much  shorter  time  with  the  poles  of  the. charging  bat- 
tery reversed,  and  then  short-circuited  and  insulated,  a  potential 
difference  similar  to  that  last  applied  will  first  appear,  reach  a 
maximum,  diminish  to  zero,  change  sign  and  continue  to  increase 
in  the  direction  of  the  potential  difference  first  applied. 

Or  the  following  equivalent  phenomena  may  be  observed.  On 
the  condenser's  being  connected  with  a  constant  battery,  its 
charge  usually  reaches  very  quickly  almost  its  final  value,  but 
the  charge  goes  on  gradually  increasing,  sometimes  considerably 
exceeding  its  initial  magnitude.  On  short-circuiting  the  con- 
denser  most  of  the  charge  disappears  ;  but  after  insulation  for  a 
short  time  a  second  discharge  in  the  same  direction  may  be  ob- 
tained, and  so  on,  till  the  discharges,  become  too  small  to  be 
perceptible. 

Also,  if  the  condenser  is  charged  for  a  long  time  in  one  direc- 
tion, then  for  a  much  shorter  time  in  the  opposite  direction,  and 
then  short-circuited  and  insulated,  a  residual  charge  (and  cor- 
responding discharges,  if  the  condenser  is  repeatedly  short-cir- 
cuited) similar  in  sign  to  the  last  charge  will  at  first  appear,  but 
will  be  succeeded  by  a  residual  charge  similar  in  sign  to  that  of 
the  charge  first  applied. 

The  appearance  of  the  residual  charge  in  all  the  above  described 
experiments  is  hastened  by  subjecting  the  condenser  to  mechan- 
ical shocks. 

Two  possible  explanations  of  the  phenomena  of  electric  absorp- 
tion^ as  the  phenomena  just  described  are  called  on  account  of 
what  was  once  regarded  as  the  soaking  in  of  the  electric  charge 
with  the  time,  have  been  given. 

( I )  The  general  analogy  between  electric  strain  and  stress  and 
mechanical  strain  and  stress,  together  with  the  fact  that  absorp- 
tion does  not  occur  in  free  aether  or  in  gases,  whose  elasticity  is 
perfect,  and  is  very  marked  in  a  substance  like  glass,  whose  elas- 
ticity is  extremely  imperfect,  has  led  to  the  suggestion  that  elec- 
tric absorption  is  due  to  the  imperfect  electric  elasticity  of  the 
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(dielectrics  which  exhibit  it.  The  phenomena  of  electric  absorp- 
tion are  exactly  analogous  to  the  phenomena  of  elastic  after- 
action. Thus,  if  the  spring  of  §  36,  I.,  is  not  perfectly  elas- 
tic (and  no  solid  body  is  perfectly  elastic)  the  elongation  (analo- 
gous to  electric  charge)  produced  by  a  certain  applied  force 
(analogous  to  e.m.f  of  charging  battery),  equal  and  opposite  to 
the  elastic  return-force  of  the  spring  (potential  difference),  will 
not  remain  constant  with  the  time,  but  after  reaching  almost 
immediately  a  value  usually  very  near  the  final  value,  will  gradu- 
ally increase.  If  now  the  force  is  removed  (condenser  short- 
circuited),  the  elongation  will  not  become  zero  at  once,  but  the 
spring  can  exert  no  force  by  virtue  of  the  remaining  elongation 
(residual  charge  when  potential  difference  =  o).  If  now  the 
spring  is  clamped  (condenser  insulated),  the  elongation  gradually 
becomes  elastic  (residual  charge  becomes  available,  potential  dif- 
ference increases  from  zero),  and  the  spring  exerts  a  force  upon 
the  clamp  (residual  potential  difference).  If  the  clamp  is  re- 
moved (short-circuit),  the  elongation  will  again  suddenly  dimin- 
ish, and  so  on.  Also,  if  the  spring  is  clamped,  extended  for  a 
long  time,  and  then  compressed  for  a  much  shorter  time  (con- 
denser charged  successively  in  opposite  directions)  and  then  re- 
leased (short-circuit),  the  residual  compression  will  gradually  reach 
zero,  and  then  become  a  residual  elongation  which  will  diminish 
much  more  slowly  to  zero  (condenser's  dischargers  will  be  for  a 
short  time  in  one  direction,  then  for  a  much  longer  time,  until  the 
whole  residual  charge  has  disappeared,  in  the  opposite  direction). 
(2)  Maxwell  has  developed  a  theory  according  to  which  the 
phenomena  of  absorption  can  not  occur  if  the  dielectric  is  per- 
fectly homogeneous  throughout,  but  must  occur  whenever  the 
ratio  of  the  permittivity  to  the  conductivity  is  not  constant  for 
all  parts  of  the  dielectric,  even  if  none  of  the  constituents  alone 
exhibits  the  phenomena.  This  conclusion,  according  to  which 
electric  absorption  is  due  to  heterogeneity  of  structure,  is  sup- 
ported by  experiments  of  Rowland  and  Nichols,  Muraoka, 
and  others.     It  is  quite  possible  that  deviation  from  perfect  elas- 
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ticity  is  closely  connected  with  heterogeneity  of  structure,  and 
that  the  two  explanations  are  not  independent  of  one  another. 
Thus  glass  is  extremely  heterogeneous,  possesses  very  imperfect 
elasticity,  and  shows  the  phenomena  of  absorption  in  a  marked 


manner. 


2.  Dielectric  Absorption  Hysteresis.  If  a  condenser  whose  di- 
electric IS  absorbent  is  rapidly  charged  to  a  voltage  V,  short- 
circuited,  charged  in  the  opposite  direction  to  a  voltage  —  V, 
short-circuited,  charged  again  to  voltage  V,  and  the  process  re- 
peated a  number  of  times  at  the  same  rate  (by  connecting  the 
condenser  to  the  poles  of  an  alternating  current  dynamo,  for  ex- 
ample), it  is  evident  from  what  precedes  and  the  principle  of 
symmetry  that  the  relation  between  the  charge  q  and  voltage  V  of 
the  condenser  may  be  represented  by  a  closed  symmetrical  curve, 
such  as  that  in  Fig.  66.     When  the  voltage  has  dropped  from  the 


Fig.  66. 

value  V  at  A  to  0  at  B,  a  residual  charge  OB  is  left,  and  dis- 
appears entirely  only  when  the  voltage  reaches  the  negative 
value  OC.  As  the  voltage  increases  negatively  to  —  V  at  D, 
the  charge  increases  negatively,  and  falls  to  the  value  OE  when 
the  voltage  again  becomes  zero.  The  residual  charge  again  dis- 
appears when  F=  0F=  —  OC,  etc.,  the  charge  thus  always 
lagging  behind  the  voltage. 
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If  however  the  condenser  is  carried  very  slowly  through  the 
cycle  of  charging,  discharging,  etc.,  or  if  the  dielectric  is  one 
which  does  not  exhibit  electric  absorption,  the  curve  is  found  to 
reduce  to  a  straight  line,  and  the  area  of  the  cycle  therefore  to  zero. 
(Cf  Beaulard,  /oiirnal  de  Physique  (3),  9,  422,  1900.) 

The  phenomena  are  therefore  not  analogous  to  those  of  mag- 
netic hysteresis  (§  39,  XIII.),  which  are  almost  wholly  indepen- 
dent of  the  time  in  which  a  cycle  is  completed  and  are  not  de- 
pendent, except  to  a  very  slight  extent,  upon  anything  similar  to 
viscosity  or  absorption.  The  term  hysteresis  may  be  used  to 
designate  the  electrical  phenomenon  described  in  this  article,  on 
account  of  the  lagging  effect  mentioned,  but  this  term,  if  so  used, 
should  be  coupled  with  the  word  viscosity  or  absorption  in  order 
to  avoid  the  incorrect  inference  that  the  phenomenon  is  physi- 
cally analogous  to  magnetic  hysteresis. 

3.  Energy  Dissipated  in  Dielectric  Hysteresis. — The  area  of 
the  curved  figure  ABCDEFA,  Fig.  66,  is 

H==JVdq  (I) 

for  the  whole  cycle,  and  thus  represents  the  excess  of  the  elec- 
trical work  done  in  charging  the  condenser  (in  both  directions) 
over  the  electrical  energy  given  out  when  the  condenser  is  dis- 
charged (in  both  directions)  (see  §  37,  I.).  This  quantity  of 
energy  must  therefore  be  transformed  into  heat  during  each  com- 
pletion of  the  cycle, 
(l)  may  be  written 

//=  JJjEdL-dSdD  =  JjEdDdr 

dL  and  dS  being  elements  of  a  line  of  intensity  and  an  equipoten- 
tial  surface,  respectively,  and  dr  being  the  element  of  volume 
dLdS.  We  have  therefore  for  the  energy  dissipated  per  unit 
volume  per  cycle  at  a  point  in  any  dielectric  where  the  intensity 
and  displacement  are  denoted  by  E  and  D, 

dH\dt  =  ^EdD  (2) 
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the  integration    being  extended  throughout   a  complete  cycle. 
See  §  38.  I. 

4.  Intrinsic  Displacement  and  Intensity,  Electrets,  etc.  A 
dielectric  electrised  or  retaining  its  electrisation,  like  the  dielec- 
tric of  a  condenser  after  absorption  has  occurred,  partially  or 
wholly  under  the  action  of  internal  forces,  no  external  field,  and 
therefore  7io  potential  difference  or  field  intensity  (JE  ■=  —  dV IdL) 
within  the  dielectric  itself  (as  when  the  condenser  is  short-cir- 
cuited), being  necessarily  present,  is  said  to  possess  intrinsic 
electrisation  or  displacement,  and  to  be  under  the  action  of  an  in- 
trinsic electric  intensity  or  force,  denoted  by  r,  in  the  direction  of 
the  displacement.     A  dielectric  in  this  state  is  called  an  electret. 

The  intensity  E=  —  dVjdL,  §  3,  is  zero  at  two  points  of  the 
cycle  for  which  D  (the  total  displacement,  redefined  by  Gauss's 
theorem  *  as  d^  /dS  at  a  conducting  surface,  the  theorem  being 
assumed  to  hold  for  intrinsic  as  well  as  for  elastic  displacement) 
has  finite  values,  while  D  (or  g)  is  zero  at  two  points  for  which 
E(or  V)  has  finite  values. 

Thus  if  we  assume  the  relation  c  =  D  j  E  (by  which  D  was 
defined  in  the  case  of  elastic  displacement)  to  hold  in  the  case 
of  intrinsic  displacement,  r,  as  the  cycle  is  traversed,  will  pass 
through  all  values  from  -|-  cx>  at  ^  to  —  00  at  ^,  Fig.  66. 

If,  however,  we  introduce  the  conception  of  intrinsic  intensity 
e,  if  we  denote  the  field  intensity  —  dVjdL  by  E'  instead  oi  E 
at  a  point  where  intrinsic  displacement  exists,  and  if  we  denote 
the  vector  sum  of  e  and  E'  by  {e  +  E')  =  E,  the  total  or  im- 
pressed intensity,  we  may  define  e  by  the  relation 

D  =  cE=c{e  i-E')  (4) 

With  this    understanding,    the    relation  D  =  cE  holds    univer- 

*  A  more  rigorous  and  general  definition  of  D,  analogous  to  the  general  definition 
olB,  (63),  XIII.,  is  obtained  from  (2),  XV.     Thus 

D=CcurlHdt  (3) 

the  dielectric  being  in  a  neutral  state  at  the  time  /  ^  o. 
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sally  and  leads  to  no  impossible  values  of  c,  since  e  and  D  have 
always  the  same  direction.  In  this  chapter  E'  will  be  used  to 
denote  the  field  intensity  —  dVldL  ;  but  elsewhere,  except  where 
the  contrary  is  stated,  e  will  be  assumed  equal  to  o  and  E' 
equal  to  E. 

5.  Uniformly  Electrised  Spherical  Electret.  Suppose  the  elec- 
trisation of  the  sphere  of  §  12,  IV.,  to  become  partially  intrinsic. 
Then  let  the  external  charges  "  producing  "  the  (originally)  uni- 
form field  be  removed.  Then  the  only  remaining  "  charges " 
are  the  fictitious  charges  upon  the  surface  of  the  sphere,  whose 
density  is  given  by  ^,  _^^^^  ^  ^^^ 

where  J  denotes  the  intensity  of  the  remaining  electrisation. 

Inside  the  sphere  there  is  an  intrinsic  intensity  e  maintaining 
the  displacement  and  a  self-deelectrising  field  intensity  equal  to 

£'  =  -// 3^,  (6) 

The  external  field  is  the  part  outside  the  sphere  of  the  field  con- 
nected with  the  doublet  of  moment 

M=i-7r^/  -     (7) 

at  the   center  of  the   sphere. 

Maxwell's  plane  diagram  of  the  complete  field  is  given  in  Fig. 
67  (from  Maxwell's  Treatise,  §  143).  If  the  lines  of  displace- 
ment within  the  sphere  are  directed  from  5  to  N,  the  lines  of 
intensity  have  the  direction  NS. 

The  quantities  M,  E',  a',  and  yean  all  be  expressed  in  terms 
of  the  internal  displacement  D^  of  the  sphere. 

Thus  we  find  from  the  relations  (2)  IV.,  (94)  II.,  and  (7),  when 
e=  o  and  7?  =  «  :  D^  =  M jz  ncc" ;  or 


M=  27ic^D^  =  I  ray  (8) 

^.,  (95)  II.,  and  (6)  give  when  0  =  90°  and 

E'  =  MUTie.a'  =  _  DJ  2c,=  -Jjy,  (9) 


The  relations  (i)  IV.,  (95)  II.,  and  (6)  give  when  6  =  90°  and 
R  =  a, 
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The  relation/=  D^  —  c^E  [(7),  IV.],  or  either  of  the  last  two 
equations  alone,  gives 

/=i?„-f-/>o/2  =  |A  (10) 

From  this  equation  we  have 

0-' =ycos^=  |i9„  cos^  (11) 


Fig.  67. 


The  magnitude  of  the  strength  of  each  pole  of  the  sphere  (dis- 
tributed over  a  hemisphere)  is 


q'  =  trc^J  ■=  1 7rfl*Z?(,  =  f  H  (see  below) 


(12) 


The  total  electric  flux  through  the  sphere  from  the  negative 
to  the  positive  pole,  and  back  again  outside  the  sphere  from  the 
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positive  pole  to  the  negative  .pole,  all  the  tubes  of  displacement 
being  closed,  is 

n  =  7r«^z?o  =  f'^«y=f/  (13) 

The  total  flux  of  the  intensity  from  or  to  one  of  the  poles  is 

n  '  =  nraWJc,  -  wa^E'  =  |-  Ujc^  =  q' jc^  (14) 

In  terms  of  the  intensities  and  the  permittivity  c^  of  the  sphere, 
the  internal  displacement,  denoted  above  by  D^,  is 

D,  =  clc^-E)  (15) 

Since  e  and  E'  have  opposite  directions,  D^  is  less  than  if  e 
were  acting  alone.  By  short-circuiting  a  condenser  (making 
E'  =  o)  after  undergoing  absorption  and  then  measuring  the 
residual  charge,  c^e  =  D'  =  intrinsic  displacement,  can  be  deter- 
mined, but  neither  quantity  can  be  determined  separately  except 
on  the  assumption  that  c^  is  the  same  for  intrinsic  as  for  elastic 
displacement. 

If  the  spherical  electret  were  placed  in  a  uniform  field  of  in- 
tensity E,  and  if  its  intensity  of  electrisation  J,  or  internal  dis- 
placement Z>y,  were  to  remain  rigidly  fixed  {cf.  §  8),  it  would  be 
acted  upon  by  the  same  forcive  as  that  which  would  act  upon  the 
doublet  of  moment  j7/ placed  at  its  center  in  the  same  field.  This 
forcive  is  easily  seen  to  be  a  torque 

T=-MEsme  =  -  ^-a'JE  sin  ^  =  -  27ta^D^  EsmO    (16) 

in  the  direction  of  the  increase  of  6,  where  6  denotes  the  angle 
between  the  direction  of  electrisation,  or  the  axis  of  the  doublet, 
and  the  direction  of  the  uniform  field. 

The  same  result  could  of  course  be  obtained,  though  less 
simply,  by  integrating  the  expression  dT=  Ea'dSx  sin  6  over  the 
surface  of  the  sphere,  where  x  denotes  the  distance  from  the 
equatorial  plane  to  the  element  of  area  dS  of  the  sphere. 

If  the  sphere  is  left  to  itself  after  the  removal  of  the  charges 
producing  the  uniform  field,  the  intrinsic  displacement,  and  there- 
fore the  internal  and  external  fields,  gradually  disappear.     This 
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gradual  disappearance  is  due  to  the  gradual  diminution  of  the 
intrinsic  intensity  and  the  continuous  action  of  the  self-deelec- 
trising  intensity,  which  acts  against  the  displacement,  or  tends  to 
reduce  the  apparent  surface  density.  Or,  better,  as  the  intrinsic 
forces  diminish,  the  tubes  of  displacement  are  gradually //r<'^ 
and,  being  closed  tubes,  contract  to  nothing. 

If  the  sphere  is  covered  with  a  conducting  coat  while  the  in- 
ternal displacement  has  the  value  /?„,  the  external  field  disap- 
pears entirely  and  the  sphere  itself  is  left  in  the  same  condition 
as  the  dielectric  of  a  condenser  short-circuited  after  absorption 
has  taken  place.*  There  is  no  potential  difference  anywhere, 
but  the  intrinsic  displacement  within  the  sphere  has  increased, 
since  E' ,  which  before  opposed  the  intrinsic  force  c  producing 
or  maintaining  the  displacement,  is  now  zero.  The  hemisphere 
which  before  had  a  positive  fictitious  charge  has  now  a  true 
negative  charge,  and  the  other  hemisphere,  before  apparently 
negative,  has  now  a  true  positive  charge.  The  law  of  the  dis- 
tribution of  the  true  charge  over  the  sphere  is  the  same  as  the 
law  of  the  distribution  of  the  previous  fictitious  charge.  If  the 
displacement  is  now  denoted  by  D'  =  c^e,  (15)  gives 

where  Z>„,/,  E'  are  the  values  of  the  displacement,  intensity  of 
electrisation,  and  self-deelectrising  intensity  immediately  before 
the  short-circuiting,  and  c,  and  e  are  assumed  to  remain  constant 
during  the  process.  Since  the  final  value  of  the  self-deelectrising 
intensity  is  zero,  the  final  value  of  the  intensity  of  electrisation  is 
J'  =  D' .  D'  and  /'  are  wholly  intrinsic,  D^  and  / only  par- 
tially so.     The  density  of  the  true  charge  is 

a=-D'  cosd  (18) 

No  change  is  produced  by  removing  the  conducting  cover. 
After  its  removal,  as  the  intrinsic  electrisation  continues  to  di- 

*See  Heaviside,  Electrical  Papers,  Vol.  I.,  p.  49»- 
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minish,  an  internal  and  external  field  of  the  same  character  as 
that  of  the  original  field,  but  opposite  in  direction,  is  developed. 
As  the  true  surface  density  everywhere  remains  constant  (in- 
sulation being  supposed  perfect),  while  the  intrinsic  electrisation 
gradually  diminishes,  this  field  will  grow  in  strength  ;  and  if  the 
intrinsic  displacement  could  disappear  entirely,  which  is  impossi- 
ble as  long  as  any  electric  field  remains,  the  sphere  being  ab- 
sorbent, the  total  field  would  finally  become  that  connected  with 
the  true   charges   given  by 

a  =—D'  cosd 

only,  the  fictitious  charges  having  entirely  disappeared.  The 
displacement  and  intensity  would  now  be  in  the  same  direction 
at  any  point  within  the  sphere,  as  well  as  without. 

6.  Infinite  Circular  Cylindrical  Electret  Uniformly  Electrised 
Transversely.  In  exactly  the  same  way,  we  have  in  this  case  for 
the  apparent  surface  density 

cr' =/ cos  6  =  2D^  cos  0  (19) 

and  for  the  deelectrising  intensity,  or  intensity  due  to  the  ficti- 
tious charges,  within  the  cylinder 

B  =  -//2c^  =  -DJc,  (20) 

Dq  and  /  denoting  the  internal  displacement  and  intensity  of 
electrisation,  respectively. 

The  external  field  is  that  part  outside  the  cylinder  of  the  field 
of  the  line  doublet  of  moment 

M=7ra^/=2ira^D^  (21) 

placed  along  its  axis. 

The  plane  diagram  of  the  field  can  be  obtained  from  Fig.  28 
by  simply  drawing  a  circle  of  radius  a  with  the  center  of  the  dia- 
gram as  center,  annulling  all  the  lines  within  this  circle,  and  con- 
necting by  straight  lines  the  ends  of  each  circular  arc. 

The  magnitude  of  the  fictitious  charges  on  the  positive  and 
negative  halves  of  a  unit  length  of  the  cylinder  is 
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q'  =  2^/=  ^D^  =  211  (22) 

the  flux  across  unit  length  of  the  cylinder  is 

n  =  2az^„  =  j/  (23) 

and  the  flux  of  intensity  from  or  to  the  fictitious  charge  upon 
unit  length  (either  half)  is 

n'  =  n/r^  -  2aE'^  2n/r,  =  q'jc^  (24) 

7.  Natural  Electrets.  Pyroelectric  Crystals.  Kelvin's  Theory.* 
A  state  of  intrinsic  electrisation  exists  naturally  in  certain  crystals, 
for  example,  tourmaline,  which  are  called,  from  the  thermal 
relations  described  below,  pyroelectric  crystals.  In  its  ordinary 
condition,  however,  after  remaining  some  time  at  a  constant  tem- 
perature, the  external  field  of  such  an  electret  has  disappeared, 
on  account  of  poor  insulation,  like  that  of  the  spherical  electret 
of  §  5  after  being  covered  with  a  conducting  coat.  The  electret 
has  now  a  positive  charge  at  one  end  and  a  negative  charge  at 
the  other,  terminating  the  tubes  of  intrinsic  displacement  (there 
is  no  elastic  displacement).  Altering  the  temperature  of  the 
electret  alters  its  intrinsic  intensity  and  state  of  electrisation,  and 
therefore,  if  the  surface  remains  sufficiently  well  insulated  to  re- 
tain its  charges  when  some  of  the  tubes  of  intrinsic  displacement 
become  free,  develops  an  external  field.  The  direction  of  this 
field  depends  on  the  direction  in  which  the  intrinsic  forces  and 
electrisation  alter  with  the  increase  or  decrease  of  temperature. 
In  tourmaline,  as  would  be  expected  in  every  case,  the  electri- 
sation decreases  with  temperature  increase.  Hence  by  heating 
tourmaline  a  field  directed  like  that  of  the  sphere  of  §  5,  after  be- 
ing short-circuited  and  then  left  insulated  for  a  time,  is  developed. 
If  the  insulation  is  not  perfect,  this  external  field  will  gradually 
disappear.  If  the  electret  is  now  cooled,  its  electrisation  will  in- 
crease and  an  external  field  opposite  to  the  former  field  will  ap- 
pear, and  then  gradually  disappear  by  conduction  when  the  tem- 

*  See  Heaviside,  Electrical  Papers,  Vol.  I.,  p.  493. 
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perature  is  kept  constant.  -  The  intrinsic  displacement  of  a 
pyroelectric  crystal,  and  therefore  the  true  surface  charges,  can- 
not be  made  to  disappear  like  those  of  an  electret  whose  electri- 
sation is  due  to  absorption.  By  breaking  a  pyroelectric  sub- 
stance across  its  axis  of  electrisation,  however,  positive  and 
negative  apparent  charges,  and  an  external  field  connecting  them, 
without  true  charges,  may  be  developed. 

Piezoelectric  Crystals.  A  state  of  electrisation  accompanied  by 
internal  and  external  fields  similar  to  those  of  the  sphere  of  §  3 
is  produced  in  some  crystals,  called  piezoelectric  crystals,  by  com- 
pressing or  stretching  them,  and  disappears  when  the  compres- 
sion or  stretch  is  removed.  The  external  field  corresponding 
to  a  given  state  of  strain  may  disappear  by  surface  conduction, 
leaving  the  surface  with  true  charges,  like  the  electrets  described 
above.  If  the  state  of  strain  is  altered  after  this  condition  has 
been  reached,  an  external  field  is  developed  whose  direction  de- 
pends on  the  direction  of  alteration  of  the  strain.  Some  crystals, 
like  tourmaline,  are  both  pyroelectric  and  piezoelectric. 

8.  Permanent  Electret.  The  fictitious  charge,  or  pole  strength, 
of  half  of  a  symmetrical  isolated  electret  is  not,  as  we  have  seen 
in  two  particular  cases,  §  §  5  and  6,  equal  to  the  flux  through  the 
electret,  but  is  greater  than  this  flux.  Thus,  although  the  fic- 
titious charge  upon  half  of  an  originally  neutral  sphere  placed  in 
a  uniform  field  is  less  than  the  flux  through  the  sphere,  the  fic- 
titious charge  upon  half  of  an  isolated  spherical  electret  uniformly 
electrised  is  one  and  one  half  times  as  great  as  the  flux  through 
the  sphere  ;  and  the  fictitious  charge  upon  half  the  surface  of  an 
isolated  infinite  cylindrical  electret  uniformly  electrised  trans- 
versely is  twice  as  great  as  the  flux  through  the  cylinder.  The 
infinite  cylinder  may  be  regarded  as  an  ellipsoid  of  revolution 
about  an  infinite  axis  perpendicular  to  the  direction  of  the  electri- 
sation, and  the  sphere  may  be  regarded  as  an  ellipsoid  with  its 
three  axes  equal.  We  shall  see  below  that  in  the  case  of  a  cir- 
cular cylinder  whose  length  is  very  great  in  comparison  with  its 
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diameter  and  which  is  electrised  longitudinally,  the  i>ole  strength 
at  either  end  is  approximately  equal  to  the  flux  through  the 
cylinder.  As  the  ratio  of  the  length  of  the  cylinder  to  its  diam- 
eter approaches  infinity,  the  ratio  of  the  pole  strength  of  either 
end  to  the  electric  flux  through  the  cylinder  approaches  unity 
indefinitely.  In  the  limit  we  have  an  ellipsoid  of  revolution 
about  an  infinite  axis  parallel  to  the  internal  displacement.  Thus 
the  greater  the  ratio  of  the  axis  parallel  to  the  electrisation  to 
the  other  axes,  the  more  nearly  does  the  pole  strength  equal  the 
electric  flux  across  a  pole  or  through  the  electret. 

It  is  clear  that  if  an  electret  is  brought  into  the  field  of  an 
electric  charge  or  another  electret,  the  distribution  as  well  as  the 
strength  of  each  of  the  electret's  poles  (or  each  of  the  poles  of 
both  electrets)  will,  in  general,  be  altered. 

Moreover,  if  the  medium  surrounding  an  electret  is  replaced, 
in  whole  or  in  part,  by  a  medium  of  different  permittivity,  the 
flux  through  the  electret,  and  therefore  the  fictitious  charges  or 
pole-strengths,  will  increase  or  decrease,  as  well  as  change  in 
distribution,  according  as  the  permittivity  of  the  new  medium  is 
greater  or  less  than  that  of  the  old  medium.  For  the  displace- 
ment, internal  and  external,  is  maintained  by  the  intrinsic  forces 
within  the  electret,  which  remain  constant  or  appreciably  con- 
stant during  the  change,  independently  of  the  surrounding  me- 
dium, and  must  produce  a  greater  or  less  flux  the  greater  or 
less  the  permittivity.  An  increase  of  the  same  kind,  and  greater 
in  extent,  occurs  when  the  external  field  is  destroyed,  the  sur- 
rounding medium  being  made  conducting  (or  the  permittivity 
infinite). 

The  energy  of  the  electret's  field  may  be  divided  into  two 
parts,  the  energy  within  the  electret,  mostly  energy  of  intrinsic 
displacement,  and  the  energy  of  the  external  medium.  It  is 
clear  that  the  greater  the  ratio  of  the  intrinsic  energy  of  the 
electret  to  the  energy  of  its  external  field,  the  less  will  the  elec- 
trisation of  the  electret  be  affected,  either  in  distribution  or  in 
amount,  by  changes  in  this  external  field  (resulting  from  changes 
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in  the  medium) ;  also  the  greater  the  ratio  of  the  energy  density 
of  the  intrinsic  electrisation  to  the  energy  density  of  the  external 
field,  the  less  will  the  electret  be  affected  by  the  introduction  of 
other  electrets  or  charges. 

Consider  now  the  ideal  case  of  a  cylindrical  electret  of  very 
small  cross-section  and  great  length  uniformly  electrised  in  the 
direction  of  its  length,  except  within  very  small  regions  close  to 
its  ends  in  which  the  flux  diverges  or  converges.  The  poles  are 
approximately  concentrated  at  the  ends  of  the  electret,  and,  ex- 
cept within  the  very  small  volume  occupied  by  the  electret  itself, 
the  electric  field  is  similar  to  the  field  surrounding  two  electric 
charges  approximately  concentrated  at  a  distance  apart  equal 
to  the  length  of  the  electret.  If  the  length  of  the  electret  is 
very  great,  the  external  field  around  each  pole  is  practically 
radial. 

Since  the  energy  density  at  any  point  of  the  surrounding 
medium  is  proportional  to  the  square  of  the  intensity,  and  since 
the  intensity  is  inversely  proportional  to  the  square  of  the  dis- 
tance from  a  pole  (provided  the  distance  is  small  in  comparison 
with  the  length  of  the  electret),  the  energy  of  the  external  me- 
dium is  confined  almost  wholly  to  small  regions  surrounding  the 
two  poles.  If  the  length  of  the  electret  is  increased  while  the 
intensity  of  its  electrisation  is  kept  constant,  the  external  energy 
will  therefore  remain  very  nearly  constant. 

The  energy  of  the  uniform  intrinsic  electrisation,  however,  is 
proportional  to  the  length  of  the  electret  for  a  given  value  of  the 
internal  electrisation  or  displacement. 

Hence  by  increasing  the  length  of  the  electret,  and  keeping 
the  flux  and  therefore  the  pole  strengths  constant,  the  ratio  of 
the  energy  of  the  intrinsic  electrisation  to  that  of  the  external 
medium  may  be  greatly  increased. 

Hence  such  an  (ideal)  long  slender  longitudinally  electrised 
electret,  -if  made  of  a  substance  with  intrinsic  energy  density  very 
great  for  a  given  intensity  of  electrisation  (which  would  be  called 
an  electrically  hard  substance),  would  be  approximately  a  /^er- 
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itianent  electret,  its  internal  energy,  electric  flux,  poles,  and  pole 
strengths,  being  practically  independent  of  the  external  field  (un- 
less the  external  field  should  be  destroyed,  when,  although  the 
internal  energy  and  flux  would  remain  sensibly  constant,  the  pole 
strengths  would  be  reduced  to  zero). 

The  force  between  such  a  pole  (concentrated)  and  an  extremely 
small  body  with  (concentrated)  charge  q  distant  L  therefrom 
would  be 

F=qq'l4'jrcD  (25) 

where  g'  is  the  pole  strength  and  is  constant  (at  a  given  tempera- 
ture), and  c  is  the  permittivity  of  the  surrounding  medium. 

Since  the  volume  of  the  electret  is  negligible,  and  the  flux  from 
each  pole  in  the  external  medium  radial,  the  reaction  between  the 
two  fields  and  therefore  the  force  between  the  pole  and  the 
charged  body  must  be  the  same  as  the  force  between  a  very 
small  body  with  concentrated  true  charge  equal  to  11,  the  flux 
through  the  electret,  and  the  small  body  with  concentrated 
charge  q.     That  is, 

F^qXil^ircD  (26) 

On  comparing  (26)  with  (25),  we  see  that 

/  =  n  (27) 

or,  the  flux  through  an  (ideal)  extremely  slender  longitudinally 
electrised  electret  of  great  length  is  equal  (strictly,  sensibly 
equal)  to  the  fictitious  charge,  or  pole  strength,  at  either  end. 

It  is  clear  from  what  precedes  that  any  of  the  electric  fields 
described  in  preceding  chapters  would  remain  sensibly  unaltered 
if  each  concentrated  true  charge  were  replaced  by  the  concen- 
trated pole  of  an  (ideal)  permanent  electret  of  very  great  length 
and  negligible  cross-section,  and  with  pole  strength  or  longitudi- 
nal flux  equal  to  the  charge  replaced.  . 


CHAPTER   VII. 

SPECIFIC   INDUCTIVE   CAPACITY.     THE   COMPARISON   OF 
PERMITTIVITIES. 

1.  Specific  Inductive  Capacity.  The  specific  inductive  capacity 
of  a  substance  is  defined  as  the  ratio  of  its  permittivity  to  the 
permittivity  of  the  standard  medium.  If,  as  in  this  book,  free 
aether  is  chosen  as  the  standard  medium,  the  specific  inductive 
capacity  of  a  dielectric  is  numerically  equal  to  its  permittivity 
(measured  in  the  electrostatic  systems  of  units,  XIV.),  since  c^ 
=  I  (in  the  electrostatic  systems). 

The  Comparison  of  Permittivities,  or  the  Determination  of  Spe- 
cific Inductive  Capacity.  Four  general  methods  of  comparing 
permittivities  will  be  considered  here  : 

I.  The  permittance  of  a  dielectric  bounded  by  a  fixed  system 
of  conductors  is  proportional  to  its  permittivity.  Hence  if  the 
whole  field  is  filled  in  succession  with  two  dielectrics,  and  the 
two  capacities  compared  experimentally,  the  ratio  of  the  permit- 
tivities will  be  known.  If  the  condenser  contains  two  different 
dielectrics  at  the  same  time  in  one  of  the  experiments,  the  method 
may  still  be  used  in  certain  simple  cases,  with  little  modification. 
See  §§  7  and  8,  IV. 

II.  The  forcive  between  two  given  conductors  is  proportional 
to  the  permittivity  of  the  dielectric  filling  the  field  if  the  voltage 
is  kept  constant,  and  inversely  proportional  to  the  permittivity 
if  the  charges  are  kept  constant.  Hence  by  keeping  the  voltage 
constant  and  comparing  the  forcives  when  the  field  is  filled  with 
two  dielectrics  in  succession  the  ratio  of  the  permittivities  may 
be  determined.  The  comparison  by  means  of  constant  charges 
is  in  general  impracticable.     When  the  field  contains  two  dielec- 
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tries  at  the  same  time,  as  in  §  7,  IV.,  the  method  is  still  appli- 
cable, with  slight  modification,  in  certain  simple  cases.     See  §  2. 

III.  The  forcive  upon  a  dielectric  of  permittivity  r,  bounding, 
or  surrounded  by,  another  dielectric  of  permittivity  c^,  in  an 
electric  field  depends  upon  the  ratio  of  c^  to  r^.  Thus  by  meas- 
uring F  in  §  II,  IV.,  cjc^  may  be  determined.  Two  methods 
based  upon  this  principle,  one  for  liquids,  and  the  other  for  solids 
(or  fluids  contained  in  a  vessel  made  of  a  solid  dielectric  of 
known  permittivity),  are  described  in  §§  3  and  4. 

IV.  When  lines  of  displacement  are  refracted  in  passing  from 
one  dielectric  to  another,  tan  Bjtan  d.^  =  cjc^  Hence  by  measur- 
ing 6^  and  6.^,  the  ratio  cjc^  may  be  determined.  This  method  is 
discussed  in  §  5. 

From  §§  1-2,  VI.,  it  is  clear  that  the  permittivity  ( if  defined 
as  D:E)  of  most  dielectrics  depends  to  a  greater  or  less  extent 
upon  the  time  of  electrisation,  being  greater  the  greater  the 
time,  up  to  a  certain  limit,  and  on  the  previous  history  of  the 
dielectric  {cf.  the  curve  in  Fig.  66),  except  for  slow  processes. 

From  §§  2-5,  v.,  it  follows  that  the  permittivity  depends  to 
some  extent  upon  the  stresses  in  the  dielectric,  which  may  be 
produced  wholly  by  electrical  causes,  unless  the  coefficients  there 
defined  vanish. 

2.  Method  II.  With  the  Quadrant  Electrometer.  Since  5,  §  5, 
III.,  is  proportional  to  c,  6  is  also  proportional  to  c  for  given 
values  of  J^,  V^,  and  f^jj.  Hence  by  submerging  the  quadrants  in 
two  dielectrics  of  permittivities  c,  and  c^  successively  and  measur- 
ing the  resulting  deflections  for  the  same  voltages,  we  have 

With  the  Kelvin  Ahsolnte  Electrometer  or  the  Bichat  and  Blond- 
lot  Electrometer  In  the  same  way,  by  submerging  the  conduc- 
tors of  either  of  these  electrometers  in  two  dielectrics  in  succes- 
sion and  measuring  the  corresponding  values  of  F,  §  4,  III.,  we 
have,  for  constant  voltages, 

c^c,  =  FJF,  (2) 
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In  the  case  of  the  Kelvin  electrometer  the  force  may  be  kept 
the  same  in  the  two  experiments  and  the  comparison  made  by 
altering  d.  In  this  case,  if  d^  and  d^  denote  the  values  of  d  when 
the  first  and  second  dielectrics  are  in  the  field 

cjc,  =  d,^ld,^  (3) 

By  (25),  IV.  and  (3),  III.  the  Kelvin  electrometer  may  also  be 
used  when  one  of  the  dielectrics  is  in  the  form  of  a  plane  slab  of 
a  given  thickness  dj^<,  d).  The  equations  corresponding  to  (4), 
III.  and  (5),  III.  are  easily  developed  for  this  case. 

When  any  one  of  these  instruments  is  used  idiostatically, 
alternating  as  well  as  unidirectional  voltages  may  be  applied, 
and  the  permittivity  thus  determined  when  the  time  of  electrisa- 
tion is  very  short. 

3.  Method  III.  Q,uiucke's  Method  for  Liquids.  Fig.  68  is  a 
diagram  of  the  apparatus.  A  and  B  are  the  conductors  of  a 
parallel  plate  condenser  separated  by  a  distance  d  very  small  in 
comparison  with  their  breadth  and  length,  and  immersed  in  a 
liquid  D  whose  permittivity,  c^,  is  to  be  compared  with  that  of  a 


Fig.  68. 

gaseous  dielectric,  as  dry  air,  of  permittivity  c^.  A  tube  E  com- 
municates through  a  small  opening  in  A  near  its  center  with  the 
region  between  the  two  plates.  This  tube  is  continuous  with  a 
manometer  tube  F  and  communicates  with  a  bulb  containing  dry 
air  by  the  stop-cock  G.  The  manometer  tube  contains  a  liquid 
of  density  p.     Its  cross-section  will  be  denoted  by  A. 

In  performing  an  experiment  a  wide  flat  air  bubble  C  is  first 
formed  between  the  plates  by  opening  G  and  pressing  the  air 
bulb.      G  is  then  closed,  and  the  difference  of  level  between  the 
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two  liquid  surfaces  in  F  is  read.  If  this  difference  of  level  is 
denoted  by  h\  and  if  the  acceleration  of  gravity  is  denoted  by^, 
the  excess  of  the  pressure  in  dr(due  to  the  hydrostatic  pressure 
of  the  liquid  D  and  the  capillary  pressure  inward  at  the  edges  of 
the  air  bubble)  over  the  atmospheric  pressure  is  h'Apg.  The 
condenser  is  now  charged  to  a  voltage  V.  The  electric  intensity 
between  the  plates  is  uniform,  except  near  their  edges  and  near 
the  edges  of  the  bubble,  and  equal  to  ^=  Vj  d.  The  electric 
pressure  (§  41,  I.)  within  the  uniform  part  of  the  field  of  the*dielec- 
tric  D  is  \c^^,  while  the  electric  pressure  within  the  uniform 
part  of  the  field  of  the  air  bubble  C  is  \c^E'^.  Hence,  if  c^  is 
greater  than  c^,  the  bubble  will  contract  until  suflficient  air  has 
been  forced  out  into  the  manometer  tube  to  increase  the  differ- 
ence of  level  by  h,  and  the  gaseous  pressure  by  hApg,  where 

when  there  will  again  be  equilibrium.  Hence  by  observing  k, 
A,  p,  g,  and  £"  =  Vj d,c^  —  c^  may  be  obtained  from  the  equation 

c^-c,=:  2/iApg/£'  =  2hApgd^l  V^  (4) 

In  what  precedes  we  have  assumed  the  capillary  pressure  of 
the  bubble  and  the  hydrostatic  pressure  of  the  liquid  D,  as  well 
as  the  total  volume  of  the  air,  to  remain  constant  throughout  the 
experiment.  We  have  also  assumed  the  slight  alterations  of 
gaseous  and  liquid  pressures  occurring  during  the  experiment  to 
bring  about  no  alterations  of  the  permittivities.  The  fact  that 
these  conditions  are  not  exactly  fulfilled  will  evidently  introduce 
no  sensible  error. 

(4)  Can  be  deduced  also  by  the  method  of  §  55,  I.,  from 
energy  considerations. 

4,  Method  III.  for  Solid  Dielectrics.  We  shall  consider  only 
the  simplest  case,  when  the  dielectric  is  in  the  form  of  a  plane 
slab.  Fig.  69  is  a  diagram  of  the  apparatus.  A  and  B  are  the 
two  conductors  of  a  parallel  plate  condenser  separated  by  a  dis- 
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tance  d  small  in  comparison  with  their  length  and  breadth.  C  is 
a  plane  slab  of  the  dielectric,  of  permittivity  c^,  hanging  in  air,  of 
permittivity  c^,  with  its  sides  parallel  to  A  and  B,  from  the  arm  of 
a  balance  D.  The  thickness  of  the  slab  will  be  denoted  by  d^ 
and  its  width  (perpendicular  to  the  plane  of  the  paper)  by  L. 

C  is  first  balanced  by  adding  weights  to 
the  scale  pan  of  D  while  A  and  B  are  at 
the  same  potential.  A  and  B  are  then 
charged  to  a  voltage  V.  This  will  produce 
a  straight  field  between  A  and  B,  except 
near  their  edges  and  near  the  edges  of  the 
slab  C,  and  will  disturb  the  equilibrium. 
Equilibrium  is  then  restored  by  adding 
weights  to   the  scale   pan  if  c^  is   greater 

I  than    Cj,    or  by    removing   weights    there- 

from if  c^  is  less  than  c^,  as  follows  from 
§§7  and  10,  IV.,  or  from  §  7,  IV.,  and 
§55,  I.  Let  F  denote  the  downward  force 
upon  C  due  to  the  charging  of  the  con- 
denser. F  can  be  found  at  once  by  the 
method  used  in  §  3,  or  can  be  determined  as  follows  by  the 
method  of  §  55,  I. 

Imagine  C  to  suffer  an  infinitesimal  displacement  dx  downward 
from  its  equilibrium  position.  This  will  increase  the  cross-section 
of  the  uniform  part  of  the  field  through  C  and  air  by  Ldx,  and 
will  diminish  the  cross-section  of  the  uniform  part  of  the  field 
passing  through  air  only  by  the  same  quantity.  The  energy  of 
the  weak  field  outside  the  condenser  and  that  of  the  non-uniform 
field  near  the  edges  will  remain  sensibly  constant,  and  the  non- 
uniform field  at  the  edges  of  C  will  move  unaltered  with  C. 
Hence  the  only  appreciable  change  in  the  energy  of  the  field  is 
that  due  to  the  fact  that  the  cross-section  of  the  uniform  field 
with  two  dielectrics  has  increased  by  Ldx,  while  that  of  the  uni- 
form field  through  air  only  has  decreased  by  the  same  quantity. 
Hence  the  total  increase  in  energy  is  sensibly 


Fig.  69. 
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=  k.  V\c,  -  c^d.Uxl{d\c^  -  {c,  -  r,K]  }  =  Fdx 
Hence 

F=  dW\dx  =  Lclc,  -  c^  V'l{2d\c,d -  {c,  -  c,)d^  }     (5) 

When  L,  c^,  F,  V,  d,  and  d^  are  known,  c^  can  be  determined 
from  this  equation. 

In  obtaining  this  result  we  have  assumed  the  field  uniform 
throughout  the  whole  length  L,  except  near  the  lower  and  upper 
edges  of  the  slab.  To  make  the  error  arising  from  the  non-fulfil- 
ment of  condition  negligible  L  must  be  great  in  comparison  with  d. 

5.  The  Method  of  Eefraction  of  Lines  of  Displacement.  (Perot, 
Comptes  Rendus,  113,  p.  415,  1891.)     To  compare  two  permit- 


Fig.  70. 


Fig.  71. 


tivities  by  this  method  it  is  necessary,  as  in  §§  3  and  4,  that  one 
of  the  dielectrics  be  a  fluid,  as  air.  The  principle  of  the  method 
may  be  developed  as  follows. 
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Let  a  large  triangular  prism  A,  Fig.  70,  of  permittivity  c^  and 
with  angle  a  be  placed  with  one  of  its  plane  sides  in  contact, 
or  otherwise  parallel,  with  a  large  metallic  plane  B;  and  let 
another  large  metallic  plane  C,  separated  from  A  (or  A  and  the 
other  conductor)  by  a  fluid  dielectric  D,  as  air,  of  permittivity  c^, 
be  arranged  so  that  the  angle  /S  between  C  and  the  nearer  face 
of  A  can  be  varied  and  measured.  If  B  and  C  are  charged  to  a 
voltage  V,  the  electric  field  will  not,  in  general,  be  uniform  either 
in  A  or  in  D.  The  approximate  field  when  B  and  C  are  parallel 
is  shown  in  Fig.  71.  But  evidently  there  will  always  be  a  cer- 
tain value  of  yS  for  which  the  field  in  A  and  also  the  field  in  D 
will  be  uniform,  except  near  the  edges,  as  shown  in  Fig.  70.  In 
this  case  6^  =  a  and  6^  =  ^  {%  2,  IV.).      Hence 

c^  j'c^  =  tan  yS/  tan  a  (6) 

To  find  this  position,  a  very  thin  metal  plate  £  is  so  attached 
to  fine  insulating  threads  FF  as  to  be  movable  wtfk  its  plane 
parallel  to  C  only.  If  the  field  in  D  is  uniform,  this  motion  will 
not  disturb  the  voltage  between  the  plates  ;  otherwise  the  voltage 
will  be  altered.  To  make  the  test,  then,  C  is  connected  to  earth 
(the  walls  of  the  room)  while  B  is  charged  to  potential  F  (poten- 
tial of  earth  =  o).  Then  the  condenser  is  insulated  and  C  is 
connected  with  the  electrode  of  an  electrometer,  the  other  pole 
of  which  is  to  earth.  Then  E  is  displaced  while  kept  parallel  to 
C.  If  the  electrometer  still  indicates  that  the  potential  of  C  is 
zero,  the  field  in  D,  as  well  as  that  in  A,  is  uniform.  If  not,  a 
second  adjustment  of  yS  must  be  made,  and  tests  and  adjustments 
repeated  until  the  potential  of  C  remains  zero,  or  until  the  dis- 
turbance of  its  potential  is  a  minimum,  when  E  is  displaced. 
Then  c^\c^  can  be  determined  from  (6). 

The  close  agreement  between  the  values  of  c^  jc^  found  by  this 
method  and  the  same  ratio  determined  by  other  methods  serves 
to  verify  the  correctness  of  (3),  IV.,  on  which  the  rnethod  is  based. 
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CHAPTER   VIII. 

THE  ELECTRIC  CURRENT.  THE  CONDUCTION  CURRENT. 

1.  The  Convection  Current.  If  a  small  light  conductor,  such 
as  a  gilded  pith  ball,  is  suspended  by  a  long  insulating  thread 
between  the  vertical  plates  A  and  B  o{  a.  charged  parallel  plate 
condenser,  it  will  fly  back  and  forth  between  the  plates  carrying 
opposite  charges  in  opposite  directions  and  gradually  discharging 
the  condenser. 

The  rate  dqjdt  at  which  positive  charge  is  carried  from  A  to  B, 
or  the  rate  dqjdt  at  which  negative  charge  is  carried  from  B  to  A, 
or  the  sum  of  the  two  rates,  dqjdt  +  dqjdt,  if  both  processes 
occur  simultaneously  (as  would  be  the  case  if  several  pith  balls 
were  present),  is  called  the  electric  convection  current  from  A  to  B^ 
and  will  be  denoted  by  /^.     That  is, 

/^  =  dq^ldt  +  dq^dt  =  dq\dt  ( i ) 

Strictly,  the  convection  current  is  limited  to  the  space  actually 
occupied  by  the  moving  charge  or  charges. 

If  the  electric  volume  density  of  the  positive  charge  in  the 
element  of  volume  at  a  given  point  is  p,,  and  the  density  of  the 
negative  charge  in  the  element  p,^  (the  element  containing,  in 
general,  both  positive  and  negative  charges),  and  if  the  velocity 
of  the  positive  charge  is  ii^  and  that  of  the  negative  charge  in 
the  opposite  direction  u^,  then  the  convection  current  per  unit 
area  across  a  surface  normal  to  u^  in  the  element  of  volume,  or 
the  electric  convection  current  density  in  the  element,  is 

L  =  Pl«l  +  P2^i  (2) 

in  the  direction  of  u^. 
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2.  The  Dielectric  Current.  If  the  electric  flux  11  across  a 
surface  is  increasing  at  the  rate  dU/dt,  there  is  said  to  be  a  dielec- 
tric current  or  an  electric  displacement  current  through  the  surface 

equal  to 

I,  =  d^ldt  (3) 

If  the  displacement  D  at  any  point  is  changing  at  the  rate 
dDjdt,  the  dielectric  current  density  at  the  point  is 

t,  =  dD\dt  (4) 

which  is  evidently  a  vector  with  the  direction  of  dD. 

According  to  our  mechanical  conception,  §  14,  I.,  the  dielec- 
tric current  in  free  aether  or  material  insulators  would  be  a  con- 
vection current  of  aether  cells  or  corpuscles. 

Convection  and  dielectric  currents  will  be  more  fully  discussed 
in  a  later  chapter  (XV.).  The  remainder  of  this  chapter  will  be 
devoted  principally  to  the  conduction  current. 

3.  The  Conduction  Current.  If  two  condenser  plates  A  and  B 
with  positive  and  negative  charges,  respectively,  are  connected 
by  a  wire  M,  the  electric  field  will  disappear  by  the  process  de- 
scribed in  §  42,  I.  During  this  process  there  is  an  electromo- 
tive force  along  and  through  the  wire  in  the  direction  AMB,  and 
the  wire  is  traversed  in  part  by  positive  charges  in  the  direction 
AMB  and  in  part  by  negative  charges  in  the  opposite  direction 
BMA.  The  wire  is  said  to  be  traversed  by  a  conduction  current. 
As  we  shall  see  later  (IX.,  §  15)  there  is  reason  to  believe  that 
the  conduction  current  consists,  in  the  general  case,  in  a  stream 
of  positively  electrified  particles  in  the  direction  of  the  e.m.f  and 
a  stream  of  negatively  electrified  particles  in  the  opposite  direc- 
tion across  every  section  of  the  conductor. 

We  shall  define  the  strength  of  the  conduction  current,  or  the 
conduction  current,  /,  across  any  section  of  the  conductor  as  the 
rate  at  which  electric  charge  is  transferred  across  that  section  ; 
and  we  shall  define  the  direction  of  the  current  across  the  sec- 
tion as  the  direction  in  which  the  positive  charge  is  carried  across 
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the  section,  or  the  direction  opposite  to  that  in  which  the  nega- 
tive charge  is  carried.  If  both  positive  and  negative  charges  are 
simultaneously  crossing  a  given  section  in  opposite  directions, 
and  if  dq^  and  dq^  are  the  magnitudes  of  the  positive  and  nega- 
tive charges  carried  across  in  the  time  dt,  the  conduction  current 
across  the  section  is 

/  =  dqjdt  =  dqjdf  +  dqjdt  (5) 

in  the  direction  of  transfer  of  the  positive  charge. 

When  the  charges  or  the  induction  in  (i),  (3),  or  (5)  are  ex- 
pressed in  RES  units  and  the  time  in  seconds,  the  electric  current 
is  said  to  be  expressed  in  the  RES  unit  current. 

A  method  of  measuring  the  electric  conduction  current  based 
on  the  above  definitions  is  described  in  §  3,  IX. 

In  the  case  of  an  ordinary  condenser  system  the  phenomenon 
of  discharge,  or  the  electric  current,  lasts  only  a  small  fraction 
of  a  second.  In  a  variety  of  ways  this  time  may  be  increased ; 
and  if  the  ends  of  the  wire  M,  instead  of  being  connected  to  the 
plates  of  a  condenser,  are  joined  to  the  terminals  of  a  voltaic 
cell,  or  other  agent  capable  of  maintaining  the  voltage  between 
its  ends  constant,  transient  effects  similar  to  those  described  in 
§  42,  I.,  will  at  first  occur,  but  a  steady  or  unchanging  state  will 
soon  set  in. 

4.  The  Conduction  Current  Density.  If  a  small  plane  area  dS 
is  imagined  within  the  substance  of  a  conductor  carrying  a  cur- 
rent, it  is  obvious  that  the  quantity  of  electric  charge  crossing 
dS  per  second  will  be  different  when  dS  is  turned  in  different 
directions,  and  will  be  a  maximum  when  the  normal  to  dS  points 
in  the  actual  direction  of  transfer  of  charge  at  the  point.  The 
ratio  of  the  current  dl^  crossing  the  area  dS,  with  its  normal 
turned  in  this  direction,  to  the  area  dS,  is  a  vector  called  the 
electric  conduction  current  density  at  the  point  considered,  and  will 

be  denoted  by  i .     Thus 

i=dIJdS  (6) 

If  for  the  subscript  c  we  substitute  ci.'  or  d,  (6)  will  define  the 
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convection  or  displacement  current  density  in  terms  of  the  con- 
vection or  displacement  current  consistently  with  §§  i  and  2. 

5.  Kirdihoflrs  Law  I.  When  an  electric  conduction  current  is 
steady,  it  flows  in  a  closed  circuit  and  has  the  same  value  at 
every  section  of  the  conductor  which  carries  it.  For  if  the  cir- 
cuit were  not  closed,  or  if  the  current  across  any  two  sections 
were  not  the  same,  a  positive  or  negative  electric  charge  would 
continually  accumulate  at  either  end  or  in  the  region  between 
the  two  sections,  and  the  state  would  therefore  not  be  steady. 

This  proposition  will  be  extended  to  the  general  electric  cur- 
rent in  §  8,  Chapter  XV. 

An  obvious  (but  very  incomplete)  mechanical  analogue  of  the 
steady  conduction  current  is  the  flow  of  an  incompressible  liquid 
through  an  endless  pipe. 

Kirchhoff's  law  I.,  applied  to  the  unit  volume  of  a  conductor 
carrying  a  steady  current,  may  be  written 

div  i^  =  conv  ^^  =  o  (7) 

since  the  current  entering  any  element  of  volume  across  one  part 
of  its  surface  is  equal  to  the  current  leaving  the  element  across 
the  rest  of  the  surface. 

Stream-tubes  and  Stream-lines.  From  (6)  and  (7)  it  is  now 
evident  that  a  steady  current  within  a  conductor  may  be  mapped 
out  by  a  system  of  lines  and  tubes  analogous  to  lines  and  tubes 
of  intensity,  etc.  These  tubes  and  lines  are  called  stream-tubes 
and  stream-lines,  or  lines  and  tubes  of  current  or  flow.  The  cur- 
rent density  at  any  point  has  the  direction  of  the  line  of  flow 
through  that  point ;  and  the  strength  of  the  current  across  every 
section  of  a  given  tube  is  the  same  and  equal  to  \i^  dS  over  a 
diaphragm  5  normal  to  the  stream  lines. 

In  what  follows  we  shall  drop  the  subscript  c  and  denote  the 
conduction  current  and  current  density  by  /  and  i. 

6.  Electrodes.  Two  equipotential  surfaces  across  one  of  which 
the  current  enters  a  conductor  and  across  the  other  of  which  the 
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current  leaves  the  conductor  are  called  the  electrodes  of  the  con- 
ductor. The  electrode  by  which  the  current  enters  the  con- 
ductor is  called  the  anode ^  and  that  by  which  the  current  leaves 
is  called  the  kathode. 

7.  Ohm's  Law  for  a  Steady  Current  in  a  Homogeneous  Isotropic 
Conductor  at  Uniform  Temperature.  Along  a  homogeneous  iso- 
tropic conductor  at  uniform  temperature  throughout,  let  a  steady 
current  /  flow,  and  let  the  corresponding  voltage  between  two 
electrodes  in  or  terminating  the  conductor  be  denoted  by  Vyj. 
Then,  as  a  result  of  experiment,  it  may  be  stated  that,  if  the 
voltage  or  current  is  varied  while  the  temperature  is  kept  con- 
stant (and  in  some  substances  at  least  certain  other  physical  con- 
ditions), the  current  /  is  proportional  to  the  voltage  V^^.    That  is, 

I^KV,,=  VJR  (8) 

The  proportionality  factor  K  is  called  the  conductance  of  the  por- 
tion of  the  conductor  between  the  given  electrodes,  and  its  recip- 
rocal, R=  \  I K,  the  resistance  of  the  conductor.  The  quanti- 
ties on  which  R  and  K  depend  will  be  discussed  below. 

Definitions  of  the  RES  unit  conductance  and  resistance  follow 
in  the  usual  manner  from  the  above  equations.  Thus  when  / 
and  F,2  are  expressed  in  RES  units,  the  conductance  and  resis- 
tance also  are  said  to  be  expressed  in  RES  units. 

(8)  expresses  the  integral  form  of  OJim's  law  for  homogeneous 
isotropic  conductors.  The  expression  of  the  law  for  non-homo- 
geneous circuits,  etc.,  will  be  developed  in  following  articles. 

8.  Conductance  and  Resistance  of  a  System  of  Conductors 
Connected  in  Uultiple.  If  the  electrodes  of  any  number,  //,  of 
conductors  are  joined  together  so  that  the  anodes  form  a  com- 
mon anode  and  the  kathodes  a  common  kathode,  the  conductors 
are  said  to  be  connected  in  vmltiplc.  Let  A',,  K^,  •  ■  - ,  K^^  and  R^, 
Rj,,  •  •  • ,  R^^  denote  the  individual  conductances  and  resistances  of 
the  conductors,  /,,  I^,  •  •  • ,  /,  the  individual  currents,  and  /  the 
total  current  through  all  the  conductors,  when  the  voltage  be- 
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tween  the  electrodes  is  V^  —  V^.     Then  the  conductance  of  the 
system  is 

and  the  resistance  of  the  system  is 

=  i/(i/^i+i/i?,  •••+!//?„)  (lo) 

9.  Conductance  and  Resistance  of  a  System  of  Conductors  Con- 
nected in  Series.  If  any  number,  n,  of  conductors  is  connected 
up  end  to  end  in  such  a  manner  that  each  surface  of  contact  be- 
tween two  conductors  is  an  equipotential  for  both  and  coincident 
with  the  original  electrodes  of  the  conductors  when  separate,  the 
conductors  are  said  to  be  connected  in  series.  Let  V^^^  and  V^^^, 
^2'  ■  ■  ■ '  ^(n-i)»  denote  the  voltage  between  the  terminal  elec- 
trodes and  the  voltages  between  the  ends  of  the  successive  con- 
ductors, and  let  /  denote  the  current  along  all  the  conductors. 
Then  the  conductance  of  the  system  is, 

^  =  ^/  ^o„  =  I  /(  KJ^  +  ^nl^  +■••+  K-.JJ) 

=  i/{ilK,-^ilK,+  -..^i/Kj  (II) 

and  its  resistance  is 

R=ilK-=R,  +  R,-^-.-  +  R^  (12) 

10.  The  Cylindrical  Homogeneous  Isotropic  Conductor.  Resist- 
ivity and  Conductivity.  Suppose  n  precisely  similar  right  cylin- 
drical conductors  joined  in  multiple  with  their  ends  as  common 
anode  and  kathode,  thus  making  a  cylindrical  conductor  of  ;/ 
times  the  cross-section  of  each  of  the  original  conductors.  If 
R^  and  K^  denote  the  resistance  and  conductance  of  each  cylin- 
der separately,  and  R  and  K  the  resistance  and  conductance  of 
the  system  of  n  conductors  in  multiple,  that  is,  of  a  cylinder  of 
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n  times  the  cross-section  with  its  ends  as  electrodes,  it  follows 
from  (9)  and  (10)  that 

K^nK^     and     R  =  RJn  (13) 

Thus  the  resistance  of  a  cylindrical  conductor  of  constant 
length  with  its  ends  as  electrodes  is  inversely  proportional  to  its 
cross-section,  or  its  conductance  is  directly  proportional  to  its 
cross-section. 

Suppose  the  n  conductors  connected  up  in  series,  thus  making 
a  cylindrical  conductor  of  the  original  cross-section,  but  of  Ji 
times  the  original  length.  If  R  denotes  the  resistance  of  the 
system  and  K  its  conductance,  (11)  and  ( 1 2)  give 

K=KJn     and     R  =  nR^  (14) 

Thus  the  resistance  of  a  cylindrical  conductor  with  its  ends  as 
electrodes  is  proportional  to  its  length,  or  its  conductance  is 
inversely  proportional  to  its  length. 

Putting  the  two  above  results  together,  we  see  that  the  resist- 
ance ^  of  a  cylindrical  conductor  with  its  ends  as  electrodes  is 
proportional  to  its  length  and  inversely  proportional  to  its  cross- 
section,  or  that  its  conductance  K  is  inversely  proportional  to  its 
length  and  directly  proportional  to  its  cross-section.  That  is,  if 
L  denotes  the  length  of  the  cyhnder  and  A  its  cross-section, 

K^kAjL     or     R^rLjA  (15a) 

where  r  and  k  are  constants  depending  on  the  chemical  constitu- 
tion of  the  conductor  and  its  physical  condition,  r  is  called  the 
specific  resistance  or  resistivity  of  the  substance,  and  k,  its  recipro- 
cal, is  called  the  conductivity  of  the  substance.     (15)  may  be 

written 

r=RA/L     or     k^KLjA  (15*) 

When  R  and  K  are  expressed  in  RES  units  and  A  and  L  in 
c.g.s.  units,  r  and  k  are  said  to  be  expressed  in  the  RES  units 
resistivity  and  conductivity,     r  is  equal,  in  magnitude,  to  the  re- 
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sistance  of  a  cube  of  the  substance  with  unit  edge  when  two 
opposite  faces  are  electrodes. 

11.  Dififerential  Form  of  Ohm's  Law.  From  the  preceding  arti- 
cle and  the  principle  of  symmetry  it  follows  that  in  the  case 
there  considered  the  electric  equipotential  surfaces  iit  the  conduc- 
tor are  parallel  to  the  electrodes,  and  the  electric  intensity  E  uni- 
form and  parallel  to  the  length  of  the  conductor. 

From  the  same  article  it  also  follows  that  the  current  density 
is  uniform  throughout  the  conductor,  and  the  lines  of  flow  paral- 
lel to  the  length  of  the  cylinder,  and  therefore  coincident  with 
the  lines  of  intensity. 

Hence  we  may  substitute  in  (8)  for  V^^  its  equal  EL,  for  /  its 
equal  Ai,  and  for  A' its  equal  kAjL;  then  Ai  =  kAj L- EL,  or 

i^kE=Elr  (i6) 

In  the  case  considered  therefore  the  current  density  has  the 
same  direction  as  the  electric  intensity,  and  is  proportional  to  it 
in  magnitude.  Since,  moreover,  any  conductor  carrying  a  steady 
current  may  be  divided  up  into  elementary  tubes  of  intensity  and 
by  equipotential  surfaces  infinitesimally  distant  apart,  and  since 
the  cylindrical  volume  within  one  of  these  tubes  between  two 
successive  equipotentials  is  in  exactly  the  same  state  as  any  tube 
of  the  cylinder  considered  above,  (i6)  is  seen  to  hold  in  general 
whether  the  tubes  are  straight  or  not. 

Since  at  the  surface  of  a  conductor  the  current  density  is  tan- 
gential to  the  surface,  the  electric  intensity  within  the  conductor 
at  the  surface  is  also  tangential. 

12.  The  Electric  Field  of  the  Steady  Conduction  Current.  Ex- 
cept as  stated  below,  the  electric  field  in  the  dielectric  surround- 
ing a  conducting  system  traversed  by  a  steady  electric  current 
has  all  the  properties  of  a  purely  static  field  connected  with  static 
charges  only.  The  tubes  of  displacement  terminate  at  the  sur- 
faces of  the  conductors  (if  homogeneous)  and  the  surface  charges 
at  their  ends  are  not  in  motion  and  take  no  part  in  the  conduction. 
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For  within  the  conductor  (supposed  homogeneous)  div  /  =  div  kE 
=  k  div  E  =  o.  Hence  div  E=  o;  and,  since  the  conductor  is 
homogeneous,  div  D  ^=  p  must  also  be  zero,  whatever  the  relation 
o(  D  to  E  may  be.  Hence  within  the  conductor  the  positive  and 
negative  charges  per  unit  volume  at  any  point  are  equal.  Thus 
no  tubes  from  the  dielectric  penetrate  into  the  conductor,  but  all 
end  at  its  surface.  That  the  external  field  is  static  and  that  the 
surface  charges  take  no  part  in  the  conduction,  or  do  not  move, 
follow  from  the  consideration  that  the  field  surrounding  a  con- 
ducting system  traversed  by  a  steady  current  can  be  altered  in 
any  manner,  by  moving  the  circuit  or  by  bringing  up  charged 
bodies  insulated  from  it,  without  in  any  way  affecting  the  (steady 
value  of  the)  current.  Also  the  surfaces  of  insulated  conductors 
placed  in  the  field  are  equipotential  surfaces  and  traversed  by  no 
currents ;  hence  the  tubes  ending  upon  them  (and  connected 
with  the  current-carrying  conductors)  are  not  in  motion.  The 
same  thing  follows  from  Ohm's  law,  the  resistance  of  a  con- 
ductor not  being  a  function  of  its  external  surface,  as  it  would 
be  if  the  surface  charges  took  part  in  conduction. 

The  conductor  itself,  as  shown  in  §  11,  also  contains  an  electric 
field  invariable  with  the  time.  Little  or  nothing  is  known  of  the 
electric  displacement  in  good  conductors  traversed  by  steady 
currents. 

The  electric  field  within  and  without  the  conductor  is  accom- 
panied by  a  magnetic  field  (XI.  and  XH.)  and  is  the  seat  of  the 
transfer  of  energy  (XVI.),  while  the  conductor  is  also  the  seat 
of  the  dissipation  of  energy  in  heat  (§  15). 

The  lines  of  intensity  within  the  conductor  are  tangential  at 
the  surface,  as  shown  in  §  11,  and  the  lines  of  intensity  in  the 
dielectric  do  not  meet  the  conducting  surfaces  normally. 

Let  E^  denote  the  electric  intensity  in  the  dielectric  just  out- 
side the  conductor  at  a  point  P  of  the  interface,  and  6^  the  angle 
made  by  E^  with  the  normal  to  the  surface  of  the  conductor ;  and 
let  E  denote  the  intensity  just  within  the  conductor  at  the  same 
point  of  the  interface.     E,  as  already  shown,  is  parallel  to  the 
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interface.  By  the  principle  of  the  conservation  of  energy  we 
may  show,  just  as  in  §  2,  IV.,  that  E^  and  E  are  in  the  same 
plane  normal  to  the  interface,  and  that 

E^  sin  6^  =  E  (17) 

If  the  conductor  is  a  perfect  (imaginary)  conductor,  that  is,  if 
its  conductivity  is  infinite,  E  =  o,  since  otherwise  the  current 
would  be  infinite.  Hence  in  this  case  6^  =  o,  or  the  tubes  of 
displacement  in  the  dielectric  meet  the  surface  of  the  conductor 
normally. 

13.  The  Laws  of  Refraction  of  Stream-lines.  At  the  interface 
between  two  substances  of  different  conductivities  k^  and  k.^  a 
stream-line  of  a  steady  current  is  refracted  in  such  a  manner  that 
the  incident  and  refracted  lines  are  in  the  same  plane  perpen- 
dicular to  the  interface,  and  that 

tan^;/tan6'2  =  /^i//&2  (18) 

where  6^  and  6^  denote  the  angles  made  with  the  normal  to  the 
interface  by  the  incident  and  refracted  portions  of  a  stream  line. 
For,  since  the  current  is  steady,  so   that  no  electric  charge 
accumulates  anywhere,  Kirchhoff's  law  I.  gives 

z,  cos  6^  =  i^  cos  ^2  (19) 

and  the  principle  of  conservation  of  energy  gives 

E^  sin  6^  =  E^  sin  6.^  (20) 

and  these  equations,  since  z  = /6 -£",  give  ( 1 8)  on  division.  Cf. 
§  2,  IV. 

c  being  interchanged  for  k  and  i  for  D,  the  discussion  in  §  2, 
IV.,  and  the  description  in  following  articles  of  fields  in  two  or 
more  dielectrics  apply  to  the  fields  of  intensity  and  flow  in  con- 
ductors. It  must  always  be  remembered,  however,  that  one  of 
the  k's  may  be  zero,  while  c  can  never  be  less  than  r^  =  i  ;  so 
that  k^l  k^  may  be  zero  or  infinity  without  either  k^  or  k^s  being 
infinite. 
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14.  General  Formula  for  Conductance  and  Resistance.  Con« 
ductance  and  Permittance.     From  (8)  we  have 

K^ilR^IjV,, 
while  (6)  gives 

the  integration  being  taken  over  an  electrode,  or  over  the  portion 
within  the  conductor  of  any  equipotential  surface.     Moreover, 

V,,  =  fEdL 

along  a  line  of  intensity  or  flow  from  one  electrode  to  the  other. 
Hence 

K=i/R  =  //F,2  =  ^kEdSl^EdL  =  JkEdSIV^^     (21) 

By  comparing  (16)  and  (21)  with  (3)  and  (24),  Chapter  I.,  it 
will  be  seen  that  K  bears  the  same  relation  to  k  that  the  per- 
mittance 5  bears  to  the  permittivity  c.     Since  K  =  JkEdS  jV^^, 

while  5  =  jcEdS  jV^^,  the  process  of  finding  the  conductance  of 
the  portion  of  a  conductor  between  two  given  electrodes  or  equi- 
potential surfaces  is  identical  with  that  of  finding  the  permittance 
of  a  dielectric  occupying  the  same  space  as  that  occupied  by  the 
conductor  and  having  the  same  electric  field  as  that  within  the 
conductor,  except  that  k  must  be  substituted  for  c.  In  most 
permittance  problems  it  is  impossible  to  deal  accurately  with 
finite  electrodes  and  finite  electric  fields,  there  being  no  substance 
of  zero  permittivity  with  which  an  electric  field  may  be  sur- 
rounded to  prevent  its  spreading  indefinitely.  A  conductor,  on 
the  other  hand,  may  easily  be  placed  in  a  region  of  zero  con- 
ductivity, so  that  the  current  tubes  are  wholly  restricted  to  its 
own  substance,  and  within  the  conductor  the  lines  of  flow  and 
lines  of  intensity  are  coincident.  This  makes  conductance 
problems  much  simpler  in  many  cases  than  the  corresponding 
problems  in  electrostatics. 

15.  The  Conductance  and  Resistance  of  Various  Conductors.  In 
all  the  examples  which  follow  the  electrodes  may  be  supposed 
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to  be  surfaces  of  infinitely-  thin  sheets  of  perfectly  conducting 
material  {k  =  infinity),  in  order  to  insure  their  being  true  elec- 
trodes, that  is,  equipotentials  normal  to  the  lines  of  intensity  and 
flow  (see  §  12). 

The  corresponding  permittances  having  been  already  deter- 
mined (Chapter  II, ),  the  conductances  are  found  as  indicated  in 
the  last  article,  from  the  following  relation 

K=kSlc  (22) 

1.  For  a  right  cylinder  of  cross-section  A  and  length  d,  with 
its  ends  as  electrodes,  (29),  II.,  gives,  with  (22), 

K=\lR  =  kA\d  (23) 

as  already  shown  directly  in  §  10. 

2.  For  a  conducting  spherical  shell  between  two  spherical  elec- 
trodes of  radii  L^  and  L^  =  L^-\-  d,  (5),  II.  gives,  in  the  same  way, 

X^i/R  =  (4'n-k/ d)  L^'{i+  dlL^)  (24) 

For  a  hemispherical  shell,  half  of  the  last,  we  have 

K'  =^A'=  {2'iTkld)  L^  (I  +  djL^  (25) 

and  so  on  for  all  fractions  of  the  shell  obtained  by  cutting  it  up 
with  cones  having  their  apices  at  its  center. 

3.  For  the  conductance  of  an  infinite  conductor  in  which  two 
spherical  electrodes  of  radii  Z,  and  L^  are  immersed  at  a  great 
distance  apart,  a  slight  generalisation  of  (43),  II.  gives 

K=4'rrkl{ilL,+  ilL,)  (26) 

If  the  infinite  conductor  is  bounded  by  a  plane  surface,  and  if 
two  hemispherical  electrodes  are  placed  in  the  conductor  with 
their  bounding  circles  in  the  plane  of  the  conductor's  surface, 
the  conductance  is 

K'=^:^K=2'rrkl{ilL,+  ilL^)  (27) 

4.  The  conductance  of  a  right  circular  cylindrical  shell  of 
radii  L  and  L  +  d  and  of  length  /  is,  from  (23),  II., 

K=  27r/&//log  (I  +  djL)  ^28) 
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5.  The  conductance  of  an  infinite  plane  slab  of  thickness  /and 
with  two  right  circular  cylindrical  electrodes  of  radius  R  and 
centers  distant  2^/ apart,  is,  by  (62),  II., 

J<:=  trkljlog  [Rj  [d-  {d'  -  7?^i]  }  (29) 

If  the  slab  is  cut  symmetrically  into  halves  by  a  plane  passing 
at  right  angles  to  the  plane  through  the  axes  of  the  two  elec- 
trodes, and  if  this  plane  is  made  an  electrode,  the  conductance 
of  either  half  is  twice  that  of  the  whole  ;  or 

K'  =  2K=  27r/&//log  [Rj  [d  -  {d^  -  7?2)i]  }  (30) 

In  the  same  manner,  from  Chapter  IV.,  the  conductances  of 
some  simple  non-homogeneous  conductors  may  be  obtained. 

16.  Joule's  Law :  In  a  homogeneous  conductor  of  resistance 
R  traversed  by  a  current  /  heat  is  developed  at  the  rate 

dHjdt  =  Rn  (31) 

This  relation  may  be  established  as  follows  :  In  the  time  dt  a 
charge  ^^^(-l-)  and  a  charge  dqj^—)  equivalent  to  a  charge  Idt 
(-I-)  in  the  direction  of  the  current  cross  every  section  of  a  con- 
ductor carrying  a  steady  current  /.  Hence  the  work  done  in 
the  time  dt  by  the  electric  field  upon  the  conductor  of  resistance 
R,  if  the  voltage  between  its  electrodes  is  V^^,  is 

dW  =  VJdt  =  RI-  Idt  =  RPdt 

by  §  1 2  and  the  law  of  Ohm.  Hence  the  time  rate  at  which 
work  is  done  by  the  electric  field  in  the  conductor  of  resistance 
Ris 

dW/dt==  VJ=Rn  (32) 

Now  heat  is  always  developed  in  a  conductor  during  the 
passage  of  a  current.  Hence,  if  no  other  transformation  of 
energy  occurs  between  the  electrodes  of  the  conductor  dW]dt^= 
RP  must  be  the  rate  at  which  heat  is  generated  in  the  con- 
ductor when  traversed  by  the  current  /.     That  this  is  the  case 
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when  the  conductor  is  homogeneous  (including  constancy  of 
temperature  throughout)  has  been  proved  by  the  researches  of 
Joule  and  others,  whose  experimental  results  are  in  strict  accord 
with  the  above  equation  when  dWjdt  is  equated  to  dHjdt. 
Hence  the  law,  expressed  in  (31).  If  the  conductor  is  not 
homogeneous  (and  for  all  but  three  directions  of  the  stream- 
lines, if  the  conductor  is  not  isotropic^  it  contains  intrinsic 
e.m.f  s,  §  19,  and  in  addition  to  the  Joulean  heat  transformation 
other  transformations  take  place. 

Differential  Form  of  Joule's  Law.  The  dissipativity  at  any 
point  of  a  conductor  is  the  time  rate  per  unit  current  (squared) 
at  which  heat  is  there  generated  per  unit  volume.  To  find  the 
dissipativity,  which  will  be  denoted  by  dhj  dt,  consider  the  ele- 
mentary volume  enclosing  the  given  point  and  included  within  a 
tube  of  flow,  of  cross-section  dS,  between  two  equipotentials  dis- 
tant dL  apart.  The  resistance  of  this  element  of  volume  dr  = 
dL  dS,  is  EdLjidS  the  current  along  the  tube  being  idS. 
Hence 

dhldt  =  {EdLjidS)  {idSfl{dSdL)  =  Ei  =  kE^  =  ri^     (33) 

which  expresses  Joule's  law  as  applied  to  the  element  of  volume 
at  any  point  of  a  conductor. 

Experiment  justifies  the  statement  that  (31)  and  (33)  are  ap- 
plicable to  any  conductor,  homogeneous  or  not,  the  total  heat  de- 
veloped being  equal  to  the  sum  of  the  Joulean  heat  and  the  heat 
developed  owing  to  the  operation  of  other  factors  than  resistance. 

By  the  last  equation,  (31)  may  be  written 

dH/dt  =  RP  =  ^Eidr  =  JkE^dr  =  fi'  /k-dT  =  fri^dr    (34) 

the  integrals  being  extended  throughout  the  part  of  the  conductor 
considered.  From  this  equation  it  is  clear  that  the  amount  of 
heat  dissipated  per  unit  time  by  the  resistance  of  a  conductor  can 
be  obtained  from  the  formula  for  the  energy  in  the  correspond- 
ing case  in  electrostatics,  viz.,  W=  J^cE^dr,  by  substituting  k 
for  ^c,  etc. 
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17.  Definition  of  Resistance  by  Joule's  Law.  The  proportion- 
ality between  dHldt  and  P  having  been  established  by  experi- 
ment, the  resistance  of  a  conductor,  R,  might  have  been  defined 

by  the  relation 

R={dHldt)IP  (35) 

without  recourse  to  Ohm's  law.  This  procedure  would  be  in 
perfect  harmony  with  all  that  is  known  of  the  nature  of  resist- 
ance, whose  only  function  seems  to  be  the  dissipation  of  energy 
in  heat,  as  it  is  dissipated  by  mechanical  friction. 

Joule's  Method  of  Determining^  Resistance  in  Absolute  Measure. 
By  placing  a  conductor  in  a  calorimeter  and  measuring  the  rate 
dHjdt  at  which  heat  is  developed  therein  when  a  known  current 
/  traverses  the  conductor,  its  resistance  R  may  be  obtained  from 
(35). 

18.  Mechanical  Analogue  of  the  Law  of  Ohm  and  the  Law  of 
Joule.  Consider  a  pipe  through  which  an  incompressible  liquid 
flows  at  a  constant  rate,  the  volume  of  liquid  carried  per  unit  time 
across  every  section  of  the  pipe  being  /.  The  flow  of  the  liquid  is 
opposed  by  a  frictional  pressure  assumed  to  be  proportional  to 
/.  Let  this  pressure  be  denoted  by  —  RI,  R  being  a  constant 
for  the  given  pipe  and  liquid.  To  overcome  this  pressure,  that 
is,  to  keep  up  the  constant  rate  of  flow  /,  an  equal  and  opposite 
pressure  V^^  =  -j-  R/  must  be  applied  in  the  direction  of  the  cur- 
rent. This  pressure  does  work  against  friction  at  the  rate  V^,l 
=  Rf^,  which  is  therefore  the  rate  at  which  energy  is  dissipated 
in  heat  in  the  circuit. 

19.  Intrinsic  and  Impressed  Electromotive  Force.  In  order  to 
maintain  an  electric  current,  with  its  continual  dissipation  of 
energy  in  heat  according  to  Joule's  law,  and  its  possible  per- 
formance of  work  of  various  kinds,  every  circuit  continuously 
carrying  a  current  must  contain  one  or  more  regions  in  which 
energy  in  some  otlier  form,  as  mechanical,  chemical,  or  thermal 
energy,  is  transformed  into  the  energy  of  the  electric  current  (the 
energy  of  the  electromagnetic  field).     Such  a  region  is  said  to 
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contain,  or  to  be  the  seat  of,  an  intrinsic  electromotive  force ;  and 
the  agent  through  which  the  energy  transformation  is  effected, 
or  may  be  effected,  as  a  dynamo,  a  voltaic  cell,  or  a  thermo- 
couple, is  said  to  possess  the  intrinsic  electromotive  force. 

In  strictness,  the  intrinsic  electromotive  force  in  a  region  is 
defined  as  the  rate  at  which  energy  in  some  other  form  is  there 
transformed  into  the  energy  of  the  electric  current  (the  energy 
of  the  electromagnetic  field)  divided  by  the  strength  of  the  cur- 
rent. Thus,  if  P  denotes  the  rate  at  which  electrical  energy  is 
generated,  or  power  taken  into  the  circuit  in  the  region  by  trans- 
formation, /the  current,  and  "^  the  intrinsic  electromotive  force 

^  =  P//  (36) 

Any  part  of  a  circuit  in  which  electrical  energy  is  transformed 
into  energy  of  another  form  is  also  said  to  contain  an  intrinsic 
e.m.f.,  provided  that  the  agent  effecting  the  transformation  when 
acting  independently  can  reverse  the  direction  of  the  transforma- 
tion, or  transform  energy  of  the  other  form  into  electrical  energy, 
i.  e.,  itself  maintain  an  electric  current.  Thus  an  electric  motor, 
by  which  electrical  energy  is  transformed  into  mechanical  energy, 
and  a  storage  battery  while  charging,  by  which  electrical  energy 
is  transformed  into  chemical  energy,  possess  intrinsic  e.m.f.s, 
since  each  acting  alone  can  generate  electrical  energy,  the  one 
when  mechanically  driven  acting  as  a  dynamo,  the  other  as  a 
voltaic  cell.  The  intrinsic  e.m.f.  ^  is  given  in  all  cases  by  (36), 
proper  attention  being  paid  to  the  sign  of  P.  Thus  if  in  any 
region  power  is  taken  into  the  circuit  by  transformation,  P  in  this 
region  is  positive  and  ^  and  /  have  the  same  direction.  If  in  any 
region  electrical  energy  is  transformed  into  some  other  form  of 
energy,  or  power  given  out  by  the  electrical  system,  P  in  this 
region  is  negative,  "^  and  /  have  opposite  signs,  or  directions,  and 
the  intrinsic  e.m.f.  opposes  the  current.  It  is  by  overcoming 
this  counter  e.mf.  that  the  transformation  of  electrical  energy 
into  energy  of  some  other  form  is  effected.  In  all  cases  a  reversal 
of  the  current  reverses  the  sign  of  the  energy  transformation  by 
an  agent  with  an  intrinsic  e.m.f. 
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Also,  any  region  in  which  energy  is  transformed  from  some 
other  form  into  electrical  energy,  or  from  electrical  energy  into 
energy  of  some  other  form,  at  the  time  rate  P  when  the  current 
has  the  value  /  is  said  to  contain  an  e.m.f.  Pj I,  although  in  the 
latter  case  the  e.m.f  may  not  be  intrinsic.  Thus,  according  to 
Joule's  law,  a  homogeneous  conductor  of  resistance  R  when  tra- 
versed by  a  current  /  transforms  electrical  energy  into  heat  at 
the  rate  RP.  Hence  the  conductor  is  the  seat  of  an  electro- 
motive force  equal  to 

-  {dHldt)II=  -  Rn\I=  -RI=-  V,,  (37) 

This  negative,  or  counter,  e.m.f.,  —  R/=  —  f^j  *^  "°*'  however, 
included  among  intrinsic  e.m.f. s,  since  if  the  conductor  is  heated 
a  current  is  not  produced,  or  if  the  direction  of  the  current  is 
reversed,  heat  is  still  generated  at  the.  same  rate,  not  absorbed^  as 
it  would  be  if  the  e.m.f.  were  reversible  and  intrinsic. 

Other  electromotive  forces  exist,  like  potential  differences 
(non-intrinsic  e.m.f  s  of  static  fields  or  fields  of  conductors  carr}'-- 
ing  steady  currents)  and  the  non-intrinsic  e.m.f.s  of  induction 
(XIII.),  by  which  energy  is  transferred  in  the  electromagnetic 
field,  but  never  transformed.  These  e.m.f.s,  together  with  in- 
trinsic e.m.f  s,  may  act  as  impressed  e.m.f  s.  The  impressed  e.m.f. 
between  the  electrodes  of  a  conductor  is  equal,  by  definition,  to 
the  sum  (§21)  of  the  intrinsic  e.m.f.s  included  between  them, 
P\I,  plus  the  time  rate  P\  at  which  electromagnetic  energy  is 
transferred  to  the  region  between  them  from  the  surrounding 
field  (developed  by  intrinsic  e.m.f.s  in  other  parts  of  the  circuit  or 
in  other  circuits  transforming  energy  of  another  kind  into  electro- 
magnetic energy  if  P'jl  is  positive)  divided  by  the  current  /. 

Thus  the  impressed  e.m.f  in  a  homogeneous  conductor  of  re- 
sistance R  carrying  a  steady  current  /  is  V^^  =  RI  (exactly 
equal  and  opposite  to  the  counter  e.m.f.  of  resistance.  —  /?/), 
the  difference  of  potential  V^^,  by  which  the  energy  is  transferred 
to  the  conductor  at  the  rate  f^,/=  -^/^  being  developed  by  an 
intrinsic  e.m.f  situated  outside  the  portion  of  the  circuit  consti- 
tuting the  homogeneous  conductor  considered.     See  XVI. 
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A  general  characteristic  of  non-intrinsic  e.m.f.s  is  that  they 
have,  Hke  the  force  of  friction  in  mechanics  (analogous  to  the 
counter  e.m.f,  of  resistance,  —  R/),  or  like  the  elastic  reaction  of 
a  stretched  spring  (analogous  to  a  difference  of  potential),  no  in- 
dependent existence  of  their  own,  but  are  developed  only  through 
the  action  of  an  agent  possessing  a  true  intrinsic  electromotive 
force,  such  as  a  dynamo  or  a  voltaic  cell.  This  is  equivalent  to 
the  statement  that  electrical  energy  is  never  generated  at  the 
expense  of  energy  in  some  other  form  through  the  agency  of  a 
non-intrinsic  e.m.f. 

In  what  follows  many  cases  of  intrinsic  and  impressed  e.m.f  s 
will  be  considered. 

20.  Intrinsic  Electric  Intensity  and  E.M.F.  The  intrinsic  e.m.f. 
in  a  region  may  be  regarded  as  the  line  integral  of  an  intrinsic 
electric  intensity  in  the  region.  If  this  intensity  is  denoted  by  e, 
we  have  therefore 

'^=fe-cosedL  (38) 

where  6  denotes  the  angle  between  the  direction  of  e  and  that  of 
the  element  of  the  path,  dL,  at  any  point. 

Consider  a  tube  of  flow  of  cross-section  dS  at  a  point  where 
the  intrinsic  intensity  is  e.  If  6  denotes  the  angle  between  the 
directions  of  e  and  of  i,  the  intrinsic  e.m.f.  between  two  right 
cross-sections  of  this  tube  distant  dL  apart  is  e  cos  6  •  dL.  The 
current  through  the  tube  is  i-dS.  Hence  the  rate  at  which 
power  is  transformed  into  the  circuit  per  unit  volume  at  the  point 

is 

dP  jdr  =  e  ■  cos  Q-dL- idS  jdSdL  =  ei-  cos  6  (39) 

From  this  power  equation  e  ■  cos  6,  the  component  of  e  in  the 
direction  of  i,  might  be  defined  as 

e-cos  d  =  {dP/  dT)/i  (40) 

'  If  P  denotes  the  total  power  transformed  into  electrical  energy 
in  an  isolated   electric  circuit,   and   /  the   current,   then,    since 
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/>=  dWIdt  and  /=  dqjdt,  ^  =  PjI=  dWjdq.  That  is,  "V  is 
the  work  per  unit  charge  done  in  carrying  a  charge  around  the 
circuit.  Hence  our  definition  of  an  intrinsic  e.m.f.,  and  therefore 
our  definition  of  an  intrinsic  intensity,  is  in  agreement  with  the 
general  definition  of  §  17,  I.  The  same  is  true  of  the  impressed 
e.m.f. 

When  P  is  expressed  in  ergs  per  second,  and  /  in  the  RES 
unit  current,  or  when  dW  is  expressed  in  ergs  and  dq  in  the  RES 
unit  charge,  "^  is,  by  definition,  expressed  in  the  RES  unit  e.m.f. 

21.  Intrinsic  Electromotive  Forces  in  Series.  If  any  number, 
«,  of  agents  with  individual  electromotive  forces  "^j,  "^j,  •  •  • ,  "^ ^ 
are  connected  up  in  series,  so  that  the  same  current  traverses 
each,  the  resultant  e.m.f.  is 

^  =  ^,  +  ^,+  ..:+^„  (39) 

proper  attention  being  paid  to  signs.  For  if  P,  P^,  P^,  etc.,  de- 
note the  power  supplied  to  the  circuit  by  the  resultant  e.m.f.  and 
the  powers  supplied  by  the  individual  e.m.f s,  and  /the  current, 

P=^/=^/+>P/-f  ...  + >P/ 

from  which  (39)  immediately  follows. 

The  above  proposition,  demonstrated  for  intrinsic  e.m.fs,  is 
obviously  also  true  for  the  more  general  impressed  e.m.f.s. 

Intrinsic  Electromotive  Forces  in  Multiple.  If  any  number,  n, 
of  similar  agents  having  the  same  e.m.f  '^'  are  connected  up  in 
multiple,  so  that  one  wth  of  the  current  traverses  each  in  the 
same  direction,  the  resultant  e.m.f.  "^  is  eqnal  to  ^'.      For 

P=W=/',  +  /',  4- •••  +  /'„ 

22.  Ohm's  Law,  General  Form,  Deduced  from  Joule's  Law.  Let 
the  resistance  of  a  conductor  i  C2,  Fig.  72,  between  two  electrodes 
I  and  2  be  denoted  by  R.  Let  the  conductor  be  traversed  by  a 
current,  reckoned  positive  when  in  the  direction   i  C2,  with  the 
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same  value  /  at  any  instant  across  every  section,  and  let  the  con- 
ductor be  acted  upon  by  an  impressed  e.m.f.  '^^^  +  '^12'  =  -P/-^ 
+  P'//,  '^12  ^^^  ^12  being  reckoned  positive  when  in  the  direc- 
tion of  the  current  I  (i.  c,  1C2).  "^jg  is  the  intrinsic  e.m.f.  be- 
tween the  electrodes,  and  ^^^  the  electromagnetic  energy  per 
unit  current  transferred  per  unit  time  to  the  region  i  C2  (negative 
when  power  is  transferred  from  1  C2). 


Fig,  72. 

While  the  current  /  traverses  the  circuit,  the  conductor  i  C2 
receives  energy  at  the  rate 

p+P'  =  {^^,_  +  ^^^'y 

and  its  resistance  dissipates  energy  in  heat  at  the  rate 

dHjdt  =  RP 

Hence,  by  the  principle  of  the  conservation  of  energy, 

(^i2  +  ^,/y=^^'  (41) 

whence 

or  (42) 

(42)  {a)  states  that  the  impressed  e.m.f  in  any  conductor  is 
equal  and  opposite  to  the  counter  e.m.f  of  resistance  (  —  RI). 

(42)  [b)  states  that  the  current  in  any  conductor  is  equal  to  the 
impressed  e.m.f  acting  upon  the  conductor  divided  by  its  re- 
sistance. 

Either  of  these  statements  constitutes  Ohm's  law  in  its  general 
integral  form. 

20.  General  Differential  Form  of  Ohm's  Law.  Impressed  Elec- 
tric Intensity.     The  impressed  e.m.f  in  a  region  may  be  regarded 
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as  the  line  integral  of  a  total  or  impressed  electric  intensity  E  = 
vector  sum  of  e  and  E\  the  field  intensity  Flq,  in  the  direction 
of  the  current  density  it  produces.     Thus 

^..  +  ^./=  /  EdL  =f  (e  +  ByL  (43) 

along  a  line  of  impressed  identity,  (r  +  £')  being  a  vector  sum. 
Applying  (41)  and  (43)  to  a  stream-tube  whose  cross-section 
is  (is  at  a  point  P  where  the  impressed  intensity  is  £  =  ^  -f  B, 
we  have,  for  the  element  of  volume  dr  —  dL'dS  enclosing  P  and 
bounded  by  the  sides  of  the  tube  and  two  right  cross-sections 
distant  dL  apart, 

EdL  •  ids  ={e  +  E')dL  ■  idS  =  riULdS  =  i^jk  ■  dLdS 

whence 

i=kE=k{e-\-  E')  =  Ejr  ={e-\-  E')lr  (44) 

which  is  the  general  differential  form  of  Ohm's  law. 

When  E  =  E' ,  or  e  —  o,  (44)  reduces  to  (16). 

23.  Ohm's  Law  for  Constant  Current.  Let  the  electrodes  i 
and  2  of  the  conductor  i  C2,  Fig.  72,  be  maintained  at  the  poten- 
tial difference  V^^  (with  the  assistance  of  an  intrinsic  e.m.f  located 
outside  I C2,  if  necessary)  while  the  conductor  i  C2  is  traversed 


•    Rg.  73. 

by  a  constant  current  /.  Then  electromagnetic  energy  is  gen- 
erated in  the  conductor  at  the  rate  PI  =  ^yJ,  and  electromag- 
netic energy  is  transferred  from  the  field  into  the  conductor  at 
the  rate  P  =  "^^^  1=  V^J,  the  total  impressed  e.m.f.  in  the  con- 
ductor in  the  direction  i  C2  being  thus  V^^  4-  ^i^ 
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In  this  case,  therefore,  Ohm's  law  (42,  b)  becomes 

.     i={y,,^^,^\R  (45) 

(i)  \{  V^^-=0,  that  is,  if  the  electrodes  i  and  2  are  connected 
together  as  in  Fig.  73,  to  form  a  closed  circuit,  (45)  becomes 

/=^Ji?  (46) 

which  is  Ohm's  law  for  a  closed  isolated  circuit  traversed  by  a 
constant  current. 

(2)  If  '^j2  =  o,  that  is,  if  the  conductor  i  C2  is  homogeneous 
without  an  intrinsic  e.m.f.,  (45)  becomes 

I-y^^lR  (47) 

which  is  Ohm's  law  for  a  homogeneous  conductor  traversed  by 
a  constant  current. 

(3)  If  Fj2  4-  "^52  is  greater  than  zero,  /  has  the  direction  i  C2  ; 
if  Vy^  +  "^,2  ^s  ^^^^  than  zero,  /  has  the  opposite  direction. 

(4)  If  V^^  +  ^,2  =  o.  that  is,  if  V^^=  ~  ^^2  =  ^2v  ^=0.  and 
the  agent  with  intrinsic  e.m.f.  "^^^  is  on  open  circuit.  Thus  the 
difference  of  potential  between  the  terminals  of  a  voltaic  cell,  or 
other  agent  possessing  an  intrinsic  e.m.f  when  no  current  is  flow- 
ing, or  when  on  open  circuit,  is  equal  in  magnitude  to  the  intrinsic 
e.m.f.  for  zero  current,  but  has  the  opposite  direction. 

24.  Mechanical  Analogue  of  the  Relation  Vj2  +  "^12  =  B,I>  etc. 
Let  an  incompressible  liquid  flow  at  the  constant  rate  /  units 


I 

J 


Fie.  74. 

volume  per  second  in  the  direction  12  of  the  arrows.  Fig.  74, 
across  every  section  of  a  pipe  AB  containing  a  screw  propeller, 
or  pump,  C  producing  a  difference  of  pressure  "^jj,  in  the  direc- 
tion of  the  current  (1C2),  on  its  two  sides.  If  the  sections  P^ 
and  P^  are  maintained  at  pressures  V^  and  V^,  or  at  the  pressure 
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difference  V^^  =  K~  K'  '^^  ^^^^  /^^^  °^  pressure  along  the 
pipe  from  P^  to  P^  is  V^^  +  ^,j  =  -f  R/,  and  the  rate  at  which 
work  is  done  against  friction  within  the  volume /^Pj  is  (F,j -f 
'^^^)/=  RP,  R  having  the  significance  attached  to  it  in  §i8. 

If  the  pipe  is  bent  around  and  P^  and  P^  joined  together,  so  as 
to  form  a  closed  circuit,  Fj  =  J^  or  V^^  =  o,  and  "^j^  =  RI. 

If  elastic  membranes  are  stretched  across  the  pipe  at  /*,  and  P^ 
(either  before  or  after  /*,  and  P^  are  joined  together),  the  propeller 
will  force  liquid  from  the  region  A  into  the  region  B  (analogous 
to  the  positive  and  negative  charges  of  the  terminals  of  an  agent 
possessing  an  intrinsic  e.m.f.,  when  on  open  circuit)  until  the 
pressure  in  B  exceeds  the  pressure  in  A  by  the  amount  V^^  =  "^j^, 
numerically,  when  the  current  will  cease. 

25.  The  Fall  of  Potential  Around  a  Closed  Circuit.  Consider 
a  closed  circuit  containing  an  agent  with  an  intrinsic  e.m.f.  '^ 
and  traversed  by  a  constant  current  /.  Let  the  resistance  of  the 
agent,  called  the  internal  resistance,  be  denoted  by  B,  and  that 
of  the  rest  of  the  circuit,  called  the  external  resistance,  by  R, 
both  conductors  being  supposed  homogeneous.  Then  we  have, 
by  (46). 

^^BI^RI{=V,^V:)  (48) 

Now  BI  denotes  the  fall  of  potential,  J^,  in  the  direction  of 
the  current  through  the  resistance  B  of  the  agent,  and  RI  the 
fall  of  potential,  F,  in  the  direction  of  the  current  through  the 
external  resistance  R.  But  the  total  fall  of  potential  around  a 
complete  circuit  is  zero  (§18,  I.).  Hence  at  the  seat  of  the  in- 
trinsic e.m.f.  there  is  a  rise  in  potential  in  the  direction  of  the 
current  equal  to  ^  =  (^  +  R)I.  The  equation  T,  —  V^  =  ^^^, 
§  23,  (4),  is  a  particular  case  of  this  proposition  {R  =  infinity). 

To  make  the  fall  of  potential  as  great  as  possible  through  the 
external  circuit  it  is  clear  that  RIB  should  be  made  as  great  as 
possible,  if  ^  is  independent  of  the  current. 

The  e.m.f.  of  an  agent  is,  in  general,  a  more  or  less  compli- 
cated function  of  the  current,  although  there  are  some  cases  in 
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which  the  e.m.f.  is  constant  for  all  values  of  the  current.  The 
limiting  value  which  an  e.m.f.  approaches  as  the  current  ap- 
proaches zero,  and  the  resistance  infinity,  or  the  e.m.f.  on  open 
circuit,  is,  as  we  have  seen,  equal  and  opposite  to  the  potential 
difference  between  its  terminals  on  open  circuit.  If  V  denotes 
this  potential  difference,  and  if  "^  above  is  independent  of  the 
current,  we  have,  for  all  values  of  the  current, 

v=  K  +  K  (49) 

26.  KirclihoflF's  Law  II.     In  any  closed  circuit  in  a  network  of 

conductors  traversed  by  steady  currents,  as  the  circuit  i  2  3  4  ■  •  •  « 

in  Fig.  75,  the  algebraic  sum  of  all  the  intrinsic  e.m.f.s  is  equal 


Fig.  75. 


to  the  algebraic  sum  of  the  products  RI.  That  is,  if  "^^^y  ^23' 
•  •  •,  '^^j  denote  the  intrinsic  e.m.f.s  in  the  branches  12,  23,  •  •  •  ;n, 
■^12'  -^23'  ■  ■  ■ '  -^ni  ^^^  resistances  of  the  same  branches,  and  /j,^,  L^, 
. .  • ,  /^j  the  currents,  both  currents  and  e.m.f.s  being  reckoned 
positive  in  the  same  direction,  as  1 2  •  •  •  ;n ,  around  the  circuit, 
then 

2:^  =  E^/  (50) 

For,  by  (45) 

•^  12     T^     ^12  ''*-I2"'l2 

V  4-"*"    =  R  I 

^   23   "^        23  -'*-23     23 


nl      '  nl  nl    nl 

from  which,  by  adding  up  both  members  separately,  we  obtain 
(50). 
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27.  Wheatstone's  Bridge  consists  of  a  network  of  six  conduc- 
tors arranged  as  in  Fig.  "jd  or  Fig.  j"],  with  an  intrinsic  e.m.f,  ^ 
in  the  branch  13,  Fig.  76,  or  the  branch  24,  Fig.  "jy.  Let  the 
currents  in  the  branches  be  denoted  by  A,  B,  C,  D,  F,  and  G,  as 
shown  in  the  figure,  the  current  in  any  branch  being  positive 
when  in  the  direction  of  the  arrow-head  in  that  branch  ;  and  let 
the  corresponding  resistances  of  the  branches  be  denoted  by  a, 


F  = 

'.A  +  B 

C  = 

■.A-\-G 

Z?  = 

■.B-G 

d,  c,  d,f,  and  g.  First  we  shall  find,  from  Kirchhoff's  laws,  the 
current  G  in  the  branch  24  when  the  e.m.f.,  "^,  is  in  the  branch 
13,  Fig.  76. 

Applying  Kirchhoff's  law  I.  to  each  of  the  sets  of  conductors 
meeting  in  the  points  i,  2,  and  4,  we  obtain  the  relations 


w 


Applying  Kirchhoff's  law  II.  to  each  of  the  closed  circuits 
1 24 1,  2342,  and  143 1,  we  obtain 

—  Gg  +  Aa—  Bb  =  0 

Gg-Jr  Cc  —Dd=o 

Ff+Bb  +  Dd^"^ 

On  eliminating  C,  D,  and  F  by  {a),  and  rearranging,  these 
equations  become 
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^gG-^  aA  —  bB  =  o 

{g-V  c-\-  d)G  +  cA  —  dB  =  o 

-  dO  +fA  +  {b  ^-d  ^f)B  =  ^ 
from  which 

G=^{bc-ad)/Q  .  (51) 

if  Q  is  written  for  the  determinant  of  the  coefficients  of  the  cur- 
rents in  the  last  set  of  equations,  viz., 

-g  a  —b  =Q 

{g+c-\-d)  c  -d    ,  (52) 

-d  f         {b  +  d+f) 

The  current  in  any  other  branch  can  be  found  in  the  same 
manner. 

The  difference  of  potential  between  the  points  4  and  2  is 

V,,=  Gg=^{bc-ad)glQ  (53) 

and  may  be  made  as  small  a  fraction  of  ^  as  desired  by  giving  a 
suitable  value  to  (be  —  ad). 

From  (41)  and  (52)  and  a  comparison  of  Figs.  y6  and  "jy,  we 
see  that  when  the  e.m.f  ^  is  in  the  branch  24,  Fig.  yy,  the 
current  in  the  branch  13  is 

F='¥{bc-ad)IQ  (54) 

Thus  the  current  in  the  conductor  24  due  to  e.m.f.  in  the 
conductor  13  is  equal  to  the  current  in  the  conductor  13  due  to 
the  same  e.m.f  in  the  conductor  24,  all  the  resistances  remaining 
unaltered. 

By  a  similar  method,  this  reciprocal  relation  may  be  shown  to 
hold  for  any  two  branches  of  the  network,  or  any  network. 

When  be  =  ad,  the  current  in  either  of  the  two  conductors  1 3 
or  24,  due  to  an  e.m.f  in  the  other,  is  zero.  The  two  conduc- 
tors are  then  said  to  be  eonjugate.  In  this  case  the  conductor 
in  which  there  is  no  current  may  be  removed,  or  its  resistance 
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may  be  altered  in  any  manner,  without  affecting  the  state  of  the 
rest  of  the  system. 

From  the  relation  /,2  =  ( F,2  +  '^,2)/-^i2  ^^^  the  principle  of 
superposition  of  potentials  and  e.m.fs,  it  follows  immediately 
that  if  any  number  of  e.m.fs  is  placed  in  the  network,  each  will 
produce  in  any  part  of  the  system  the  same  current  it  would  have 
produced  if  acting  alone.  The  current  in  any  branch  is  thus  the 
algebraic  sum  of  the  currents  due  to  each  e.m.f  separately. 

Suppose  an  e.m.f.  placed  in  one  of  the  branches  12,  23,  34, 
or  41,  Fig.  76.  It  will  produce  a  current  in  the  other  branches, 
including  24.  But  if  dc  =  ad,  the  e.m.f.  in  13  will  produce  no 
current  in  24,  whatever  this  e.m.f.  may  be.  Suppose  the  e.m.f. 
■^  to  have  such  a  magnitude  and  direction  as  to  produce  a  cur- 
rent in  the  branch  13  exactly  neutralising  the  current  in  the  same 
branch  due  to  the  e.m.f  in  the  other  branch.  Then  there  is  no 
current  in  the  branch  13,  and  it  may  be  removed,  or  its  resistance 
may  be  made  infinite,  without  affecting  the  currents  in  the  other 
branches.  Thus,  when  dc  =  ad,  the  current  in  24  is  independent 
of  the  resistance,  as  well  as  of  the  electromotive  force,  in  the 
branch  13.  This  result  is  applied  below  to  Mance's  method  of 
measuring  the  resistance  of  a  conductor  containing  an  intrinsic 
e.m.f. 

The  condition  that  the  two  conductors  1 3  and  24  may  be  con- 
jugate, viz.,  dc  =  ad,  can  be  found  very  simply  as  follows.  Let 
the  voltages  between  the  points  12,  23,  34,  etc.,  Figs.  76  and 
77,  be  denoted  by  V^^,  V^,  V^^,  etc.  Then  we  have,  as  the  con- 
dition that  G  may  be  zero  in  the  arrangement  of  Fig.  76,  l\^  =  o. 
We  have  also,  in  this  case,  A  =  C,  and  B  =  D.     Therefore 


and 


V,,  =  aA=  l\,  =  bB 


V^^  =  cA=l\,  =  dB 


Dividing  aA  =  bB  by  cA  =  dB,  we  obtain  a  j  c  =  b  I  d,  or 

bc  =  ad  (55) 
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In  exactly  the  same  way  we  find  that  only  this  same  condi- 
tion must  be  satisfied  in  order  that  F  may  vanish  in  the  arrange- 
ment of  Fig.  'jj. 

Hence  the  conductors  13  and  24  are  conjugate  when  this  con- 
dition is  satisfied. 

The  Wheatstone's  bridge  is  very  extensively  applied  to  the 
comparison  of  electrical  resistances. 

28.  The  Comparison  of  Electrical  Eesistances.  Thus  suppose 
we  have  an  unknown  resistance  a  which  is  to  be  compared  with 
a  standard  resistance  c.  The  resistances  a  and  c  are  connected  up 
with  two  other  resistances  b  and  d,  whose  ratio  must  be  known, 
as  in  Fig.  76  or  Fig.  'j'j,  and  the  terminals  of  a  battery,  or  other 
agent  with  an  intrinsic  e.m.f.,  are  connected  to  the  points  i,  3  or 
2,  4,  and  an  electrometer  (or  galvanometer,  XII. )  to  the  points 
2,  4  or  1,3.  Then  the  resistance  c,  or  the  resistances  b  and  d,  or 
all  three,  are  varied  until  the  needle  of  the  electrometer  (or  gal- 
vanometer, which  is  almost  invariably  used)  remains  undeflected 
whether  the  branch  containing  the  battery  is  opened  or  closed. 
Then,  by  (5  5),  «  =  ^  ^  /  ^. 

29.  Mance's  Method  of  Determining'  the  Resistance  of  an 
Agent  with  an  Intrinsic  E.M.F.  The  agent  whose  resistance, 
a,  is  to  be  determined  is  connected  up  as  in  Fig.  'jd  with  three 
other  resistances  c,  b,  and  d,  at  least  one  of  which,  together  with 
the  ratio  of  the  other  two,  is  known.  A  galvanometer  or  elec- 
trometer G  is  connected  to  the  points  2,  4,  and  a  wire  containing 
a  key,  but  no  e.m.f.,  to  the  points  1,3.  Then  the  resistances  c,  b, 
and  d,  or  at  least  one  of  them,  are  varied  until  the  deflection  of 
the  galvanometer  or  electrometer  is  the  same  whether  the  key 
connecting  the  points  i  and  3  is  open  or  closed.  When  this 
condition  is  reached,  the  current  through  the  branch  24,  or  the 
voltage  J^2>  ^s  independent  of  the  resistance  of  the  conductor  13, 
and  the  two  conductors  are  conjugate.      Hence- 

a  =  c  bjd 
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30.  Kelvin's  Method  of  Measuring  the  Resistance  of  a  Oalvano- 
meter  or  other  Current  Indicator.  The  galvanometer  or  electrom- 
eter of  §  28  is  removed  and  is  replaced  by  a  wire  [F  containing  a 
key,  and  the  instrument  whose  resistance  is  to  be  determined  is  put 
in  place  of  the  unknown  resistance  a.  Then  one  or  more  of  the 
resistances,  b,  c,  d,  are  varied  until,  the  battery  circuit  being  closed, 
the  permanent  indication  of  the  instrument  (a  deflection,  if  a  gal- 
vanometer or  similar  instrument  is  under  experiment ;  silence, 
if  a  telephone)  remains  constant  when  the  key  in  the  wire  W  is 
opened  or  closed.  Then  no  current  traverses  the  wire  in  either 
case,  and  a  =  cbjd,  as  in  §  28. 

31.  Kelvin's  Double  Bridge  furnishes  the  most  accurate  known 
means  of  comparing  two  very  small  resistances.  *  The  conductor 
Ay  Fig.  76,  of  a  Wheatstone's  bridge  arranged  for  the  comparison 
of  resistances,  §  28,  is  disconnected  from  the  conductor  B  at  the 
point  I,  and  the  terminals  of  one  of  the  resistances  to  be  com- 
pared, X,  are  connected  to  the  free  end  o{  A,  denoted  by  i',  and 
the  original  point  i.  In  like  manner,  C  \s  separated  from  D  and 
the  other  resistance  under  comparison,  j/,  is  connected  to  the 
point  3  and  the  free  end  of  C,  denoted  by  3'.  The  bridge  is 
completed  by  joining  the  points  i'  and  3'  with  a  third  conductor 
of  low  resistance.  The  resistances  a,  b,  c,  d  (all,  in  practise,  of 
considerable  magnitudes,  which  can  be  determined  with  precision 
by  other  methods),  or  either  c  and  d  or  a  and  b,  are  then  varied, 
the  ratio  bjd  being  kept  constantly  equal  to  ajc,  until  no  current 
traverses  the  galvanometer.  Then,  since  the  currents  through  a 
and  c  are  equal,  and  also  the  currents  through  b  and  d,  and  there- 
fore the  currents  through  x  and  j,  it  is  clear  that 

xjy  =  ajc  =  bjd  (56) 

For  a  thorough  discussion  of  the  Kelvin  bridge  in  its  general 
form,  SQQ  Zeiischr.  fiir  Instnancntenknnde,  Feb.  and  Mar.,  1903. 
Equation  (56)  does  not  express  the  general  condition  for  a 
balance. 

♦With  the  JKDSsible  exception  of  the  shunted  differential  galvanometer  method 
(F.  Kohlrausch,  Wied.  Ann.,  Vol.  20,  p.  76,  1883). 


CHAPTER   IX. 
ELECTROLYTIC  AND    METALLIC   CONDUCTION. 

1.  Metallic  Conduction.  The  electric  current  in  a  metallic  con- 
ductor, whether  a  pure  metal  or  an  alloy,  in  the  solid  or  liquid 
state,  is  not,  so  far  as  is  known,  associated  with  any  chemical 
change  in  the  conductor  or  with  the  convection  of  its  molecules 
or  atoms  from  one  part  to  another.  All  substances  which  con- 
duct in  this  manner  are  said  to  conduct  metallically.  A  theory 
of  metalHc  conduction,  based  on  the  motion  of  electrons,  will  be 
referred  to  in  §15. 

2.  Electrolytic  Conduction.  Electrolysis.  Ions.  The  electric 
current  in  most  chemical  compounds,  however,  is  invariably  as- 
sociated with  their  separation  into  two  constituents,  atoms  or 
groups  of  atoms,  called  ions.  These  ions  do  not  appear  separ- 
ately in  the  body  of  the  conductor,  but  only  at  the  electrodes  by 
which  the  current  enters  and  leaves  it.  Hence  one  of  the  ions 
moves  toward  the  anode,  and  is  therefore  called  the  anion ; 
while  the  other  moves  toward  the  kathode,  and  is  called  the 
kation. 

Substances  in  which  the  electric  current  is  associated  with  the 
transportation  of  atoms  or  molecules  are  called  electrolytes,  the 
process  of  electro-separation  of  the  constituents  is  called  electroly- 
sis, and  the  substances  are  said  to  conduct  electrolytically. 

The  simplest  electrolytes,  in  some  respects,  are  molten  salts, 
e.  g.,  KCl  at  a  temperature  above  734°  C.  During  the  elec- 
trolysis of  this  salt,  K  appears  at  the  kathode  and  CI  at  the 
anode.  Thus  K  is  the  kation  and  CI  the  anion.  As  in  this 
case,  so  in  the  electrolysis  of  salts,  acids,  and  bases  generally, 
the  kation  invariably  consists  of  a  metal  or  hydrogen,  and  the 
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anion  of  an  acid  element  or  radical  (sometimes  combined  with  a 
metal). 

The  commonest  electrolytes  are  aqueous  and  other  solutions 
of  salts,  acids,  and  bases.  In  such  a  solution,  all  together  an 
electrolyte,  the  dissolved  substance,  not  the  solvent,  is  separated 
into  the  moving  ions.  Hence  the  dissolved  substance  itself  is 
often  spoken  of  as  the  electrolyte.  It  must  be  remarked,  how- 
ever, that  pure  dry  acids,  salts,  and  bases  at  ordinary  tempera- 
tures, as  well  as  pure  water  and  other  solvents  whose  solutions 
are  frequently  electrolytes,  are  either  not  conductors,  or  else 
possess  extremely  small  conductivities. 

The  actual  determination  of  the  constituents  forming  the  ions 
is  sometimes  a  matter  of  considerable  difficulty.  For  in  many 
cases  the  ions  do  not  themselves  separate  out  at  the  electrodes, 
but  on  reaching  the  electrodes,  combine  with  them  chemically, 
if  such  reaction  is  possible,  or  with  the  solvent,  if  the  first  reac- 
tion is  impossible.  If  neither  reaction  is  possible,  the  ions  col- 
lect at  the  electrodes  or  are  there  liberated. 

Thus  if  molten  KCl  is  electrolysed  with  a  platinum  anode  and 
a  kathode  of  graphite,  metallic  potassium  may  be  collected  at  the 
kathode,  but  at  the  anode  the  CI  unites  with  the  platinum. 

Also,  if  an  aqueous  solution  of  HjSO^  is  electrolysed  between 
platinum  electrodes,  H  (the  kation)  appears  at  the  kathode, 
where  it  is  given  off  as  a  gas  (no  reaction  with  platinum  or  with 
water  being  possible) ;  and  SO^  (the  anion)  appears  at  the  anode. 
But  SO^  can  neither  combine  with  platinum,  nor  can  it  exist  alone 
in  the  presence  of  water  ;  hence  it  reacts  with  the  latter  to  form 
HjjSO^  and  O,  the  first  going  into  solution,  and  the  second  being 
evolved  as  a  gas. 

3.  The  Laws  of  Faraday.  Electrolytic  Measurement  of  Current. 
According  to  the  experiments  of  Faraday,  confirmed  by  all  later 
investigation, 

I.  The  mass  of  an  ion  deposited  on  an  electrode,  or  there  dis- 
solved, during  the  passage  of  a  current,  is  proportional  to  the 
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electric  charge  crossing  the  electrode  during  the  deposit  or  solu- 
tion. Thus,  if  M^  denotes  the  mass  of  an  ion  a  deposited  at  an 
electrode,  or  there  dissolved,  in  the  time  /,  while  the  charge  q 
crosses  the  electrode  (or  passes  through  the  electrolyte). 

M.  =  Kq  (I) 

where  K^  =  M^  jq  is  a  constant  for  the  ion  a,  equal  to  the  mass 
of  the  ion  deposited  per  unit  charge,  and  called  its  electrochemical 
equivalent. 

If  a  condenser  of  capacity  6"  is  repeatedly  charged  to  a  voltage 
Fand  discharged  in  a  constant  direction  through  an  electrolyte 
at  the  rate  n  times  per  second,  the  mass  J/  of  the  ion  a  deposited 
or  dissolved  in  the  time  /  will  be 

M=Kq  =  KSVnt  (2) 

a  a  2  a  \     / 

from  which,  by  measuring  M^,  S,  V,  n,  and  /,  K^  may  be  de- 
termined. If  M^  is  expressed  in  grams,  t  in  seconds,  and  S  and 
F'in  RES  units,  K^,  will  be  expressed  in  the  RES  unit  electro- 
chemical equivalent. 

If  a  constant  current  /  traverses  the  electrolyte,  we  have 

K  =  Kq  =  Kh  (3) 

from  which 

I=MJKJ  (4) 

Hence  by  measuring  J/ ,  /  and  K^,  I  may  be  determined.  If 
M^  and  t  are  measured  in  grams  and  seconds,  respectively,  and 
K^  in  the  RES  unit,  /  will  be  expressed  in  the  RES  wtit  current. 

II.  The  electrochemical  equivalent  of  any  ion  is  directly  pro- 
portional to  its  atomic  (or  combining)  weight  and  inversely  pro- 
portional to  its  valence  ;  i.  e.,  the  electrochemical  equivalent  of 
a  substance  is  proportional  to  its  chemical  equivalent.  Thus  if 
a  and  b  denote  two  ions,  A  and  B  their  atomic  (or  combining) 
weights,  a'  and  b'  their  valences,  and  K^  and'  K^  their  electro- 
chemical equivalents,  then 
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BJF 


^J^^-RW  (5) 


whence 

K^^Ala'b'lBK,  (6) 

If  therefore  the  combining  weights  and  valences  of  all  ions  are 
known,  and  the  electrochemical  equivalent  of  any  one  of  them, 
the  electrochemical  equivalents  of  all  the  rest  may  be  found  from 
(6).  The  ion  whose  electrochemical  equivalent  has  been  most 
accurately  determined  is  the  silver  ion,  of  which  the  valence  is 
I,  the  combining  (atomic)  weight  107.93  (C^=  16.000),  and  the 
electrochemical  equivalent  0.001119  gram/coulomb  (XIV.). 
Hence  if  b  in  (6)  denotes  silver,  the  electrochemical  equivalent 
of  any  other  ion  a  is 

K^  =  A I  a'  ■  I  / 107.93  •  X  o.ooi  1 19  gram/coulomb 

.     (7) 
=  A/a'  ■  X  0.00001037  gram/coulomb 

By  omission,  law  II.  states  that  K^  is  independent  of  the  nature 
of  the  compound  in  which  a  is  found,  the  nature  of  the  solvent 
if  the  compound  is  in  solution,  the  strength  of  the  current,  the 
temperature,  and  other  physical  conditions. 

If  an  element  has  two  or  more  valences  in  different  compounds, 
then  it  exists  as  two  or  more  distinct  ions,  each  with  its  own  elec- 
trochemical equivalent.  Thus  iron  in  ferric  compounds,  as  FeCl,, 
has  a  valence  3,  while  in  ferrous  compounds,  as  FeClj,  its  valence 
is  2.     Hence 

T^/c     •    •      \iv/r  '      \      valence  ferrous  iron 

K(fernc  iron) /K (ferrous  iron)  =  -    , —  — >  — .  ~ =  4 

^  //      V  /        valence  feme  iron        ^ 

since  the  atomic  weight  of  iron  is  the  same  for  both  classes  of 
compounds. 

Since  the  same  quantity  of  electric  charge  crosses  every  sec- 
tion of  a  conductor  carrying  a  steady  current  in  any  given  time, 
it  follows  from  law  II.  that  in  the  electrolysis  of  any  compound 
the  ions  are  deposited  simultaneously  at  the  two  electrodes  in  the 
same  proportions  in  which  they  occur  in  the  compound.     Thus 
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when  KCl  is  electrolysed,  for  every  atom  of  K  deposited  at  the 
kathode,  an  atom  of  CI  is  deposited  at  the  same  time  at  the 
anode.  Likewise,  in  the  electrolysis  of  an  aqueous  solution  of 
HgSO^,  for  every  ion  SO^  deposited  at  the  anode,  two  atoms  of 
H  are  deposited  at  the  same  time  upon  the  kathode.  Since  one 
sulphion  reacts  with  a  molecule  of  water  to  form  a  molecule  of 
HjSO^  and  an  atom  of  O,  it  follows  that  H  and  O  are  evolved  at 
the  kathode  and  anode  respectively  in  the  proportions  in  which 
they  occur  in  water,  while  the  total  quantity  of  H.^SO^  in  solu- 
tion remains  constant.  In  like  manner,  when  an  aqueous  solu- 
tion of  silver  nitrate  is  electrolysed  between  silver  electrodes,  for 
every  silver  atom  (kation)  deposited  upon  the  kathode,  one 
nitrion  NO3  (anion)  is  liberated  at  the  silver  anode,  and  reacts 
with  an  atom  of  this  electrode  to  form  a  molecule  of  silver  nitrate. 
The  nitrate  goes  into  solution.  Thus  the  total  quantity  of  salt 
and  the  total  quantity  of  silver  in  solution  remain  constant,  while 
the  kathode  gains  as  much  silver  as  the  anode  loses. 

4.  The  Arrhenius  Theory  of  Electrolytic  Dissociation.  Ac- 
cording to  this  theory,  which,  though  not  universally  accepted, 
serves  to  explain  many  electrochemical  phenomena,  the  mole- 
cules of  a  molten  salt,  or  a  salt  in  aqueous  solution,  or  other 
electrolyte,  are  always,  in  greater  or  less  numbes,  independently 
of  the  passage  of  a  current,  broken  up,  or  dissociated,  each  into 
two  kinds  of  atoms  or  atomic  groups,  called  ions.  One  kind  of 
ion  is  positively  charged,  and  is  called  a  kation,  the  other  is  neg- 
atively charged  and  is  called  an  anion.  Thus  a  molecule  of 
HgSO^  dissociates  into  two  positively  charged  H  kations  and  one 
negatively  charged  SO^  anion ;  and  a  molecule  of  KCl  into  a 
negative  chlorine  anion  and  a  positive  potassium  kation  the  metal- 
lic or  hydrogen  atoms  being  in  general  the  kations,  and  the  acid 
atoms  or  radicals  the  anions. 

Every  ion  of  the  same  valence  carries  a  charge  of  the  same 
magnitude,  and  this  charge  is  directly  proportional  to  the  va- 
lence of  the  ion.     Thus  the  negative  charge  of  a  chlorine  ion  is 
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equal  to  the  positive  charge  of  a  potassium  ion,  the  valence  of 
each  being  i  ;  the  negative  charge  of  a  sulphion,  whose  valence 
is  2,  is  equal  to  the  positive  charge  of  two  hydrogen  ions,  whose 
valence  is  i  ;  the  charge  of  a  silver  ion  is  equal  to  the  charge  of 
a  nitrion,  and  to  the  charge  of  a  hydrogen,  potassium,  or  chlo- 
rine ion  ;  and  so  on. 

The  electric  conduction  current,  or  transfer  of  electric  charge, 
through  an  electrolyte  consists  in  a  convection  current  of  the 
ions  —  the  kations  with  their  j)ositive  charges  moving  toward 
the  (negative)  kathode,  and  the  negative  anions  moving  toward 
the  (positive)  anode.  On  reaching  an  electode  the  ions  give  up 
their  charges  to  the  electrodes,  and  react  with  one  another,  or 
with  the  solvent,  or  with  the  electrode,  to  form  molecules. 

If  we  assume  that  the  current  at  each  electrode  consists  in 
the  motion  of  only  one  kind  of  ion,  which  will  presently  be 
proved  to  be  true,  the  theory  affords  a  simple  explanation  of  the 
laws  of  Faraday : 

Since  a  given  kind  of  ion  always  carries  an  electric  charge  of 
the  same  magnitude  and  sign,  the  quantity  of  an  ion  deposited  upon 
an  electrode  will  be  proportional  to  the  charge  which  crosses  the 
electrode.     This  is  Faraday's  first  law. 

Since  the  charge  of  an  ion  is  proportional  to  its  valence,  and 
since  the  mass  of  an  ion  is  proportional  to  its  combining  weight, 
the  mass  of  ions  of  one  kind  carrying  a  given  charge,  or  the  ion 
mass  deposited  per  given  charge,  must  be  proportional  to  its 
combining  weight  and  inversely  proportional  to  its  valence. 
This  is  the  second  law  of  Faraday. 

5.  A  Oram  Atom  of  an  element  is  a  quantity  of  the  element 
equal,  in  grams,  to  the  number  denoting  its  atomic  weight.  Thus 
a  gram  atom  of  potassium  is  39. 1 5  grams  potassium. 

A  Gram  Ion  is  in  the  .same  way  a  quantity  of  the  ion  equal,  in 
grams,  to  the  number  denoting  its  combining  weight.  Thus  a 
gram  ion  of  silver  is  107.93  grams  silver,  and  a  gram  sulphion 
is  96.06  =  (32.06  +  4  X, 1 6.00)  grams  SO^. 


234         ELEMENTS   OF   ELECTROMAGNETIC   THEORY. 

A  gram  molecule  of  a  substance  is  a  quantity  of  the  substance 
equal,  in  grams,  to  the  number  denoting  its  molecular  weight. 
Thus  the  molecular  weight  of  KCl  is  39.15  -h  35.45  =74.60, 
and  therefore  74.60  grams  KCl  is  a  gram  molecule  of  this  sub- 
stance. 

It  will  now  be  obvious  that  the  magnitude  of  the  charge  car- 
ried by  a  gram  ion  of  every  univalent  ion  is  the  same.  The 
charge  carried  by  a  gram  ion  of  a  bivalent  ion  is  twice  as  great, 
and  so  on.  The  charge  carried  by  a  gram  ion  is  equal,  numer- 
ically, to  the  gram  ion  divided  by  the  mass,  in  grams,  carrying 
unit  charge,  or  equal  to  the  gram  ion  divided  by  the  electro- 
chemical equivalent  of  the  ion.  Thus  the  silver  gram  ion  is 
107.93  grams,  and  the  electrochemical  equivalent  of  silver  is 
0.001119  gram  per  coulomb.  Hence  the  charge  carried  by  a 
gram  ion  of  silver  or  any  other  univalent  ion,  which  will  be  de- 
noted by  Q,  is 

Q  =  107.93  grams  -;-  o.ooi  1 19  gram/coulomb 

(8) 
=  96450  coulombs 

The  concentration  of  a  solution  is  the  quantity  of  dissolved 
substance  per  unit  volume  of  solution.  The  concentration  may 
be  expressed  in  grams /c.c,  grams /liter,  gram  molecules  /  liter, 
etc.,  and  will  be  denoted  here  by  C. 

6.  Velocities  of  the  Ions.  Hittorf s  Ratio.  Hittorfs  Num- 
bers, etc.  If  in  the  electrolysis  of  a  solution  ordinary  convection 
and  diffusion  effects  are  prevented,  it  is  found  that  no  change 
takes  place  in  the  concentration  of  the  solution  except  in  the 
vicinity  of  the  electrodes.  Owing  to  the  deposit  or  liberation 
of  the  ions  at  the  electrodes,  however,  the  total  quantity  of  dis- 
solved substance  diminishes  (reactions  at  the  electrodes  which 
produce  the  substance  being  neglected).  Hence  it  follows  that 
the  concentration  of  the  dissolved  substance,  or  rather,  the  con- 
centration of  the  solution,  diminishes  near  the  electrodes  (the 
reactions  mentioned  being  neglected,  if  occurring). 
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To  study  the  matter  more  closely  and  to  make  the  conditions 
perfectly  definite,  consider  the  electrolysis  of  an  aqueous  solu- 
tion of  silver  nitrate  between  platinum  electrodes,  A  and  K.  If 
we  imagine  a  porous  partition  P,  preventing  diffusion  and  con- 
vection currents  across  it  but  not  hindering  the  motion  of  the 
ions,  placed  between  A  and  K,  but  not  close  to  either,  the 
quantity  of  AgNOj  in  each  of  the  compartments  into  which  P 
divides  the  electrolytic  vessel  will  diminish  during  electrolysis. 
Before  electrolysis  begins,  each  compartment  contains  as  many 
anions  as  kations  (+  Ag  and  —  NO3),  one  of  each  being  neces- 
sary to  form  a  molecule  of  silver  nitrate.  During  electrolysis 
let  K  be  the  kathode  and  A  the  anode. 

Let  the  velocities  of  the  kations  and  anions  in  the  main  body 
of  the  solution,  at  the  partition  for  example,  be  denoted  by  U 
and  V  respectively,  and  let  UJ  V=  h.  Then  for  every  //  kations 
which  cross  the  partition  in  the  direction  AK,  i  anion  crosses  in 
the  direction  KA.  During  this  process  the  number  of  molecules 
of  AgNOg  in  the  compartment  KP  is  diminished  by  h,  since  both 
ions  are  necessary  to  form  a  molecule  ;  and  likewise  the  number 
of  molecules  of  the  salt  in  the  compartment  AP  is  diminished  by 
I .     Hence  {Hittorf's  law) 

Loss  of  salt  near  anode^  Loss  of  salt  near  kathode  =  Uj  V=  h  (9) 

The  ratio  h=  UjV  is  called  Hittorf's  ratio,  and  will  be  further 
discussed  below. 

When  h  kations  have  crossed  the  partition  in  the  direction  AK, 
and  one  anion  therefore  in  the  direction  KA,  h-\-  \  anions  are 
left  without  the  corresponding  kations  at  the  anode  A,  and  h  -^  \ 
kations  are  left  without  the  corresponding  anions  at  the  kathode 
K.  The  free  kations  immediately  give  up  their  positive  charges 
to  the  kathode,  and  are  deposited  upon  it ;  and  the  free  anions 
immediately  give  up  their  negative  charges  to  the  anode,  and 
react  with  water  to  form  nitric  acid  and  oxygen. 

Since  each  ion  carries  the  same  numerical  charge,  the  electric 
current  in  the  main  body  of  the  electrolyte  is  the  same  as  if  all 
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the  anions  were  moving  with  the  velocity  W-}-  F"  toward  A,  and  all 
the  kations  were  at  rest ;  or  as  if  all  the  kations  were  moving  with 
the  same  velocity  U-\-  Ftoward  K,  and  all  the  anions  were  at  rest. 

Since,  moreover,  by  what  precedes,  /^  -f  i  kations  give  up  their 
charges  to  the  kathode,  and  /i  +  i  anions  give  up  their  charges 
to  the  anode,  while  only  /i  kations  cross  the  partition  in  the  direc- 
tion AK  and  only  i  anion  in  the  direction  KA,  and  since  the 
current  is  the  same  across  every  section  of  the  conductor,  the 
current  at  the  anode  consists  in  the  motion  of  anions  only,  and 
the  current  at  the  kathode  consists  in  the  motion  of  kations  only. 
It  does  not  follow,  however,  that  the  velocity  of  either  anion  or 
kation  at  an  electrode  is  C/-\-  V.  For  the  quantity  of  kations 
deposited  at  the  kathode  is  greater  than  the  quantity  crossing  the 
partition  toward  the  kathode  in  the  ratio  (/«  +  i)//^  =(6^-(-  V)/  U\ 
and  the  quantity  of  anions  deposited  on  the  anode  is  greater  than 
the  quantity  crossing  the- partition  toward  the  anode  in  the  same 
time  in  the  ratio  (/t  +  i)/  i  =  {U -\-  V)/  V. 

Thus  a  fraction  U j {U  +  F)  of  the  total  quantity  of  the  kation 
deposited  at  the  kathode  in  any  interval  comes  from  the  main 
body  of  the  electrolyte,  and  a  fraction  i  —  U j {U -\-  V)  = 
VI{U  +  V)  comes  from  the  vicinity  of  the  kathode.  In  like 
manner,  a  fraction  V j  {U -\-  V)  of  the  total  quantity  of  the  anion 
deposited  at  the  anode  in  any  interval  comes  from  the  main  body 
of  the  electrolyte,  and  a  fraction  i  —  V I {U  +  V)  =  U j  {U -\-  V) 
comes  from  the  vicinity  of  the  anode. 

The  velocity,  U^,  of  the  kations  at  or  very  near  the  kathode, 
and  the  velocity,  Fj,  of  the  anions  at  the  anode,  can  be  obtained 
from  the  condition  that  the  charge  crossing  every  section  of  the 
conductor  in  the  same  interval  is  the  same.  This  condition  gives, 
for  the  interval  in  which  iV  anions,  and  therefore  ^tV  kations,  cross 

the  partition, 

UJiN{h-\-  \)lh  =  hNU-^NV 
whence 

U,  =  {W  +  V')l{U^  V)  =  i{h'  +  i)l{h-^  I)]  V 
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and 

V,N{h  4-  I)  =  NV+  hNU 
whence 

Fj  =  (^'+  n/(^+  y)  =  u,  (10) 

The  ratios  UI{U-\-  V)  and  VI{U-\-  V),  which  represent  the 
fractions  of  the  total  current  carried  in  the  main  body  of  the  elec- 
trolyte by  the  kations  and  anions  respectively,  are  called  the 
transport  numbers  of  the  kation  and  anion,  respectively,  for  the 

given  electrolyte.     Put 

UI{U^V)  =  n  (II) 

then 

r/(f/+  V)=i-n  (12) 

and 

UIV=h  =  nl{i  -n)  (13) 

If  the  electrolysis  of  silver  is  carried  on  between  silver  elec- 
trodes instead  of  platinum  electrodes,  the  loss  of  the  salt  around 
the  kathode  will  be  the  same,  for  a  given  charge,  as  before ;  but 
since  the  total  quantity  of  salt  in  solution  now  remains  constant, 
there  will  be  a  gain  of  salt  around  the  anode  equal  to  the  loss 
around  the  kathode.  If  from  the  amount  of  AgNOg  correspond- 
ing to  the  total  quantity  of  silver  deposited  on  the  kathode  (or 
dissolved  at  the  anode),  which  would  be  the  gain  at  the  anode  if 
the  silver  ions  did  not  move,  we  subtract  the  actual  gain  at  the 
anode,  we  obtain  the  loss  of  salt  at  the  anode  due  to  the  motion 
of  the  silver  ions.  The  actual  gain  in  salt  at  the  anode  (equal 
to  the  loss  at  the  kathode)  divided  by  this  quantity  is  Hittorfs 
ratio,  from  which  n  and  i  —  n  are  easily  computed.  Since  any 
quantity  of  the  salt  is  proportional  to  the  quantity  of  silver  in  the 
salt,  we  may  use  the  quantities  of  silver  deposited  on  the  kathode 
and  gained  by  the  solution  around  the  anode  instead  of  the  cor- 
responding quantities  of  salt,  and  much  more  conveniently. 
Also,  the  loss  at  the  kathode  instead  of  the  gain  at  the  anode 
may  be  obtained,  if  preferable,  by  direct  experiment. 

Hittorf 's  ratio,  and  therefore  the  transport  numbers  n  and  i  —  «, 
are  found  to  vary  slightly  with  the  temperature,  h  and  n  increas- 
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ing  as  the  temperature  rises.  Thus,  for  NaCl,  «  =  0.392  at  20° 
C.  and  0.449  ^t  95°  C;  and  for  AgNOg,  «  =  0.470  at  10°  C. 
and  0.490  at  90°  C. 

For  certain  electrolytes,  especially  aqueous  solutions  of  alka- 
line salts,  n  is  almost  independent  of  the  concentration.  Thus, 
in  the  case  of  an  aqueous  solution  of  KCl,  n  changes  from  0.497 
to  0.486  when  the  concentration  increases  from  0.03  to  2.5  grm. 
mol./lit. 

For  other  electrolytes  n  decreases  rapidly  with  the  concentra- 
tion. Thus,  for  an  aqueous  solution  of  CuSO^  n  decreases  from 
0.36  to  0.27  as  the  concentration  increases  from  o. i  to  2.0  grm. 
mol.  per  liter. 

For  still  other  electrolytes  n  increases  rapidly  with  the  increase 
of  concentration.  Thus,  for  an  aqueous  solution  of  AgNOg,  n 
changes  from  0.474  to  0.53  as  the  concentration  increases  from 
0.0 1  to  2  grm.  mol.  /liter. 

In  all  cases  n  is  independent  of  the  current  strength. 

7.  The  Dissociation  Ratio.  By  several  methods,  into  a  discus- 
sion of  which  we  cannot  here  enter,  for  example  the  lowering  of 
the  freezing  point  produced  by  the  solution  of  a  substance,  the 
ratio  of  the  number  of  dissociated  molecules  in  a  solution  to  the 
total  number  of  molecules  of  the  dissolved  substance  can,  ac- 
cording to  the  modern  dissociation  theory,  be  determined  with- 
out the  use  of  an  electric  current.  This  ratio,  called  the  disso- 
ciation ratio,  will  be  denoted  by  m.  For  a  given  solution  ni  in 
general  increases  slowly  with  the  temperature. 

If  the  concentration  of  a  given  kind  of  electrolytic  solution 
is  diminished,  in  in  general  increases,  very  rapidly  at  first,  then 
more  and  more  slowly,  reaching,  when  the  solution  becomes  very 
dilute,  sensibly  the  constant  value  i.  That  is,  in  very  dilute 
solutions  all  the  molecules  of  a  dissolved  electrolytic  substance 
are  dissociated. 

8.  Ohm's  Law  for  a  Homogeneous  Electrolyte.  Conductivity 
and  Molecular  Conductivity.     Since  according  to  the  dissociation 
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theory  the  electric  current  in  an  electrolyte  consists  ii)  the  motion 
of  the  ions,  the  undissociated  molecules  playing  no  part  in  the 
conduction,  the  current  density,  /,  must  be  equal  to  the  continued 
product  of  the  concentration  of  the  salt,  C,  in  gram  molecules 
per  cc,  the  dissociation  ratio,  ;«,  the  valence  of  the  ions,  a' ,  the 
quantity  of  charge  carried  by  a  univalent  gram  ion,  Q,  and  the 
sum  of  the  ionic  velocities,  U -^  V.  For  mC  is  the  number  of 
gram  ions  of  each  kind  per  cc,  ntCa'  Q  is  the  charge  upon  all 
the  kations  in  one  cc,  and,  numerically,  the  charge  upon  all  the 
anions  in  one  cc;  hence  mCa' QU and  mCa' QV  are  the  total 
positive  and  negative  charges,  respectively,  crossing  unit  area  per 
second  in  opposite  directions.     Hence 

i=mCa'Q{U+V)  (14) 

Now  Ohm's  law  holds  rigorously  for  liquid  electrolytes  (though 
not,  in  general,  for  gases),  as  well  as  for  metallic  conductors. 
Hence  the  above  equation  may  be  written 

i^kE=mCa'Q{U+V)  (15) 

Therefore  the  sum  of  the  velocities  of  the  ions,  U  ■{■  F,  is  pro- 
portional to  the  electric  intensity  E.  Hence,  since  n  or  h  is 
independent  of  the  electric  intensity  or  current  (§6),  the  velocity 
of  each  ion  must  be  proportional  to  E.  If  therefore  u  and  v 
denote  the  velocities  of  the  kation  and  anion  respectively  per  unit 
intensity,  we  have,  when  the  intensity  is  E 

U=uE    and      V  =  v  E  ,  (16) 

(15)  may  therefore  be  written 

i  =  kE  =  mCa' Q{u  +  v)  E  (17) 

so  that 

k  =  mCa' Q{u  +  z')  (18) 

The  ratio  of  the  conductivity  k  to  the  concentration  C  (in  grm. 

mol./cc)  is  called  the  molecular  conductivity,  and  will  be  denoted 

by  M.     Thus 

M=  klC=ma'Q{u  -f  v)  (19) 
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When  the  solution  becomes  very  dilute,  ;//  becomes  sensibly 

equal  to  unity ;  hence,  if  the  corresponding  values  of  M,  k,  C,  tt, 

and  V  are  denoted  by  these  letters  with  the  subscript  zero,  we 

have  from  (19) 

M,  =  kJC,  =  a'Q{u,  +  v,)  (20) 

From  the  last  two  equations 

in  =  MiM^-{u^  +  v^l{u  +  V)  (21) 

The  conductivity,  k,  of  an  electrolyte  is  readily  measured  by 
methods  similar  to  those  used  in  the  case  of  metallic  conductors, 
except  that  to  avoid  the  troublesome  effects  of  polarisation  an 
alternating  current  and  a  telephone  or  electrodynamometer  are 
employed  instead  of  a  direct  current  and  a  galvanometer.  From 
the  conductivity  and  the  concentration  the  molecular  conductivity 
is  obtained  by  division  from  (19).  From  the  molecular  conduc- 
tivity M^  at  given  dilution,  and  M^,  m  can  be  computed,  if 

is  known. 

9.  Variation  of  Electrolytic  Conductivity  with  Temperature 
Pressure,  and  Viscosity.  The  conductivity  of  an  electrolytic 
solution  always  increases  rapidly  with  the  temperature.  Since 
in  equation  (18)  a'  and  Q  are  constants,  and  mC  does  not  vary 
much  with  the  temperature,  this  increase  in  conductivity  must  be 
almost  wholly  due  to  an  increase  in  {ii  -f-  "v)-  Such  an  increase 
in  the  velocities  would  be  expected  from  the  fact  that  the  vis- 
cosity of  a  liquid  rapidly  diminishes  with  the  increase  of  tempera- 
ture. 

The  conductivity  of  an  electrolytic  solution  also  increases  with 
the  pressure  to  which  it  is  subjected.  Since  this  increase  occurs 
in  the  case  of  very  dilute  solutions  {in  =  i),  although  to  a  less 
degree  than  for  strong  solutions,  it  must  be  due,  in  part  at  least, 
to  the  diminutions  of  the  liquid's  viscosity  (which  always  dimin- 
ishes with  increase  of  pressure)  and  the  consequent  increase  of 
the  ionic  velocities. 
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For  solutions  in  which  different  solvents  contain  the  same 
number  of  gram  ions  of  a  given  substance  per  cc,  the  conductiv- 
ity is  always  less  the  greater  the  viscosity  of  the  solvent,  the 
conductivity  of  the  solvent  being  eliminated  if  appreciable. 

The  intimate  connection  between  the  ionic  velocities  and  vis- 
cosity is  shown  further  by  the  fact  that  the  conductivities  of  anal- 
ogous compounds  in  solution  bear  to  one  another  the  same 
ratios  as  do  their  velocities  of  diffusion. 

10.  Molecular  Conductivity  and  Concentration.  The  Dissocia- 
tion Ratio.  The  relation  between  the  molecular  conductivity  M 
of  an  aqueous  solution  of  KCl  and  the  dilution  of  the  solution, 
expressed  in  terms  of  the  number  of  liters  of  water  containing  a 
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Fig.  78. 

gram  molecule  of  the  salt,  is  shown  graphically  in  Fig.  78.  As 
the  dilution  increases,  or  the  concentration  diminishes,  M  in- 
creases, rapidly  at  first,  then  more  and  more  slowly,  reaching  a 
constant  value  M^  when  the  solution  becomes  very  dilute. 

Curve  /  of  Fig.  78  shows  the  relation  between  M\M^  and  the 
dilution,  and  curve  //  the  relation  between  the  dissociation  ratio 
w,  calculated  from  the  lowering  of  the  freezing  point,  and  the 
dilution,  for  the  same  salt  KCl  in  aqueous  solution. 
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The  close  similarity  of  the  curves  shows  that,  very  approxi- 
mately, in  this  case 

m  =  M'M^  (22) 

Hence,  to  the  same  degree  of  approximation,  equation  (21)  gives 
{ii^  +  v^  =  (a  -f  z/) ;  that  is,  the  sum  of  the  velocities  of  the  ions 
is  nearly  independent  of  the  concentration.  In  practise  this  ap- 
proximation is  frequently  employed,  and  the  dissociation  ratio  is 
calculated  from  (22)  on  the  assumption  that  {u^  -\-  v^  =  (u  -\-  v) 
sensibly.  Equation  (22),  however,  appears  in  many  cases  to  be 
not  even  approximately  true  except  for  very  great  dilutions. 

11.  The  Velocities  of  the  Ions.    The  Law  of  Kohlrausch.     From 

(19)  it  follows  that 

{u-\-v)  =  MIma'Q  (23) 

and  from  (9)  and  (16)  that 

h=  UIV=uElvE=  ufv  (24) 

From  these  equations  we  have 

u  =  hMjma' Q  cm.  per  second  per  unit  intensity         (25) 
and 

V  ^  (i  —  h)  Mjma' Q  cm.  per  second  per  unit  intensity   (26) 

from  which  u  and  v  can  be  readily  computed,  all  the  quantities 
in  the  second  members  being  capable  of  experimental  determina- 
tion. 

The  ionic  velocities,  when  calculated  by  these  formulae,  for 
extremely  dilute  solutions  are  found  to  be  wholly  independent 
of  the  compounds  in  which  they  occur.  This  is  the  law  of  Kohl- 
rausch.  Thus  the  velocity  of  the  chlorine  ion  is  the  same 
whether  in  a  very  dilute  solution  of  HCl  or  a  very  dilute  solu- 
tion of#  NaCl.  The  velocities  of  the  hydrogen,  silver,  hydroxyl 
(OH),  and  chlorine  ions,  all  in  cms.  per  second,  when  the  elec- 
tric intensity  is  one  volt  per  cm.,  are  0.00320,  0.60057,  0.00181, 
and  0.00069,  respectively,  by  calculation  from  (25)  and  (26). 
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The  above  results  have  been  confirmed  by  the  direct  experi- 
ments of  Lodge  and  of  Whetham  {Philosophical  Transactions,  A, 
1893,  and  A,  1895). 

12.  Thermal  Analogue  of  Ohm's  Law.  Let  the  two  parallel 
faces,  I  and  2,  distant  L  apart,  of  a  large  plane  slab  of  a  homo- 
geneous isotropic  substance  with  thermal  conductivity  k'  be  main- 
tained at  the  temperatures  t^  and  t^.  Near  the  center  of  the 
slab  the  flow  of  heat  from  i  to  2  is  perpendicular  to  the  faces, 
and  the  fall  of  temperature  per  unit  length,  or  temperature  gradi- 
ent, from  I  to  2  is  uniform  and  equal  to  (/j  —  t^j L  =  E' .  The 
time  rate  per  unit  area,  i' ,  at  which  heat  crosses  a  plane  surface 
within  the  slab  parallel  to  its  faces  is 

i'  =  k'  E' 

which  is  strictly  analogous  to  Ohm's  law. 

13.  The  Variation  of  Metallic  Conductivity  with  Temperature. 
The  resistivity  of  all  pure  metals  increases  with  the  temperature, 
the  relation  between  the  resistivity  and  temperature  being  approxi- 
mately linear  for  ordinary  temperatures  according  to  the  equation 

r,=^r^li+a{t-t^'\ 

The  coefficient  a  is  called  the  resistance  temperature  coefficient. 
For  many  metals  a  is  approximately  equal  to  1/273,  the  tem- 
perature coefficient  of  the  expansion  of  a  gas  at  constant  pressure, 
when  /„  is  taken  as  0°  C.  or  273°  absolute.  For  such  a  sub- 
stance we  have  approximately  from  the  above  formula 


rt  =  tl  273  r; 


27S 


where  /  is  the  absolute  temperature  at  which  the  resistivity  is  r,, 
and  ^273  is  the  resistivity  at  the  temperature  273°  absolute. 

14.  The  Law  of  Wiedemann  and  Franz.  Not  only  is  the  law 
of  Ohm  analogous  to  the  law  of  thermal  conductivity,  but  for 
nearly  all  metals  and  alloys  the  ratio  of  the  thermal  conductivity 
k'  to  the  electrical  conductivity  k  is  approximately  the  s?ime  at  a 
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given  temperature,  and  is  proportional  to  the  absolute  tempera- 
ture. This  indicates  that  the  processes  involved  in  the  two  kinds 
of  conduction  are  largely  identical. 

15.  The  Electron  Theory  of  Conduction.  According  to  the 
comprehensive  and  rapidly  developing  electron  theory,  an  atom 
is  constituted  of  a  multitude  of  minute  particles,  called  electrons, 
each  carrying  a  permanent  and  constituent  electric  charge,  whose 
magnitude  is  that  of  the  charge  carried  by  a  univalent  ion  in 
the  electrolysis  of  liquids.  In  a  neutral  atom,  the  number  of 
positive  particles  is  equal  to  the  number  of  negative  particles ; 
in  a  charged  atom  or  radical,  the  number  of  positive  electrons 
exceeds  the  number  of  negative  electrons,  or  vice  versa,  by  i,  2, 
3,  etc.,  according  as  the  ion  is  univalent,  bivalent,  trivalent,  etc. 
The  charge  of  a  single  electron  is  the  smallest  electric  charge 
which  can  exist,  and  no  charges  exist  except  the  charges  of 
electrons. 

In  the  electrolytic  conduction  of  liquids  no  free  electrons  take 
part,  but  the  current  consists,  as  we  have  already  seen  according 
to  the  dissociation  theory,  in  the  convection  of  the  ions,  all  of 
atomic  magnitude. 

In  electric  conduction  through  gases,  which  is  also  electro- 
lytic, the  positive  ions  are  atomic  in  magnitude  (atoms  or  radi- 
cals plus  or  minus  one  or  more  electrons  of  the  same  sign),  but 
the  negative  ions  are  frequently  single  electrons,  though  either 
may  be  loaded  down  with  an  agglomeration  of  neutral  mole- 
cules. The  electric  current  consists  in  the  convection  in  oppo- 
site directions  of  these  ions.  The  kathode  rays,  emitted  from 
the  kathode  in  a  highly  exhausted  vacuum  tube,  consist  of  nega- 
tive electrons  only,  moving  with  velocities  of  the  same  order  as 
that  of  light. 

In  metallic  conduction  the  main  body  of  the  metal  does  not 
participate  in  the  conduction.  The  current  consists  in  the  con- 
vection of  (temporarily)  free  positive  electrons  in  the  direction 
of  the  current,  or  in  the  convection  of  (temporarily)  free  nega- 
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tive  electrons  in  the  opposite  direction,  or  in  both  processes 
simultaneously.  The  number  of  electrons  taking  part  in  metal- 
lic conduction  is  small  in  comparison  with  the  number  taking 
part  in  electrolytic  conduction  proper,  and  the  velocity  is  rela- 
tively great. 

Thermal  conduction  also  takes  place  by  the  motion  of  elec- 
trons, but  under  a  temperature  gradient  both  positive  and  nega- 
tive electrons  move  in  the  same  direction. 

For  an  extended  discussion  of  the  electron  theory  as  applied 
to  electric  and  thermal  conduction  in  metals,  reference  must  be 
made  to  memoirs  by  Drude,  Ann.  der  Physik,  I.,  p.  566,  1900, 
III.,  p.  369,  1900,  and  VII.,  p.  687,  1902.  For  a  general  treat- 
ment of  the  electron  theory,  see  also  Lord  Kelvin,  Philosophical 
Magazine  (6),  III.,  p.  257,  1902,  and  Larmor's  ^ther  and  Mat- 
ter. For  a  sketch  of  the  development  of  the  electron  idea,  with 
abundant  references,  see  Kaufmann,  Physikalisctie  Zeitschrift, 
III.,  p.  9,  1 90 1,  or  a  translation  of  the  same  in  The  Electrician ^ 
November  8,  1901.  An  elementary  treatment  of  the  subject  is 
given  by  Lodge  in  The  Electrician,  Vols.  50  and  51,  1902- 1903. 


CHAPTER   X. 

THERMAL   AND    VOLTAIC    ELECTROMOTIVE    FORCES. 

1.  The  Law  of  Volta.  Around  a  circuit  made  up  of  any  num- 
ber of  different  metals  connected  end  to  end,  there  is  no  resultant 
e.m.f ,  and  therefore  no  electric  current,  when  all  parts  of  the 
circuit  are  at  the  same  temperature  (unless  there  is  a  changing 
magnetic  flux  through  the  circuit,  XIII. ). 

2.  The  Seebeck  Effect.  Around  a  circuit  formed  of  two  dif- 
ferent metals  a  current  flows,  in  general,  when  the  two  junctions 
are  at  different  temperatures. 

Such  a  circuit  is  called  a  thermocouple,  or  a  thermoelement. 

In  a  thermocouple  consisting  of  a  copper  wire  and  an  iron 
wire,  if  the  mean  temperatute  of  the  junctions  is  less  than  275° 
C,  a  current  flows  from  the  copper  to  the  iron  across  the  hot 
junction. 

3.  The  Peltier  Effect.  When  an  electric  current  flows  across 
the  junction  of  two  metals,  heat  is  there,  in  general,  either  ab- 
sorbed (thermal  energy  transformed  into  electrical  energy)  or 
emitted  (electrical  energy  transformed  into  heat),  according  to 
the  direction  of  the  current.  The  rate  of  the  energy  transfor- 
mation is  proportional  to  the  current  strength,  and  the  process  is 
completely  reversible. 

Thus  at  a  copper-iron  junction  heat  is  absorbed  when  the  cur- 
rent passes  from  Cu  to  Fe ;  and  heat  is  emitted  at  the  same  rate 
when  the  same  current  crosses  the  junction  (maintained  at  the 
same  temperature)  in  the  opposite  direction. 

The  energy  transformations  occurring  during  the  circulation  of 
the  current  in  the  thermoelement  of  copper  and  iron,  §  2,  thus 
tend  to  cool  the  hot  junction  and  to  heat  the  cold  junction. 
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The  Peltier  E.M.F.  The  junction  of  two  metals  is  therefore 
the  seat  of  an  intrinsic  e.m.f.,  called  the  Peltier  e.tn.f.,  which  is 
constant  at  a  given  temperature  of  the  junction  for  all  values  of 
the  current.  The  e.m.f.  varies  with  the  nature  of  the  metals  and 
with  the  temperature  of  the  junction.  At  the  junction  of  two 
metals  A  and  B,  at  the  temperature  /,  the  Peltier  e.m.f.  acting 
from  A  to  B  will  be  denoted  by  fP^^.     See  §  i,  I. 

If  the  two  junctions  of  a  thermoelement  have  the  same  tem- 
perature /,  tP„b>  the  e.m.f  from  A  to  B,  will  have  the  same  value 
at  both  junctions.  Hence  no  current  will  traverse  the  circuit, 
but  a  difference  of  potential  will  be  developed,  B  coming  to  a 
potential  fPab  higher  than  that  of  A. 

Since,  however,  ^/^  is  a  function  of  the  temperature,  there  will, 
when  the  two  junctions  are  at  different  temperatures  t^  and  t^,  be 
a  resultant  Peltier  e.m.f  around  the  circuit,  equal,  when  mea- 
sured in  the  direction  around  the  circuit  from  A  to  B  across  the 
junction  at  temperature  t^,  to 

hPab  +  t^Pba  =  t/ab  —  tx"ab  (0 

4.  The  Thomson  Effect.  When  an  electric  current  traverses  a 
conductor  along  which  there  is  a  temperature  gradient,  heat  is 
either  absorbed  (transformed  into  electrical  energy)  or  emitted 
(electrical  energy  transformed  into  heat),  according  to  the  direc- 
tion of  the  current,  throughout  the  portion  of  the  conductor  in 
which  the  temperature  gradient  exists.  The  rate  of  energy  trans- 
formation is  directly  proportional  to  the  strength  of  the  current, 
and  depends,  so  far  as  temperature  is  concerned,  only  on  the 
temperatures  of  the  ends  of  the  conductor.  The  energy  trans- 
formations are  perfectly  reversible,  changing  sign,  but  not  mag- 
nitude, with  the  direction  of  the  current. 

The  absorption  or  emission  of  heat  just  described  takes  place 
in  addition  to  the  evolution  of  heat  according  to  Joule's  law  at  a 
rate  proportional  to  the  square  of  the  current. 

The  Thomson  E.M.F.  A  conductor  in  which  there  is  a  tem- 
perature gradient  is  therefore  the  seat  of  an  intrinsic  e.m.f.  which 


248  ELEMENTS   OF   ELECTROMAGNETIC   THEORY. 

is  constant  for  all  values  of  the  current  for  given  temperatures 
of  its  terminals.  This  e.m.f.  is  called  the  Thomson  e.m.f.  in  the 
conductor,  and  is  considered  positive  when  it  is  directed  from 
the  lower  to  the  higher  temperature.  If  t^  and  t^  denote  the 
temperatures  of  the  cooler  and  hotter  ends  of  a  conductor  A,  the 
Thomson  e.m.f.  from  the  cooler  to  the  hotter  end  is  denoted  by 

T 

The  fact  that  the  Thomson  e.m.f.  (or  the  corresponding  en- 
ergy transformations)  depend,  so  far  as  temperature  is  concerned, 
only  on  the  temperatures  of  the  ends  of  the  conductor,  follows 
from  the  law  of  Magnus,  which  states  that  in  a  circuit  com- 
posed of  a  single  homogeneous  metal  there  is  no  electric  current, 
howsoever  the  temperature  varies  from  point  to  point.  Thus  the 
Thomson  e.m.f.  from  a  point  A  to  another  point  B  of  the  circuit 
is  the  same  either  way  around  the  circuit.  (The  law  of  Magnus, 
and  the  deduction  therefrom,  do  not  hold  in  certain  extreme 
cases,  as  when  the  cross-section  of  the  conductor  changes  sud- 
denly, etc.;  also,  at  least  in  certain  cases,  when  a  portion  of  the 
circuit  is  magnetised,  when  it  is,  strictly,  non-homogeneous.) 

Let  IS  jit  denote  the  rate  of  heat  absorption  in  the  elementary 

length  dL  of  a  conductor  A,  the  mean  temperature  within  the 

length  dL  being  t  and  the  rise  in  temperature  from  one  end  to 

the  other  being  dt,  when  the  current  /  flows  up  the  temperature 

gradient.     Then  the  Thomson  e.m.f.  up  the  temperature  gradient 

dt  along  dL\&  ^        ^   , 

^  dT  =  Sdt  (2) 

.S"  is,  in  general,  a  function  of  the  temperature  and  varies  from 
substance  to  substance.  If  the  temperatures  of  the  cooler  and 
hotter  ends  of  the  conductor  are  t^  and  Z^,  respectively,  we  have, 
on  integrating  (2)  from  one  end  of  the  conductor  to  the  other, 

t,tJ.^\^dT,=£sjt  (3) 

By  an  obvious  thermal  analogy,  S^  is  called  the  specific  heat 
of  electricity  in  the  metal  A  at  the  temperature  /. 
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In  certain  substances,  e.  g.  copper,  5  is  positive ;  that  is,  heat 
is  absorbed  when  the  current  flows  up  the  temperature  gradient. 
In  others,  as  iron,  5  is  negative  ;  that  is,  heat  is  absorbed  when 
the  current  flows  down  the  temperature  gradient. 

In  a  copper-iron  thermoelement,  therefore,  with  junctions  at 
temperatures  t^  and  Z^,  the  Thomson  e.m.f.  in  each  metal  has  the 
same  direction  as  the  current  in  that  metal  —  up  the  gradient  in 
the  copper,  and  down  the  gradient  in  the  iron. 

If  5  and  5j  denote  the  value  of  5  at  the  temperature  t  for  two 
metals  A  and  B  forming  a  thermocouple  with  the  cold  and  hot 
junctions  at  temperatures  /,  and  t.^,  respectively,  the  total  Thom- 
son e.m.f.  around  the  circuit  in  the  direction  from  A  to  B  across 
the  hot  junction  is 

i^a  —  s^yi      (4) 

5.  The  Total  Thermal  Electromotive  Force  in  a  Circuit  consisting 
of  two  homogeneous  metals  is  the  sum  of  the  two  Peltier  e.m.f  s 
at  the  junctions  and  the  two  Thomson  e.m.f.s  along  the  con- 
ductors. Thus  if  "^^  denotes  the  total  e.m.f.  in  the  circuit, 
measured  in  the  direction  around  the  circuit  from  A  to  B 
across  the  hot  junction, 

Pa.-tA^+  Cis^-s.yt  (5) 

6.  The  Law  of  Intermediate  Metals  (Becquerel's  Law  I.).  If  at 
one  of  the  junctions,  at  temperature  /,  of  two  metals  A  and  B 
forming  a  thermoelement  a  third  metal  C  is  inserted  between  A 
and  B,  and  if  the  two  resulting  junctions  are  kept  at  the  original 
temperature  /  of  the  junction  AB  before  the  insertion  of  C,  the 
total  e.m.f  of  the  circuit  is  not  altered.  The  total  Thomson 
e.m.f.  in  C  is  evidently  zero,  since  its  two  ends  are  at  the  same 
temperature  ;  hence  the  law  states  that 

/'-.=  , ^a.+  .^c*  (6) 

Thus  two  wires  may  be  soldered  together,  instead  of  being 
welded  or  twisted,  without  affecting  the  e.m.f.  of  the  junction. 


\tr    — 

^  ab  —  ti 
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§§  3,  4,  and  6  completely  account  for  the  law  of  Volta. 

7.  The  Law  of  Successive  Temperatures  (Becquerel's  Law  II.). 
Consider  a  thermoelement  of  two  metals  A  and  B  with  the  junc- 
tions at  temperatures  t^  and  t.^,  respectively.  Let  the  total  e.m.f. 
around  the  circuit  in  the  direction  from  -^  to  ^  across  the  junc- 
tion at  temperature  t^  be  denoted  by  ^^ab-  Then,  with  similar 
nomenclature,  if  experiments  are  made  with  one  junction  of  the 
element  at  temperature  t^  and  the  other  at  t' ,  then  with  the  first 
at  temperature  /'  and  the  other  at  t",  and  so  on,  and  finally  with 
the  first  at  temperature  /,  and  the  other  at  temperature  t^,  it  will 
be  found  that,  whatever  the  values  of  n,  t' ,  t",  •  ■  -,  t^, 

tit^ab  ="  tit'^ab     r   ff'^ab  +    '  '  '  +  tjn^ab  \7) 

8.  Thermoelectric  Power.  If  d"^^^  denotes  the  total  thermal 
electromotive  force  around  the  circuit  of  a  thermoelement  AB  in 
the  direction  from  ^  to  ^  across  the  junction  whose  temperature 
is  t,  when  the  temperature  of  the  other  junction  is  /  —  dt,  the 
differential  coefificient  d'^ ^Jdt,  the  e.m.f.  per  unit  difference  of 
temperature,  is  called  the  thermoelectric  power  of  the  metal  A 
with  respect  to  the  metal  B  at  the  temperature  /,  or  the  thermo- 
electric power  of  the  thermoelement  AB  at  the  temperature  /,  and 
will  be  denoted  be  ^p^.     Thus  we  have 

.A..  =  d^Jdt  (8) 

For  the  total  e.m.f.  in  the  circuit  in  terms  of  the  thermoelec- 
tric power  p,  we  have  from  (7)  and  (8) 

9.  The  Thermoelectric  E.M.F.  of  a  Copper-Iron  Element  at 
Moderate  Temperatures.  The  relation  between  the  total  thermal 
electromotive  force  of  a  copper  iron  thermoelement  and  the  tem- 
perature t  of  one  of  the  junctions,  when  the  other  junction  is  kept 
at  the  constant  temperature  of  0°  C,  is  shown  graphically  in 
Fig.  79,  for  temperatures  up  to  600°  C.  As  f  increases,  the 
e.m.f.  around  the  circuit  in  the  direction  from  copper  to  iron  at 
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the  junction  whose  temperature  is  /  increases  from  a  nega- 
tive value,  for  /  less  than  o°  C,  to  a  maximum  positive  value 
when  /=  275°  C.  As  /  continues  to  increase,  the  e.m.f.  de- 
creases, falling  to  zero  at  /=  550°  C.  Beyond  this  temperature 
the  e.m.f.  is  negative,  as  when  t  was  less  than  0°  C,  that  is,  the 
current  flows  (or  the  e.m.f.  is  directed)  from  iron  to  copper  across 
the  junction  at  temperature  /. 


Fir  79. 

From  the  curve  in  Fig.  79,  the  thermoelectric  power  of  cop- 
per with  respect  to  iron,  ^/^,  can  be  readily  obtained  for  all  tem- 
peratures within  the  limits  of  the  curve.  For  if  a  tangent  is 
drawn  from  the  point  of  the  curve  corresponding  to  any  tem- 
perature /,  the  tangent  of  the  angle  made  by  this  line  with  the 
axis  of  temperatures  is 

The  relation  between  ^p^  and  /  is  given  in  the  curve  of  Fig. 
80,  which  is  a  straight  line.     That  is,  the  thermoelectric  power 
of  copper  with  respect  to  iron  is  a  linear  function  of  the  tempera- 
ture, or  „T,    I  1         A  A  /     \ 
J'ci^d'^Jdt^A.t  +  A,                        (10) 

where  yi,  and  ^2  ^^^  constants  for  the  given  element  (copper-iron). 
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The  temperature  corresponding  to  the  point  B{t=  275°  C), 
for  which  ^p^  =  o,  is  called  the  neutral  temperature  for  copper 
and  iron.  The  temperature  corresponding  to  the  point  C 
(/=  550°  C),  in  passing  which  the  electromotive  force  around  the 
circuit  is  reversed  in  direction  when  one  of  the  junctions  is  at 
0°  C,  is  called  the  temperature  of  inversion  of  copper  and  iron 
with  respect  to  the  temperature  0°  C.  of  the  cooler  junction. 


Fig.  80. 

The  total  e.m.f.  "^ ^  of  the  couple  is  represented  in  this  figure 
by  the  area  included  between  the  curve  and  the  axis  of  tempera- 
tures, and  between  the  two  perpendiculars  dropped  from  the 
curve  to  the  points  on  this  axis  corresponding  to  the  tempera- 
tures of  the  junctions.  Thus,  if  the  junctions  are  at  temperatures 
randyi. 


.^.=  area^77^^ 


In  like  manner, 


j^^^.  =  area  ABFA 

^y,>^  .  =  area  ABFA  +  (negative)  area  BT HB 

etc.     This  follows  directly  from  (9). 
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The  curve  showing  the  relation  between  the  thermoelectric 
power  of  an  element  and  the  temperature  is  called  the  thermo- 
electric line  of  that  element.  The  thermoelectric  lines  of  nearly 
all  thermoelements  consisting  of  either  pure  metals  or  alloys  are 
straight  lines  over  a  considerable  range  of  temperature,  like  that 
of  the  copper-iron  couple,  Fig.  80. 

If  the  thermoelectric  line  of  a  given  element  is  a  straight  line, 
the  curve  showing  the  relation  between  the  total  thermal  electro- 
motive force  in  the  circuit  and  the  temperature  /  of  one  junction, 
the  temperature  /,  of  the  other  being  kept  constant,  is  a  parabola. 
For  we  have,  by  integration  of  (10)  between  the  limits  t^  and  /, 

M^ci=   {'d^^ldtdt^A,{f-t^)-\.Alt-t^         (II) 

which  is  the  equation  of  a  parabola  with  its  axis  in  the  negative 
direction  of  the  axis  of  e.m.f.s. 

10.  Becquerel's  Law  III.  At  a  given  temperature  the  thermo- 
electric power  of  a  metal  A  with  respect  to  a  metal  C  is  equal  to 


Fig.  81. 


the  thermoelectric  power  of  the  metal  A  with  respect  to  any 
other  metal  B  plus  the  thermoelectric  power  of  B  with  respect  to 
C.     That  is,  >.  >,    j^    >,  (\'y\ 

Hence  if  the  thermoelectric  lines  are  drawn  for  two  metals  A 
and  B  with  respect  to  the  same  metal  C  (Fig.  81),  ^p^  at  any 
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temperature  /  can  be  obtained  by  subtracting  from  the  ordinate 
tPo^  the  ordinate  ,/,^. 

The  total  e.m.f.  t^t^ab  ^^  given  by  the  area  EFGHE  of  the 
figure. 

P,  the  point  of  intersection  of  the  two  lines  A  and  B.  is  the 
neutral  point,  or  the  point  corresponding  to  the  neutral  tempera- 
ture, for  the  metals  A  and  B,  since  there 

tPah  ^^  tPac  tPhc  "^  ^ 

11.  The  Thermoelectric  Circuit  Treated  as  a  Reversible  Thermo- 
dynamic Engine.  So  far  as  the  Thomson  and  Peltier  effects  are 
concerned,  the  absorption  and  evolution  of  heat  in  a  thermoelec- 
tric circuit  are,  as  we  have  seen,  proportional  to  the  current 
strength  and  the  time,  or  to  the  total  charge  which  has  passed 
through  the  circuit,  and  completely  reversible,  changing  sign 
with  the  direction  of  the  current.  There  are  other  thermal  proc- 
esses going  on  in  the  circuit,  however,  which  are  not  reversible : 
the  conduction  of  the  heat  from  the  hotter  to  the  cooler  junction, 
which  bears  no  direct  relation  to  the  electrical  phenomena ;  the  evo- 
lution of  heat  according  to  Joule's  law  at  a  rate  proportional  to  the 
square  of  the  current ;  and  the  radiation  of  heat,  which,  like  its 
conduction,  bears  no  direct  relation  to  the  electrical  phenomena. 
Since  by  diminishing  the  current  the  second  effect,  being  propor- 
tional to  the  square  of  the  current,  may  be  made  as  small  as  we 
please  in  comparison  with  the  Thomson  and  Peltier  effects,  which 
are  proportional  to  the  first  power  of  the  currents  ;  and  since  the 
first  and  third  effects  have  no  direct  relation  to  the  electrical 
phenomena  ;  we  shall  assume  that  the  total  Thomson  and  Pel- 
tier e.m.f.s  are  not  affected  by  these  irreversible  processes,  and 
that  the  relations  between  them  can  be  obtained  by  treating  the 
circuit  as  a  perfectly  reversible  thermodynamic  engine,  all  irre- 
versible effects  being  neglected.  The  application  in  this  manner 
of  the  principles  of  thermodynamics  to  the  matter  in  question  is 
justified  by  the  approximate  agreement  with  experiment  of  the 
results  to  which  it  leads. 
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The  first  law  of  thermodynamics,  or  the  principle  of  the  con- 
servation of  energy,  together  with  experiment,  has  furnished  us 
with  the  relation 

...^o*  =  t^P^  -  tA.  +     f\^a  -  S,)dt  (13) 

If  we  apply  (13)  to  the  case  in  which  /,  =  /,  and  t^  =  t  -\-dt, 
or  if  we  simply  differentiate  (13)  with  respect  to  /,  v/e  obtain 

d^^ldt=d{^^)ldt  +  S^-S,  (14) 

The  second  law  of  thermodynamics  furnishes  another  relation. 
Let  dH  denote  the  quantity  of  heat  absorbed  into  the  circuit  at 
the  temperature  /,  while  a  charge  dq  (=  current  X  time)  is 
carried  around  the  circuit  once.  Then  we  have,  for  the  whole 
cycle,  by  the  second  law  of  thermodynamics, 

o  =  ^dHjt  =  dq^,A,lt,  -  ,^P^It,  +  j\s,  -  S,)lt  ^/ j 
or 

^Pal>l^^  -  tAr>lK  +    f  V«  -S,)ltdt=0  (I  5) 

the  temperature  being  expressed  on  the  absolute  scale. 

Applying  this  equation  to  the  case  in   which  /,  =  /  and  t^  = 

t  +  dt,  or  simply  differentiating  the  equation  with  respect  to  /, 

we  obtain 

d{,PJt)ldt+{S^-S,)lt=o  (16) 

(16)  may  be  written 

^{.PJIdt  -  ,PJt  +S^-S,=  o  (17) 

The  combination  of  this  equation  with  (14)  gives 

J>A-d-^Jdt)=J^Jt  (18) 

or 

JP^  =  J>J-id'^Jdt  (19) 

The  combination  of  (16)  and  (19)  gives 

S^-S,=  -t d{,p^)ldt=  -  td{,PJt)ldt^  -td\^Jldt    (20) 
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Since  at  the  neutral  temperature  for  the  metals  A  and  B 
,p^  =  0,  (19)  gives,  for  this  temperature, 

iPa,  =  itPa,  =  o  (21) 

That  is,  when  one  junction  of  two  metals  is  at  the  neutral 
temperature,  there  is  at  this  junction  no  Peltier  e.m.f.  and  no 
absorption  or  evolution  of  heat,  /,  the  absolute  temperature,  being 
always  greater  than  zero. 

If  6^^  denotes  the  angle  made  with  the  axis  of  temperatures  by 
the  tangent  to  the  thermoelectric  line  of  A  with  respect  to  B  at 
the  point  on  the  line  corresponding  to  the  temperature  /,  then 
(18)  gives  ^^  ^^  _  ^^^^^^1^^  _  d{,PJt)ldt  (22) 

(20)  and  (22)  give 

^a-^i>=-^  tan  e^^  (23) 

In  the  common  case  in  which  ^p^^  is  a  linear  function  of  the 
temperature,  or  the  thermoelectric  line  straight,  tan  6^  is  constant 
(ATjj)  for  all  temperatures,  and  (23)  becomes 

s.-s.=  -^J  (24) 

If  6^  is  greater  than  90°,  tan  6^  =  K^^  is  negative,  and  S^  —  5^ 
therefore  positive.  For  copper-iron  (Fig.  80)  S^  —  S^^  is  thus 
always  positive. 

The  experiments  of  Le  Roux  and  of  Tait  have  shown  that  for 
lead  and  for  certain  platinum-iridium  alloys  6"  is  excessively  small 
or  zero.  Hence  denoting  the  metal  lead  by  Z,  and  putting  S^  =  o, 
we  have 

^a  =^a-^^=-  M A.)/^^  =   -  ^4.^a./^y^  =   -  ^  tan   ^, 

Hence,  as  a  matter  of  convenience,  lead  is  chosen  as  a  standard 
metal,  and  the  thermoelectric  lines  of  all  other  metals  and  alloys 
are,  in  general,  drawn  with  respect  to  this  metal. 

12.  The  Thermoelectric  Diagram.  In  Fig.  83. are  drawn  the 
thermoelectric  lines  with  respect  to  lead  of  a  number  of  metals 
and  alloys.     The  line  for  lead  of  course  coincides  with  the  axis  of 
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temperatures,  and  all  other  substances  for  which  5  =  o  have  lines 
parallel  to  this  axis.  The  system  of  thermoelectric  lines  is 
known  as  the  thermoelectric  diagram. 

As  an  introduction  to  the  use  of  the  thermoelectric  diagram, 
we  shall  consider  in  detail  the  ideal  thermoelectric  lines  A  and 
B  of  two  metals  A  and  B  with  respect  to  lead,  A  being  a  straight 
line,  as  in  the  common  case,  and  B  an  irregular  curve,  Fig.  82. 
The  construction  of  the  remainder  of  the  figure  is  sufficiently 


Fig.  82. 

obvious,  all  the  lines  being  either  parallel  or  perpendicular  to  the 
axis  of  temperatures,  or  tangential  to  the  line  B, 

The  thermoelectric  power  of  A  with  respect  to  lead,  ^p^^,  is 
OA^  at  the  absolute  temperature  zero.  From  this  value  it  regu- 
larly decreases  as  a  linear  function  of  the  temperature,  passing 
through  the  value  LA  at  the  temperature  /,  and  reaching  o  at 
the  temperature  t^.  This  point  is  the  neutral  temperature  of  A 
with  respect  to  lead.     Beyond  t^,  ,/„,  is  negative. 

The  thermoelectric  power  of  B  with  respect  to  lead,  ,/>j,,  is 
OB^,  a  negative  quantity,  at  0°  absolute.     At  /„,  a  neutral  tern- 
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perature  of  B  with  respect  to  lead,  ^p^^  =  o.  Between  t^  and  /g, 
j/'j^  is  positive,  having  a  maximum  value  at  t^.  At  t^  and  t^^, 
other  neutral  temperatures  of  B  with  respect  to  lead,  ^p^^  is  again 
zero,  reaching  between  them,  at  the  temperature  /g,  a  negative 
maximum. 

At  the  temperature  /,  ^P^^  =  t ^P^j^  =  aA  x  AL  —  area  ALOaA. 
When  t=o,  this  area  is  0  x  OA^  =  o ;  when  /  =  t^,  its  value  is 
OA^  X  0  =  o;  beyond  Z^,  ALOaA  is  below  the  line  OT,  or  is 
negative.  Thus  at  t^,  t/'^i  =  t^  tjai  =  Ot^  x  t^A^,  the  thermo- 
electric power  tgAg  being  negative,  and  the  area  lying  wholly 
below  OT. 

Similarly,  at  /^  /'^j  =  t  ^p^^  =  area  BLObB.  When  /  =  o,  this 
area  '\s,  0  x  OB^  =  o  ;  between  t  =  o  and  t  =  i^,  the  area  is  nega- 
tive, or  below  0T\  at  t^^,  t^,  and  t^^,  the  neutral  temperatures  for 
B  and  lead,  the  area  is  zero ;  from  t^  to  /g  the  area  is  positive, 
and  from  /g  to  t^^  negative. 

At  t\  ^S=  t  X  (-tan  P2  =A^"  X  AA"IA^A"=AA".  Since 
tan  fi^i  is  constant  and  negative  {6^^  greater  than  90°  and  less 
than  180°),  S^  =  AA"  is  always  positive,  or  AA"  is  always 
drawn  upward  from  A. 

The  quantity  ^S^  dt  is  equal  to  A  A"  x  A"  A"'  =  area  Aaa'A'A. 

In  like  manner,  at  t\  ^S,=t  x  (-tan  p^)=B^'B"  xBB"  j B^' B" 
=  BB".  When  the  point  B"  is  below  the  point  B  (^6^^  less 
than  90°),  Sf^  =  BB"  is  negative.  Thus  from  /=o  to  i  =  t^, 
and  from  t  =  t^  to  if  =  t^^,  S^  is  negative ;  while  from  Z  =  /^  to 
/  =  /g,  Sf^  is  positive.  At  the  temperature  /  =  t"  it  has  the  posi- 
tive value  B/'B/. 

The  quantity  —  ^5j,  dt  is  equal  to  area  BB' B'" B"B  =  z.x&^. 
Bbb'B'B. 

At  the  temperature  /,  ^p^  =  ,/„^  -  ,p,,  =LA  -  LB  =  BA.  BA 
is  positive,  or  A  is  above  B,  from  /  =  o  to  /  =  /j  (a  neutral  tem- 
perature for  the  thermocouple  AB),  and  from  t  =  t^  io  t  =  t^  (ad- 
ditional neutral  temperatures  for  the  couple  AB),  but  is  negative 
{A  below  B)  from  t=t^to  t=t^. 
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The  total  thermal  electromotive  force  in  a  circuit  consisting  of 
the  two  metals  A  and  B,  with  junctions  at  temperatures  /,  and 


/j,  IS 


,^06  =    r./o*^^  =  CsAdt  =  area  A,B,B,A^, 


This  result  can  be  obtained  also  from  the  relation  (13).     For 

(5„  -  S,)dt  =  area  Aaa'A'A  +  area  Bbb'B'B 
f\s^-S,yf=3iTeaA^a^a^^^  (i)  -f  area  >5, V,^^,  (2) 

and 

tAb  -  'A  =  area  A^a^b^B^^  (3)   -  area  A^a^b^B^A^  (4) 

Hence 

r..^a*  =  (I)  +  (2)  +  (3)  -  (4)  =  area  A,B,B^^, 

as  proved  otherwise  above. 

If  one  junction  of  the  thermoelement  AB  is  kept  at  the  con- 
stant temperature  /,,  while  the  temperature  /  of  the  other  junc- 
tion, at  first  equal  to  Z^,  is  gradually  increased,  ,,,^^  will  increase 
from  zero,  its  value  when  /"=/,,  until  /  =  t^  when  it  has  the  value 
*\t^ab  —  area  A^A^B^A^.  If  /  is  increased  beyond  t^  to  f  for 
instance,  the  e.m.f  will  diminish,  since 


^^  =  A^A^i  +  {\p.>,dt=A,A,B,A,  (I) 

-a^^b:a:a^a,  (2) 


tPab  being  negative  between  t  =  t^  and  /  =  t^.  When  area  (2) 
becomes  equal  in  fnagnitude  to  area  (i),  t,,/"^^  is  zero,  and  /'  is 
a  temperature  of  inversion  for  A  and  B  with  respect  to  /,.  As  / 
is  still  further  increased,  the  e.m.f  increases  negatively  until  t  =  t^, 
beyond  which  it  increases  algebraically,  or  decreases  negatively, 
with  another  inversion  at  i?/ (area  B^A^A^B^  =  airea.A^B/A/Aj), 
until  t  =  /g.  Beyond  this  temperature  |^t'^„^  increases  negatively, 
inverting  again  at  B^^,  and  thereafter  remaining  negative. 
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When  t^  =  /j  and  /=  t^,  the  Peltier  e.m.f.s  at  both  junctions 
are  zero,  no  heat  being  there  absorbed  or  evolved,  and  ^3,,"^^  = 

,3,,^^  =  (negative)  area  ^3^,4^,^3  (i)  =    f\s^-S^dt.     The 
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e.m.f.  is  negative,  or  the  current  flows  (if  the  circuit  is  closed) 
from  B  to  A  across  the  hot  junction  at  temperature  /,. 

When  /,  =  /y  and  /  =  /„  ,,,.^^  =  ,,^T^  =  area  A^A,B/'A^  (2), 
and  is  positive,  or  directed  from  A  to  B  across  the  hot  junction. 

If  /j  =  /j  and  /  =  /g,  the  Thomson  e.m.f  s  are  still  the  only 
e.m.f s  in  the  circuit  and  t^^'^ab  =  (0  ~  (^)-  Since  (i)  is  greater 
than  (2),  the  resultant  e.m.f.  is  negative,  or  the  current  flows  from 
B  to  A  across  the  hot  junction. 

For  an  extended  discussion  of  the  electron  theory  of  thermal 
electromotive  forces  reference  must  be  made  to  a  previously 
mentioned  article  by  Drude,  Ann.  der  Physik,  III.,  p.  369,  1900. 

13.  The  Intrinsic  E.M.F.  of  a  Reversible  Voltaic  Cell.  The 
Theory  of  Kelvin  and  von  Helmholtz.  By  a  reversible  cell  is  meant 
a  cell  in  which  all  the  processes,  both  chemical  and  physical, 
are  completely  reversed  when  the  direction  of  the  current  is 
reversed,  the  Joulean  evolution  of  heat  excepted.  Such,  for 
example,  is  a  Daniell  cell,  which  consists  of  a  zinc  electrode 
immersed  in  a  solution  of  zinc  sulphate  and  a  copper  electrode 
immersed  in  a  solution  of  copper  sulphate,  all  contained  in  the 
same  vessel,  interdiffusion  of  the  two  solutions  being  prevented 
by  a  porous  cup  between  them  or  by  other  means.  When  a 
charge  Q  (§  5,  IX.)  passes  through  the  cell  from  the  zinc  («'=  2) 
to  the  copper  (^'=  2),  one  half  gram  ion  of  zinc  goes  into  solu- 
tion and  one  half  gram  ion  of  copper  is  deposited  on  the  copper 
electrode  ;  and  when  the  same  charge  is  passed  through  the  cell 
in  the  opposite  direction,  one  half  gram  ion  of  copper  goes  into 
solution  and  one  half  gram  ion  of  zinc  is  deposited  on  the  zinc 
electrode.  The  thermoelectric  processes  occurring  at  the  con- 
tacts of  the  dissimilar  substances  are  also  reversible  with  the 
current.  The  Joulean  heat,  which  is  proportional  to  the  square 
of  the  current  and  irreversible,  may  be  made  as  small  as  desired 
in  comparison  with  the  energy  transformed  reversibly,  which  is 
proportional  to  the  first  power  of  the  current,  by  diminishing  the 
strength  of  the  current. 
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Let  the  e.m.f.  of  a  reversible  cell  at  the  absolute  temperature 
t  be  denoted  by  "^ .  Let  the  electrodes  be  connected  up  to  the 
plates  of  a  continuously  adjustable  condenser  so  that  by  grad- 
ually diminishing  or  increasing  the  capacity  a  charge  may  be 
sent  very  slowly  in  either  direction  through  the  cell,  the  Joulean 
heat  being  made  negligible. 

Let  the  system  now  be  carried  through  a  reversible  cycle  as 
follows  :  (i)  With  the  cell  at  the  temperature  /,  let  the  capacity 
of  the  condenser  be  slowly  increased  until  a  small  charge  Qjn, 
where  «  is  a  large  number,  has  passed  through  the  cell.  The 
voltage  of  the  cell  remaining  constant  through  the  process,  ex- 
ternal work  will  be  done  by  the  cell  equal  to  '^Qjn.  The 
energy  of  the  condenser  is  increased  by  Y^Qjn,  and  the  me- 
chanical  energy  of  the  system   increases  by  the  same  amount 

(§55,1.)- 

The  source  of  the  energy  transformed  by  the  cell  is,  in  general 

partly  chemical  and  partly  thermal.     (The  law  of  Volta  for  a 

metallic  circuit  at  uniform  temperature  does  not  hold  for  a  circuit 

partly  electrolytic.)     Let  J  denote   the  net  energy  transformed 

from  chemical  into  electrical  energy  when  a  charge  Q  traverses 

the  cell  at  the  temperature  /  in  the  direction  of  the  e.m.f.     Then, 

if  yis  not  equal  to  '^Q,  an  amount  of  heat 

H=^QIn-Jln 

is  absorbed  by  the  cell  during  the  above  process,  according  to 
the  principle  of  the  conservation  of  energy. 

(2)  Let  the  cell  be  cooled  to  the  temperature  t—  dt.  During 
the  process  an  amount  of  thermal  energy  which  may  be  made 
wholly  negligible  by  sufficiently  diminishing  dt,  is  abstracted 
from  the  cell. 

(3)  With  the  cell  at  the  temperature  t  -f  dt,  let  the  capacity 
of  the  condenser  be  diminished  until  a  charge  Qjn  has  passed 
through  the  cell  in  the  opposite  direction.  Then,  if  H'  denotes 
the  quantity  of  heat  abstracted  from  the  cell  during  this  process, 

H'  =  Qjn  ■  (^  -  d-^ldtdt)  -I  In -{J-  djjdt  dt) 
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(4)  Finally,  let  the  cell  be  heated  to  the  original  temperature 
t,  a  negligible  quantity  of  heat,  sensibly  equal  to  that  abstracted 
in  (2),  being  absorbed.     The  cycle  is  now  complete. 

Applying  the  second  law  of  thermodynamics  to  the  cycle,  we 
have 

{H-H')lH^dt\t 
that  is 

{'^Q-J-V\.Qi:^-d^ldtdf)-{J-dJ\dtdt)-\l{^Q-J)]^dt\t 

"^Q-J^  Qtd^ldt+tdjjdt  (27) 


or 


which,  since  djjdt  is,  according  to  experiment,  sensibly  zero, 
may  be  written 

-^Q-J^^Qtd-^jdt  (28) 

If  d"^ \dt  is  positive,  "^^  is  greater  than  /,  or  the  work  done  by 
the  cell  is  greater  than  the  energy  supplied  by  the  chemical  re- 
actions, and  a  quantity  of  heat  H  =^Q  —J is  absorbed  by  the 
cell  and  transformed  to  make  up  for  the  deficiency.  If  d^ Jdt  is 
negative,  heat  is  given  out  by  the  cell.  If  d^  jdt  is  zero,  which 
is  nearly  true  in  the  case  of  a  Daniell  cell,  "^0=  J,  and  no  ther- 
mal energy  is  on  the  whole  transformed. 

(28)  may  be  written 

-^  ^JlQ-^td'Vldt  (29) 

which  is  von  Helmholz's  formula.  From  this  formula  the  e.m.f. 
of  a  reversible  cell  can  be  calculated  after  observing/,  Q,  t,  and 
d^ jdt.  The  agreement  between  the  e.m.f  calculated  in  this 
manner  and  the  e.m.f.  determined  by  direct  experiment  is,  in 
many  cases,  very  close. 

14.  Intrinsic  E.M.F.  at  a  Single  Interface.  Single  Difference 
of  Potential.  The  formula  of  von  Helmholz,  just  developed  for  a 
complete  electrolytic  cell,  which  may  contain  several  electrolytes 
and  always  contains  two  electrodes,  with  an  intrinsic  e.m.f.  at 
each  interface  (and  sometimes  throughout  each  electrolyte)  can 
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obviously  be  applied  also  to  the  intrinsic  e.m.f.  at  any  one  of  the 
interfaces.  For  example,  '^  may  denote  the  intrinsic  e.m.f.  act- 
ing from  zinc  to  zinc  sulphate  in  a  Daniel!  cell,  /  the  heat  de- 
veloped (if  the  energy  is  not  used  electrically)  by  the  passage  of 
one-half  gram  ion  of  zinc  from  the  solid  state  into  zinc  ions,  and 
d'^Jdt  the  temperature  rate  of  change  of  the  e.m.f.     Then 

The  actual  e.m.f  of  the  complete  cell  is  equal  to  the  algebraic 
sum  of  all  such  included  e.m.f  s,  and  the  actual  temperature  co- 
efficient to  the  algebraic  sum  of  all  the  individual  temperature 
coefficients. 

The  intrinsic  e.m.f.  acting  from  the  zinc  (or  other  substance)  to 
the  electrolyte  will  develop  a  potential  difference  equal  to  '^  in 
magnitude  but  directed  from  the  electrolyte  to  the  zinc  (or  other 
substance).  Such  a  potential  difference  is  called  a  single  differ- 
ence of  potential.  There  is  no  satisfactory  method  of  determining 
experimentally  such  a  difference  of  potential,  nor  can  it  be  com- 
puted from  the  above  equation,  since  J  can  not  be  determined  for 
any  one  kind  of  ions,  as  zinc  ions,  alone.  For  when  one  kind  of 
ions  goes  into  solution,  another  kind  goes  out  of  solution. 

(29)  is  seen  to  include  (19)  as  a  particular  case. 

For  additional  information  on  the  theory  of  the  voltaic  cell, 
single  potential  differences,  etc.,  reference  must  be  made  to  treat- 
ises on  electrochemistry,  where  also  references  to  the  original 
literature  may  be  found. 


CHAPTER   XL 

MAGNETS.     MAGNETOSTATIC  FIELDS. 

1.  Magnets.  A  bar  of  steel  placed  in  a  long  helix  of  wire  tra- 
versed by  an  electric  current  is  found,  on  removal  from  the  helix, 
to  have  acquired  certain  properties  analogous,  in  many  respects, 
to  those  of  an  electret,  and  is  said  to  have  been  magnetised  or  to 
have  become  a  magnet.  The  same  name  is  applied  to  any  body 
possessing  these  properties,  however  acquired,  some  of  which 
will  be  described  in  the  following  pages. 

2.  Electric  and  Magnetic  Analogues.  Just  as  an  electret  and 
the  region  outside  it  are  the  seat  of  electric  induction  or  dis- 
placement, so  a  magnet  and  the  region  around  it  possess  7nag- 
netic  induction.  To  the  electrisation  of  the  one  corresponds  the 
magnetisation  of  the  other.  Tubes  of  induction  run  through  the 
magnet,  entering  at  one  end  and  issuing  at  the  other,  being 
continuous  like  an  electret's  tubes  of  displacement.  There  is, 
however,  no  magnetic  analogue  of  a  true  electric  charge,  or  dis- 
continuity of  electric  displacement.  Magnetic  conduction  and 
magnetic  conductors  do  not  exist,  a  tube  of  induction  cannot  be 
cut  in  two  thus  developing  true  magnetic  charges,  hence  the  in- 
duction is  always  continuous  or  the  tubes  of  induction  are  always 
closed.  Analogous  to  the  electric  intensity  is  the  magnetic  in- 
tensity, connected  with  the  induction  by  a  relation  similar  to  that 
which  connects  electric  intensity  and  displacement.  Substances 
differ  magnetically,  or  possess  different  indue tiznties,  just  as  they 
possess  different  permittivities.  Discontinuities  in  the  magnetic 
intensity  occur  where  the  tubes  of  induction  pass  from  one  sub- 
stance to  another  of  different  inductivity  or  through  a  substance 
whose  inductivity  continuously  changes.     Where  these  discon- 
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tinuities  of  intensity  exist  are  apparent  magnetic  charges,  or  quan- 
tities of  magnetism,  analogous  to  apparent  electric  charges,  arising 
from  discontinuities  in  the  electric  intensity.  The  regions  or 
surfaces  in  which  the  discontinuities  occur  are  called  the  poles  of 
the  magnet.  If  the  magnet  is  long  and  slender  and  the  induction 
within  it  uniform  and  in  the  direction  of  its  length,  the  poles  are 
approximately  concentrated  at  its  ends.  In  every  case,  however, 
poles  are  more  or  less  distributed. 

Upon  the  poles  of  a  magnet  in  a  magnetic  field,  as  upon  the 
poles  of  an  electret  in  an  electric  field,  forces  are  found  to  exist, 
and  from  these  forces  and  their  seats  the  strengths  of  the  poles 
are  defined  and  their  distribution  determined,  greater  or  less  forces 
corresponding,  in  general,  to  greater  or  less  pole  strengths,  and 
more  or  less  restricted  seats  of  the  forces  to  more  or  less  con- 
centrated poles. 

3.  Positive  and  Negative  Magnetic  Poles.  That  pole  of  a  mag- 
net toward  which,  while  in  the  magnetising  helix,  a  right-handed 
screw  placed  with  its  axis  coincident  with  that  of  the  helix  would 
have  to  be  translated  in  order  to  rotate  in  the  direction  of  the 
current  around  the  helix  is  called  the  positive  pole  of  the  magnet, 
and  the  other  pole  the  negative  pole.  The  terms  positive  and 
negative  in  this  connection  are  purely  conventional,  but  are  justi- 
fied as  in  electrostatics  (§  i,  I.). 

4.  The  Earth's  Magnetic  Meridian  at  a  Point.  The  Axis  of  a 
Magnet.  North  and  South  Magnetic  Poles.  A  magnet  so  sus- 
pended or  otherwise  supported  near  the  earth  as  to  have  perfect 
freedom  of  motion  about  its  center  of  gravity  will  always  take 
up  a  position  with  a  definite  line  connecting  the  positive  and 
negative  poles,  or  rather  a  definite  direction  in  the  magnet,  point- 
ing in  a  definite  geographical  direction.  This  direction  is,  in 
general,  northerly  and  southerly,  and  the  vertical  plane  through  it 
is  called  the  earth' s  magnetic  meridian  at  the  point.  The  posi- 
tive and  negative  poles  point  in  the  northerly  and  the  southerly 
direction,  respectively,  and  are  therefore  called  nortJi  and  south 
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poles,  respectively.  The  definite  direction  in  the  magnet,  from 
the  negative  to  the  positive  pole,  is  called  the  axis  of  the  magnet. 
This  term  is  also  applied  to  a  certain  line,  with  this  direction,  in 
the  magnet  (§  24). 

5.  The  Force  Between  Two  Magnetic  Poles.  Between  two 
magnetic  poles  a  force  always  exists,  repulsive  or  positive  if  the 
two  poles  have  the  same  sign,  and  attractive  or  negative  if  the 
poles  have  opposite  signs. 

This  force  between  two  magnetic  poles  can  be  measured  by 
any  kind  of  a  dynamometer  provided  that  the  magnets  are  so 
long  and  their  poles  so  nearly  concentrated  at  the  ends  that  the 
poles  under  experiment  arc  sensibly  outside  the  field  of  influence 
of  the  other  poles. 

The  force  decreases  rapidly  with  the  increase  of  the  distance 
between  the  poles. 

At  a  given  distance  apart  the  force  between  the  poles  depends 
upon  the  medium  in  which  they  are  immersed. 

At  a  given  distance  apart  and  in  a  given  medium  the  force  is 
different  for  different  pairs  of  poles. 

6.  Coulomb's  Law  of  Force  for  Concentrated  Poles  of  Permanent 
Magnets  in  an  Infinite  Homogeneous  Isotropic  Medium.  Consider 
three  approximately  concentrated  poles  A,  B,  C,  belonging  to 
three  very  long,  very  slender,  cylindrical  magnets  of  very  hard 
steel  magnetised  in  a  slender  solenoid  or  helix,  longer  than  the 
magnets,  traversed  by  an  electric  current.  The  more  nearly  the 
poles  are  concentrated,  the  greater  the  ratio  of  the  length  to 
the  diameter  of  each  magnet,  the  greater  the  coercive  intensity 
of  the  steel  (§  25,  XIII.),  and  the  more  nearly  homogeneous 
and  isotropic  the  surrounding  medium,  the. more  nearly  are  the 
following  relations  found  by  experiment  to  be  true  : 

The  force  between  any  two  of  the  poles  varies  inversely  as  the 
square  of  the  distance  between  them. 

The  force  between  two  of  the  poles,  as y^  and  B,  at  any  dis- 
tance d  apart  in  a  given  medium  i  bears  to  the  force  between  the 
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same  poles  at  the  same  distance  d  apart  in  another  medium,  2, 
the  same  ratio  {iJ^^I f^v  ^^^  below)  which  the  force  between  another 
pair,  as  A  and  C,  at  any  given  distance  d'  apart  in  medium  i 
bears  to  the  force  between  A  and  C  at  the  same  distance  d'  apart 
in  medium  2. 

If  F^  denotes  the  force  between  the  poles  A  and  C  in  any- 
medium  at  any  distance  d  apart,  and  F^^  the  force  between  the 
poles  B  and  C  in  the  same  medium  at  the  same  distance  d  apart, 
then,  whatever  this  distance  d,  and  whatever  the  medium,  F^^ 
bears  to  F,   a  certain  definite  and  constant  ratio,  and  this  ratio  is 

or  ' 

unaltered  if  the  pole  C  is  exchanged  for  any  other  similar  (con- 
centrated) pole. 

Hence  there  is  associated  with  each  of  the  two  poles  A  and  B 
a  constant,  which  we  shall  call  its  pole  strength,  or  quantity  of 
■magnetism,  such  that  the  force  between  one  of  these  poles  and 
a  third  concentrated  pole  is  proportional  to  this  constant  or  pole 
strength.  But  the  same  thing  is  true  of  the  third  pole  also. 
Hence  the  force  between  two  poles  is  proportional  to  the  strength 
of  each,  that  is  to  the  product  of  their  pole  strengths.  The 
strength  of  a  pole  will  de  denoted  by  m  with  a  subscript  to  iden- 
tify the  pole  when  necessary. 

Putting  the  above  results  together,  we  have,  if  F  denotes  the 
force  between  two  concentrated  poles  of  strengths  m^  and  m^ 
when  the  distance  between  them  is  L,  the  law  of  Coulonib  : 

F=Am^mJtiD  (i) 

fi  being  a  constant  of  the  medium  in  which  the  poles  are  im- 
mersed, called  its  inductivity  (analogous  to  electric  permittivity), 
and  A  a  constant  depending  on  the  units  in  which  all  the  other 
quantities  are  expressed. 

If,  as  in  this  book,  the  c.g.s.  system  of  mechanical  units  is 
adopted,  if  /i  is  expressed  in  terms  of  the  inductivity  of  free 
aether  (denoted  by  /i^)  as  unit  inductivity,  and  \iA  is  put  equal  to 
-I-  I  /47r,  Wj  and  m^,  are,  by  definition,  expressed  in  terms  of  the 
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rational  electromagnetic  {REM)  unit  magnetic  pole  strength.    With 
these  conventions,  the  above  equation  ( i )  becomes 

F=.  m^m^l^TTii.D  (2) 

If ;«,  and  m^  are  poles  of  the  same  kind  (both  positive  or  both 
negative),  F  is  positive  or  repulsive  ;  if  the  signs  of  the  poles  are 
opposite,  F  is  negative,  or  the  force  is  one  of  attraction. 

From  the  nature  of  the  conditions  assumed  above  it  is  clear 
that  the  law  can  not  be  established  rigorously  by  direct  experi- 
ment. The  best  proof  of  the  law  is  the  general  agreement  be- 
tween experiment  and  a  magnetic  theory  based  largely  upon  the 
law.  The  physical  reason  for  the  existence  of  the  law  of  inverse 
squares  is  similar  to  that  for  the  law  of  inverse  squares  in  electro- 
statics, as  will  be  apparent  when  the  magnetic  flux  and  Gauss's 
theorem  for  magnetism  have  been  discussed  (§§  13  and  14), 

7.  The  Mag-netic  Field.  Magnetic  Intensity.  Any  region  in 
which  a  magnetic  pole  is  acted  upon  by  a  mechanical  force  in 
virtue  of  its  magnetism  is  called  a  magnetic  field.  Such  a  field  is 
the  neighborhood  of  a  magnetic  pole,  or  the  region  about  the 
earth,  or  the  region  about  a  wire  carrying  an  electric  current. 

It  follows  from  experiment  that  the  force  /^acting  upon  a  con- 
centrated magnetic  pole  at  any  point  of  a  magnetic  field  is  pro- 
portional to  its  pole  strength  m  (provided  that  the  distribution  of 
magnetism  originally  accompanying  the  field  remains  sensibly 
unaltered  on  the  introduction  of  the  pole).     That  is, 

F=Hm  (3) 

The  proportionality  factor  H  is  called  the  magnetic  intensity  at 
the  point.  H  is  evidently  a  vector  specifying  the  state  of  the 
field  at  the  point,  its  direction  being  that  of  the  force  upon  a 
positive  pole  (or  opposite  to  that  of  the  force  upon  a  negative 
pole),  and  its  magnitude  the  magnitude  of  the  force  upon  unit 
pole  placed  at  the  point. 

When  F\s  expressed  in  dynes  and  ;//  in  the  REM  unit,  //"  = 
Flm  is,  by  definition,  expressed  in  the  REM  unit  magnetic  in- 
tensity. 
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(2)  is  a  particular  case  of  (3). 

The  term  magnetic  field  is  also  used  to  denote  the  collective 
intensity  in  a  region  instead  of  the  region  itself  The  direction 
of  the  field  2X  any  point  is  then  the  direction  of  the  intensity,  and 
the  strength  of  the  field  \s,  the  magnitude  of  the  intensity. 

8.  The  Strength  of  a  Distributed  Pole.     By  (3),  which  may  be 

written 

m  =  FjH  (4) 

the  strength  of  a7ty  magnetic  pole  when  placed  in  a  uniform  field 
may  be  defined  as  the  ratio  of  the  force  acting  upon  the  pole  to 
the  magnetic  intensity  of  the  field  (which  can  be  determined  by 
(3)  with  a  concentrated  pole).  A  general  definition  of  pole 
strength  consistent  with  (2)  and  (4)  is  given  in  §  21. 

9.  The  Positive  and  Negative  Poles  of  a  Magnet  Have  the  Same 
Numerical  Strength,  or  the  total  quantity  of  magnetism  in  any 
magnet  is  zero.  For  if  a  magnet  is  placed  on  a  float  in  a  vessel 
of  water,  so  as  to  be  perfectly  free  to  move  in  any  direction,  it 
experiences  no  translatory  force  in  any  direction  when  the  sur- 
rounding field  is  that  of  the  earth  alone.  Thus  the  force  upon 
the  positive  pole  is  exactly  equal  and  opposite  to  the  force  upon 
the  negative  pole.  Hence,  since  the  intensity  of  the  earth's  field 
throughout  the  region  occupied  by  the  magnet  (and,  in  general, 
throughout  a  much  larger  region)  is  sensibly  uniform,  the  pole 
strengths  are  equal  and  opposite  by  (4),  and  their  algebraic  sum 
is  zero.     See  also  §  21. 

10.  Magnetic  Induction.  Analogous  to  electric  induction  or 
displacement  is  a  quantity  called  the  magnetic  inductiofi,  defined 
as  the  product  of  the  inductivity  and  the  magnetic  intensity. 
Thus,  if  the  magnetic  induction  is  denoted  by  B,  we  have 

B  =  t^H  (5) 

B  is  obviously  a  vector  with  the  same  direction  as  that  of  //, 
since  /u.  (in  isotropic  media,  which  alone  will  be  considered  here) 
has  no  relation  to  direction. 


MAGNETS.     MAGNETOSTATIC    FIELDS.  2/1 

When  fi  and  H  are  expressed  in  REM  units,  B  =  fi//  is  said 
to  be  expressed  in  the  REM  unit  magnetic  induction. 

A  substance  in  which  magnetic  induction  exists,  that  is,  a  sub- 
stance which  supports  a  magnetic  field,  is  said  to  be  magnetised  or 
to  be  in  a  state  of  magnetisation.  If  the  induction  and  inductivity 
are  uniform  throughout,  the  magnetisation  is  said  to  be  uniform. 
The  intensity  of  magnetisation  is  defined  in  §  21. 

11.  Lines  and  Tubes  of  Magnetic  Intensity  and  Induction  are 

defined  in  exactly  the  same  way  as  lines  and  tubes  of  electric 
intensity  and  induction,  except  that  magnetic  quantities  are  sub- 
stituted for  electric  throughout. 

12.  The  Superposition  of  Magnetic  Fields.  The  statements  of 
§  12,  I.,  and  those  of  the  paragraph  following  (2),  §  11,  I.,  with 
reference  to  the  electric  field  hold  also  for  the  magnetic  field,  ex- 
cept that  the  medium  supporting  a  magnetic  field  never  breaks 
down  as  a  result  of  magnetic  stress  (another  illustration  of  the 
non-existence  of  magnetic  conductivity). 

13.  The  Magnetic  Flux,  <I>,  across  a  surface  5  is  defined  in  ex- 
actly the  same  manner,  analogous  terms  being  substituted,  as 
the  electric  flux,  §  22,  I.,  that  is,  as  the  integral  over  the  surface 
of  the  normal  component  of  the  induction.     Thus 

^  =/^  cos  0dS=f  (iH cos  e  dS  (6) 

6  denoting  the  angle  between  B  ox  H  and  the  normal  to  dS. 

14.  Gauss's  Theorem.  The  magnetic  flux  4>  outward  across  a 
closed  surface  S  surrounding  any  number  of  concentrated  mag- 
netic poles  of  total  strength  m  is  equal  to  w.*  This  follows  for 
an  infinite  or  finite  region  containing  a  homogeneous  isotropic 
medium  (fi  =  constant,  except  within  the  magnets,  whose  vol- 

*  With  the  qualification  made  below.  In  every  case,  however,  the  flux  of  tnas^- 
nectic  intensity  outward  across  a  closed  surface  surrounding  a  real  pole  distributed  in 
any  manner,  multiplied  by  the  inductivhy  of  the  medium  surrounding  the  magnet, 
is  equal  to  the  strength  of  the  pole.     For  the  analogous  electric  case  see  VI.  and  IV. 
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umes  are  supposed  negligible)  from  (2),  (3),  (5),  and  (6),  and  a 
process  of  reasoning  exactly  analogous  to  that  employed  in  es- 
tablishing the  corresponding  theorem  in  electrostatics. 

The  theorem  holds  only  for  concentrated  poles,  the  flux  from 
a  distributed  pole  being,  in  general,  very  different  from  m.  (See 
§  8,  VI.,  for  the  corresponding  electric  case.) 

TJie  strength  of  a  tube  of  induction.  It  follows  from  Gauss's 
theorem  exactly  as  in  electrostatics  that  the  flux  across  every 
diaphragm  of  a  given  tube  of  magnetic  induction  in  a  homogene- 
ous isotropic  medium  is  the  same.  The  magnitude  of  this  flux 
is  called  the  strength  of  the  tube.  A  unit  tube  is  a  tube  whose 
strength  is  unity. 

We  here  assume,  as  in  strict  accord  with  experiment,  that  the 
strength  of  a  tube  is  constant  throughout  its  length  whatever 
media  it  may  traverse,  whether  the  field  is  a  pure  magnetic  field 
or  an  electromagnetic  field  (XII.).  For  a  pure  magnetic  field 
(in  which  there  is  no  intrinsic  magnetisation)  this  result  follows 
from  considerations  exactly  similar  to  those  adduced  to  establish 
the  analogous  proposition  in  electrostatics,  except  that  two  con- 
centrated permanent  magnetic  poles,  one  in  each  medium,  must 
be  employed  instead  of  the  closed  electric  condenser. 

In  deriving  Gauss's  theorem  the  (infinitely  small)  volumes  of 
the  magnets  and  all  their  contents  were  neglected.  It  must 
always  be  remembered,  however,  that,  as  stated  in  §  2,  magnetic 
poles  are  the  analogues  of  the  poles  of  electrets,  not  of  true  elec- 
tric charges.  We  may,  for  convenience,  consider  only  the  flux 
from  (or  to)  a  pole  in  the  surrounding  medium,  as  we  have  just 
done ;  but  we  must  remember  that  the  same  quantity  of  flux 
which  efnanates  from  a  magnet  at  its  positive  pole  enters  the 
magnet  again  at  its  negative  pole,  making  the  total  flux  across 
any  closed  surface  surrounding  a  single  pole  (or  any  number  of 
poles)  zero. 

That  this  statement  is  correct  for  a  magnet  with  concentrated 
poles  follows  from  Gauss's  theorem  and  the  fact  that  if  any  mag- 
net is  broken  across  its  axis  into  any  number  of  pieces,  each 
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piece  is  a  magnet  with  its  positive  and  negative  poles  equal  in 
strength  (numerically)  and  pointing  in  the  same  directions  as  the 
corresponding  poles  of  the  original  magnet. 

When  both  the  original  magnet  and  these  pieces  are  very  long 
and  thin,  as  they  must  be  to  have  approximately  concentrated 
poles,  the  pole  strengths  of  the  pieces  and  the  original  magnet 
are  sensibly  equal. 

We  here  assume  that  all  tubes  of  magnetic  induction  are  closed 
like  the  tubes  just  considered,  whether  in  a  pure  magnetic  field 
or  in  an  electromagnetic  field.  This  assumption  is  in  strict 
accord  with  experiment  and  with  a  more  general  definition  of 
magnetic  induction  given  in  Chapter  XIII.  Thus  there  is  noth- 
ing in  magnetism  analogous  to  the  discontinuity  of  electric  dis- 
placement, or  true  electric  charge. 

Applying  the  above  results  to  the  element  of  volume  at  a 
point,  we  get,  obviously, 

div  ^  =  o  =  div  tiH  (7) 

the  flux  into  any  element  of  volume  across  a  part  of  its  surface 
being  equal  to  the  flux  out  of  the  volume  across  the  rest  of  the 
surface. 

15.  Magnetomotive  Force  or  Gaussage.  Magnetic  Potential 
and  Eqnipotential  Surfaces.  The  line  integral  of  magnetic  inten- 
sity, J  Hcos  6  dL,  along  a  path  L  from  a  point  P^  of  a  magnetic 
field  to  a  point  P^  is  called  the  magnetomotive  force  (m.m.f.)  or 
gaussage  from  P^  to  P^  along  the  path  L.  When  this  integral  is 
the  same  along  every  path  from  /*,  to  P^  it  is  also  called  the 
difference  of  magnetic  potential  between  P^  and  P^,  or  the  fall  of 
magnetic  potential  from  /\  to  P^.  From  a  process  of  reasoning 
similar  to  that  of  §  17,  I.,  this  is  evidently  the  case  in  the  field 
of  a  magnet  (unaccompanied  by  electric  currents). 

The  tmit  gaussage  is  the  gaussage  which  exists  between  two 
points  when  unit  work  must  be  done  to  transfer  a  unit  magnetic 
pole  from  one  to  the  other. 
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The  fall  of  magnetic  potential  from  a  given  point  P  to  a  point 
at  an  infinite  distance  from  all  magnetic  poles  is  called  the  mag- 
netic potential  at  P,  and  will  be  denoted  by  H.  This  symbol  will 
also  be  used  to  denote  m.m.f  in  the  more  general  case. 

A  surface  which  is  everywhere  normal  to  the  magnetic  intensity 
is  called  a  magnetic  equipotcntial  surface. 

16.  The  Mapping  of  Magnetic  Fields.  A  magnetic  field  can  be 
completely  mapped  out  by  a  system  of  tubes  of  induction  of 
equal  strength  or  by  a  system  of  equipotcntial  surfaces  between 
the  successive  surfaces  of  which  the  gaussage  is  constant.  (See 
§§  20  and  25,  I.) 

Maxwell's  method  of  drawing  such  systems  of  tubes  and  sur- 
faces applies  equally  to  the  electric  and  magnetic  cases.  (See 
§§  7,  II,  13  and  14,  II.) 

17.  Magnetic  Conductors.  An  imaginary  substance,  analogous 
otherwise  to  an  electric  conductor,  within  whose  volume  there  is 
no  magnetic  induction  or  intensity  when  immersed  in  a  static 
magnetic  field,  and  at  whose  surface  all  lines  of  magnetic  inten- 
sity and  induction  are  therefore  discontinuous  normally,  is  called 
a  magnetic  conductor.  It  will  appear  later  (XVI.)  that  a  perfect 
electric  conductor  behaves  like  a  substance  of  zero  inductivity 
and  can  under  no  circumstances  support  an  electric  or  magnetic 
field. 

The  (imaginary)  true  magnetic  charge  and  surface  density  upon 
such  an  imaginary  surface  are  defined  as  the  magnetic  flux  from 
surface  and  the  induction  at  the  surface,  respectively,  in  a  manner 
exactly  analogous  to  that  followed  in  electrostatics. 

18.  Magnetic  Energy  Density,  Magnetic  Tension,  and  Magnetic 
Pressure.  From  the  strict  mathematical  analogy  existing  between 
the  strength  of  a  concentrated  permanent  magnetic  pole  and  a 
concentrated  electric  charge  or  the  concentrated  pole  of  a  per- 
manent electret,  magnetic  inductivity  and  electric  permittivity, 
magnetic  intensity  and  electric  intensity,  magnetic  induction  and 
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electric  infduction  or  displacement,  it  follows  that,  when  fi  is  con- 
stant, 

(i)  The  magnetic  energy  per  unit  volume  at  any  point  of  a 
magnetic  field  is 

r=j^//=^^//^  =  j^7/.  (8) 

(2)  There  is  a  tension  parallel  to  the  intensity  equal  to 

T=lBN=l^i//'=.l-Byf.  (9) 

(3)  There  is  a  pressure  in  every  direction  normal  to  the  inten- 
sity  equal  to  •         ^^,  ^^^  ^  ^^,  ^  ^^^  ^^^^ 

It  follows  also,  whether  /x  is  constant  or  not,  that  the  work 
per  unit  volume  done  in  magnetising  a  substance  from  a  value 
of  the  induction  B  —  B^to  3.  value  B  =  B^is 


HdB  (11) 

which  reduces  to  (8)  when  /*  is  independent  of  H.  This  expres- 
sion does  not  give  the  change  in  the  magnetic  energy  when  hys- 
teresis (§39,  XIII.)  is  present,  by  far  the  greater  part  of  the 
energy  used  during  the  magnetising  process  being  in  most  cases 
dissipated. 

(8)  and  (11)  will  be  demonstrated  later  (§§  12  and  29,  XIII.) 
in  a  different  manner. 

19.  Magnetic  Energy.  Permeance.  Reluctance.  In  exactly 
the  same  manner,  or  by  direct  integration  from  (8),  the  energy  con- 
tained in  the  volume  T'of  a  tube  of  magnetic  induction  of  strength 
4>  between  two  equipotential  surfaces  between  which  the  m.m.f. 

'^ " ''  w^  |4>n  (13) 

if  /I  is  constant  (independent  oi  H)\  and 

W=  jTdr  =  fjHdBdr  =  JJjHdLdSdB 

(H) 

=  JjHdL  ■  SdB  =  fild^ 
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in  the  general  case,  assuming  no  dissipation  of  energy.     (14) 
gives  the  work  done  in  magnetisation  in  every  case. 

The  ratio  of  the  magnetic  flux  <I>  through  the  tube  to  the 
m.m.f.  O  between  the  two  equipotentials  is  called  the  permeance, 
and  its  reciprocal  the  reluctance,  of  this  portion  of  the  tube. 
Thus,  if  the  permeance  is  denoted  by  Pand  the  reluctance  by  R, 

P=.ijR^^I£l  (15) 

The  combination  of  (13)  and  (15)  gives  for  the  energy  W, 

W=  in4>  =  l/^O^  =  WIP=  10?IR=IR^'         (16) 

The  electric  analogue  of  permeance  is  evidently  permittance. 
[In  the  irrational  systems  of  units  also,  Chapter  XIV.,  Pand 
R  are  defined  by  (15),  the  electrical  analogy,  requiring  the  intro- 
duction of  47r,  not  being  strictly  maintained.] 

20.  The  Laws  of  Refraction  of  Lines  of  Intensity  and  Induction. 
It  follows  also,  by  a  procedure  exactly  analogous  to  that  of  IV., 
§  2,  or  by  inspection  of  the  final  equations  of  IV.,  §  2,  and  the 
analogies  mentioned  in  §  2,  that  in  crossing  an  interface  from  a 
medium  i  to  a  medium  2  a  line  of  magnetic  intensity  or  induction 
is  refracted  in  such  a  way  that 

I.  The  incident  and  refracted  lines  are  in  the  same  plane  per- 
pendicular to  the  interface  at  the  point  of  incidence  ;  and  that 

II.  The  ratio  of  the  tangent  of  the  angle  of  incidence  to  the 
tangent  of  the  angle  of  refraction  is  a  constant  for  the  given 
media  (when  the  inductivity  ratio  is  constant)  and  equal  to  the 
ratio  of  the  two  inductivities. 

The  equivalent  equations  are 

H^  sin  0^  =  H^  sin  Q^  (tangential  intensity  continuous)  (17) 
B^  cos  0^  =  B^  cos  ^2  (normal  induction  continuous)  (18) 
tan  ^j/tan  (92  =  ;Ai//a2  (19) 

21.  Magnetic  Surface  and  Volume  Density,  Intensity  of  Mag- 
netisation, etc.  Proceeding  in  the  same  manner  and  following 
IV.,  §§  3-4,  we  get  what  follows. 
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The  normal  discontinuity  in  the  magnetic  intensity  at  the  inter- 
face separating  two  media  i  and  2  (//,  and  //,  being  reckoned 
positive  when  directed  from  medium  2  to  medium  i)  is 

//,  cos  ^j  —  //j  cos  ^2 

which  is  equal  to  [(fi^  —  A^J/z^i/^J-^a  ^^^  ^2  when  there  is  no  in- 
trinsic magnetisation  (§  22). 

The  magnetic  surface  density  (analogous  to  apparent  electric 
surface  density)  at  the  interface  is 

a>  =  ii^{H,  cos  e,  -  H^  cos  Q^  =  {B^  -  fi^H,)  cos  6^     (20) 

which  is  equal  to  [(/*,  —  f^i)ll^2^-^2  ^°^  ^2  when  there  is  no  intrin- 
sic magnetisation  present.  [In  the  irrational  systems  of  units, 
Chapter  XIV.,  a-'  is  defined  by  the  relation 

47rcr'  =  /Aj(//,  cos  0^  —  H^  cos  d^'\ 

The  intensity  of  magnetisation  of  medium  2  with  respect  to 
medium  i  is,  by  definition, 

J=.B,-ti,H^  (21) 

which  is  equal  to  [(a'2~/*i)//*2]-^2  when  there  is  no  intrinsic  mag- 
netisation. An  equivalent  definition  of y  is  the  magnetic  moment 
of  mediiwi  2  per  unit  volume  (§  23,  and  §  12,  IV.).  (21)  shows 
that  J  is  the  difference  between  the  actual  induction  in  2  and  the 
induction  which  would  exist  there  if  \i^  were  equal  to  /t^  with  the 
same  value  of  the  intensity.  [In  the  irrational  systems  of  units 
(Chapter  XIV.),  y  is  defined  by  the  equation  ^irj  =■  B^—yi.^H^^ 
If  we  write  B^  =  fi^H^,  (21)  may  be  written 

/=  (/*2  -  /*i)^2  =  ^^^2  (22) 

K,  which  is  written  for  (/x.^—fi^),  is  called  the  magnetic  suscepti- 
bility of  medium  2  with  respect  to  medium  i.     [In  the  irrational 
system  of  units  k  =  {fi^  —  ix^f^ir.'] 
(22)  may  be  written 

^,=  /^2^2=/+/*.^2  (23) 
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(20)  may  be  written 

a'=/cose^  (24) 

The   quantity  of  magnetism   upon  a  surface   S,   or  the  pole 
strength  of  the  surface  S,  is 

J(7'dS=Jj  cos  d^dS  (25) 

which  may  be  written  equal  to  [(ftg  —  t^\)l t^il  ^  when  there  is  no 
intrinsic  intensity. 

The  magnetic  volume  density  in  a  region  where  /i.  varies  from 
point  to  point  is  p>^^^^,^H  (26) 

(In    the  irrational   systems  of  units,   Chapter  XIV.,   47r/3'  = 
/Ltj  div  7/.) 

The  total  quantity  of  magnetism  in  a  volume  t  is 

fp'dr  =1^1/  div  //  dr  (27) 

The  total  quantity  of  magnetism  within  a  volume  t  and  upon 
its  surface  5  is 

jH  =Ja'dS  ^-Jp'dr  =//cos  6^  dS  -|-  fi.f  div  H  dr    (28) 

The  force  upon  a  magnetic  pole  of  strength  m  in  a  field  of 

intensity  //"is 

"^  F=  Hm  (29) 

The  intensity  at  a  point  P  distant  L  from  the  element  dm  of  a 
pole  of  strength  dm  "due"  to  dm  is  directed  along  L  and  is  equal  to 

dH  =  dmj^.'n-fi^V'  (30) 

The  magnetic  potential  at  a  point  due  to  any  magnetic  distri- 
bution whatever  is 

n  =  i/47r//.j  ■  ^dm\L  (31) 

If  medium    2    is    uniformly    magnetised,   the   magnetic   flux 
through  the  positive  pole  will  be 

^  =/^2  cos  e^dS=Jj  cos  e^dS-\-  ti^jH^  cos  O^dS 

=  w  +7*1  S^2  cos  ^/5  (32) 
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which  is  equal  to  m  only  when  the  pole  is  concentrated..  In 
isolated  magnets  H^  is  negative,  hence  <J>  is  less  than  in  (except 
in  the  ideal  case  mentioned). 

The  complete  developments  §  7,  IV.,  and  §  i,  V.,  are  valid  for 
the  magnetic  case,  magnetic  quantities  being  substituted  for  the 
analogous  electric  quantities. 

22.  Intrinsic  Magnetisation,  Etc.  Corresponding  to  intrinsic 
electrisation,  intrinsic  electric  intensity,  etc.,  are  intrinsic  magnet- 
isation^ of  which  we  have  an  example  in  every  magnet,  intrinsic 
magnetic  intensity  or  force  (denoted  by  //)  maintaining  the  induc- 
tion, etc.  Intrinsic  magnetic  phenomena  do  not  appear  in  most 
substances,  but  are  far  more  marked  than  the  corresponding  elec- 
tric phenomena  in  others,  notably  iron,  nickel,  and  cobalt,  reach- 
ing their  maximum  development  in  hard  steel.  The  magnetisation 
of  these  substances  will  be  briefly  discussed    in  §§  35-39,  XIIL 

Permanent  Magnets.  A  permanent  magnet  is  a  magnet  whose 
pole  strengths  at  any  definite  temperature  are  constant  independ- 
ently of  the  time,  of  the  nature  of  the  surrounding  medium,  and 
of  the  proximity  of  other  magnets  and  electric  currents.  Such  a 
magnet  is  purely  ideal,  but  approximately  permanent  magnets 
can  be  made  of  long  cylinders  of  properly  tempered  hard  steel. 
Such  a  magnet,  if  not  brought  into  too  strong  magnetic  fields, 
and  if  kept  when  not  in  use  in  an  iron  case  will  retain  its  moment 
constant  in  air,  even  when  the  ratio  of  its  length  to  the  square  root 
of  its  cross-section  is  less  than  ten  to  one,  for  at  least  a  year  within 
one  tenth  per  cent.  (Klemencic,  Ann.  dcr  Physik,  XII.,  174, 
1901).  From  the  discussion  of  the  permanent  electret,  §  8,  VI., 
it  is  clear  that  a  magnet  will  be  more  nearly  permanent  the 
greater  the  ratio  of  its  length  to  its  diameter  (or  other  linear  di- 
mensions perpendicular  to  its  length).  It  is  also,  evident  that, 
other  things  being  equal,  the  greater  the  coercive  force  (§25, 
XIII.)  of  a  substance  or  the  "harder"  it  is  magnetically,  the 
nearer  will  be  its  approach  to  permanency  of  magnetisation, 
when  made  up  into  magnets. 
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23.  Pure  Magnetic  Fields.  "  It  is  now  evident  that  the  magnetic 
fields  for  a  great  variety  of  ideal  distributions  can  be  obtained 
from  the  analogous  electric  fields  already  discussed  in  previous 
chapters,  by  substituting  magnetic  conductors  for  electric  con- 
ductors, inductivity  for  permittivity,  true  magnetic  charge  for  true 
electric  charge,  magnetic  pole  strength  for  fictitious  electric 
charge,  magnetic  intensity  for  electric  intensity,  magnetic  induc- 
tion for  electric  displacement,  intensity  of  magnetisation  for  in- 
tensity of  electrisation,  etc.  Since  the  concentrated  poles  of 
permanent  electrets  can  be  substituted  for  concentrated  electric 
charges,  the  electrisation  within  the  volume  of  the  electrets  being 
neglected  (§  8,  VI.),  concentrated  electric  charges  can  be  re- 
placed in  the  magnetic  analogues  by  concentrated  magnetic  poles, 
the  magnetic  induction  within  the  volumes  of  the  linear  magnets 
being  neglected.  The  approximate  effects  of  magnetic  conduc- 
tors, except  as  regards  the  continuity  or  discontinuity  of  the 
magnetic  induction,  can  be  obtained  by  using  substances  of  great 
inductivity.  (The  value  of  fi  for  soft  iron  may,  with  vibration, 
reach  nearly  80,000 ft,,.     See  Ewing,  Phil.  Trans.,  1885.) 

Thus,  Fig.  14  represents  the  field  of  a  single  concentrated 
magnetic  pole,  the  induction  within  the  magnet,  supposed  infin- 
itely thin,  being  neglected,  and  the  opposite  pole  being  supposed 
infinitely  remote. 

Fig.  22  shows  the  field  surrounding  a  single  magnet  with  con- 
centrated poles. 

Fig.  60  shows  the  field  about  a  concentrated  magnetic 
pole  in  an  infinite  medium  of  inductivity  ^l^  separated  by  a  plane 
interface  from  an  infinite  medium  of  inductivity  jx^  for  the 
particular  case  in  which  fiJfJ'^  =  4,  the  field  within  the  mag- 
net being  neglected  and  its  opposite  pole  being  infinitely 
remote. 

Figs.  60,  61,  and  62  show  the  magnetic  field  in  and  around  a 
sphere  of  inductivity  fx^  placed  in  an  infinite  medium  of  inductivity 
ftj  supporting  an  originally  uniform  field  for  the  three  cases  in 
which  /-tg//*!  =  o>  3>  ^"^'^  infinity. 
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Fig.  63  shows  the  field  of  an  infinite  circular  cylindrical  shell 
of  inductivity  /a^  placed  in  an  infinite  medium  of  inductivity  /i, 
supporting  (originally)  a  uniform  magnetic  field  perpendicular  to 
the  axis  of  the  cylinders  for  the  particular  case  in  which  ft-J fi^  = 
10.  §§14—15  were  in  fact  developed  largely  on  account  of  the 
magnetic  fields  exactly  analogous  to  the  electric  fields  there  in- 
vestigated. The  table  (Table  I.,  §§  14-15)  is  constructed  with 
values  of  cjc^  or  /Aj/z^i  common  in  magnetism  but  never  occur- 
ring in  electrostatics.  The  use  of  spherical  and  cylindrical  iron 
shells  as  magnetic  screens  in  protecting  galvanometer  magnets 
from  external  fields  is  mentioned  in  §  30,  XII. 

Fig.  67  shows  the  field  of  a  uniformly  magnetised  isolated 
sphere,  Fig.  28,  with  the  additions  and  modifications  indicated  in 
§  6,  VI.,  that  of  an  infinite  circular  cylinder  uniformly  magnetised 
at  right  angles  to  its  length,  etc.,  etc.,  every  electric  field  having 
its  magnetic  analogue,  either  ideal  or  real. 

24.  Resultant  Magnetic  Poles,  Magnetic  Axis.  The  total  forcive 
upon  a  magnet  in  a  uniform  field,  as  the  earth's  magnetic  field, 
is  a  torque  tending  to  bring  its  axis  into  the  direction  of  the 
field.  It  is  evident  that  the  axis  of  the  magnet,  as  defined  in  §  4, 
is  the  direction  of  the  straight  line  drawn  from  the  center  of  the 
parallel  forces  due  to  the  uniform  field,  as  the  earth's  field,  on  all 
the  elements  of  the  distributed  negative  pole  to  the  center  of  the 
opposite  parallel  forces  upon  all  the  elements  of  the  positive 
pole. 

These  centers  may  be  regarded  as  the  positions  of  the  resultant 
poles  of  the  magnet ;  but  it  must  be  remembered  that  if  the 
forces  upon  all  the  elements  are  not  parallel,  as  they  are  when 
the  magnet  is  in  a  uniform  field,  the  positions  of  the  centers,  or 
points  of  application  of  the  resultant  forces,  are  different,  and 
different  for  every  different  field.  If  the  magnetism  were  uni- 
formly distributed  through  spheres  or  in  concentric  spherical 
shells,  or  over  spherical  surfaces,  at  the  two  ends  of  the  magnet, 
then  it  could  easily  be  shown,  as  in  the  corresponding  cases  in 
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electrostatics  and  gravitation,  that  the  field  outside  the  spheres, 
and  the  resultant  forces,  would  in  all  cases  be  the  same  as  if  the 
poles  were  concentrated  at  the  centers  of  the  spheres.  The 
forces  between  the  poles  of  two  magnets  at  a  distance,  however, 
will  be  approximately  the  same  as  if  the  poles  were  concentrated 
in  the  positions  of  the  resultant  poles  for  a  uniform  field,  just  as 
the  gravitational  force  between  two  masses  of  irregular  shape, 
when  the  distance  between  them  is  considerable,  so  that  the  field 
due  to  each  is  nearly  uniform  at  the  other,  is  nearly  the  same  as 
if  the  masses  were  concentrated  at  their  centers  of  gravity  or 
centers  of  mass. 

For  convenience,  the  straight  line  drawn  from  the  negative  re- 
sultant pole  to  the  positive  resultant  pole,  as  well  as  its  direction, 
will  be  called  the  axis  of  the  magnet.  If  the  magnet  is  a  cylin- 
der of  symmetrical  cross-section  and  magnetised  symmetrically 
with  respect  to  its  geometrical  axis,  the  geometrical  and  magnetic 
axes  will  coincide. 

25.  The  Torque  TJpon  a  Magnet  in  a  TTniform  Field.  Magnetic 
Moment.  Let  in  denote  the  magnitude  of  the  strength  of  each 
pole,  L  the  distance  between  the  resultant  poles,  H  the  intensity 
of  the  uniform  field,  and  6  the  angle  between  the  direction  of  the 
axis  and  the  direction  of  the  uniform  field.  The  torque  tending 
to  diminish  6  is  evidently  2mH\L  sin  Q,  and  the  torque  tending 
to  increase  6,  or  the  torque  measured  in  the  same  direction  as 
that  in  which  6  is  measured,  is 

r=  —  2mH\L  sin  ^  =  —  mLH  sin  ^  =  —  MH  sin  Q    (33) 

if  we  put  inL  =  M. 

The  quantity  M=.  mL  =  TjH  sin  6  is  called  the  magnetic  mo- 
ment of  the  magnet  (analogous  to  the  electric  moment  of  an 
electret). 

26.  Gauss's  Method  of  Determining  Simultaneously  the  Moment 
M  of  a  Magnet  and  the  Horizontal  Component  H  of  the  Earth's 
Magnetic  Intensity.  I.  Determination  of  J/ H .  The  magnet,  ^, 
of  moment  M'xs,  first  suspended  with  its  axis  horizontal  by  a  ver- 
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tical  fiber  as  free  from  torsion  as  possible,  and  set  to  vibrating 
through  a  very  small  horizontal  arc.  The  time  7"  of  a  complete 
vibration  of  the  magnet,  and  its  moment  of  inertia  K  about  the 
axis  of  vibration,  are  then  determined.  Then  the  product  M  H 
is  given  by  the  equation 

MH^Ap:'KlT'  (34) 

to  a  high  degree  of  approximation. 

For,  since  T  =  Kd^Ofd^,  (33)  gives  for  the  equation  of  mo- 
tion of  the  magnet 

Kd^ejdt^  -f-  J/ H  sin  ^  =  o  {a) 

For  very  small  amplitudes  of  vibration  sin  ^  =  ^  very  ap- 
proximately and  {a)  becomes 

Kd^dldt^  +  MHd  =  o  {b) 

which  shows  that  the  motion  is  simple  harmonic  in  the  period 
T=  2'ir(K/MH  )i,  a  relation  identical  with  (34). 

If  the  torsion  of  the  suspension  and  the  arc  of  vibration  are 
large  enough  to  have  appreciable  effects,  they  can  be  determined 
and  allowed  for  by  methods  given  in  Maxwell's  Treatise,  §§  452 
and  738,  and  in  laboratory  manuals. 

II.  Determination  of  M/H.  The  magnet  A  is  removed  from 
the  suspension  and  mounted  with  its  axis  horizontal  and  per- 
pendicular to  the  magnetic  meridian  in  a  line  passing  through  the 
center  of  a  very  small  magnet  B  suspended  by  a  fiber  of  negli- 
gible torsion  (the  torsion,  if  not  negligible,  can  be  determined  and 
allowed  for),  the  whole  forming  a  magnetometer,  in  the  position 
occupied  by  the  center  of  A  in  I.,  and  the  distance  R^  between 
the  centers  of  A  and  B  is  measured.  R^  must  be  great  in  com- 
parison with  L,  the  distance  between  the  resultant  poles  of  .^, 
which  is  approximately  equal  to  the  length  of  the  magnet. 

The  magnetic  intensity,  H^,  dX  B  due  to  the  poles  of  A  is  per- 
pendicular to  H.  Hence  the  resultant  horizontal  intensity  at  B 
makes  with  the  magnetic  meridian  the  angle  6^  whose  tangent  is 

X2.ne,  =  HJH  (35) 
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The  axis  of  the  magnet  B,  in  the  meridian  before  the  introduc- 
tion oi  A,  takes  up  a  position  parallel  to  the  resultant  intensity. 
That  is,  on  the  introduction  of  A,  B  is  deflected  through  the 
angle  d^,  which  must  be  measured. 

Denoting  the  numerical  strength  of  each  pole  of  A  by  ni  and 
assuming  the  magnetisation  of  A  to  be  symmetrical,  so  that  the 
distance  of  each  resultant  pole  is  Z/2  from  the  center  of -^,  we 
have  for  H^ 

H,  =  m/47rf^  ■  [i  /(^,  -  }Lf  -  i  /{R^  +  iLf)] 

=  M/iTTfiR^^ .  (i  -  Dj^^')-^ 

=  Ml2'7rfiR^^ •  (I  +  L'/zR^^)  =  H  tan  6^  (c) 

if  the  fourth  and  higher  powers  of  LjR^  are  neglected. 

Since  (c)  contains  the  unknown  quantity  L  in  addition  to  M 
and  H,  the  experiment  is  repeated  with  a  different  distance,  R^, 
between  the  centers  of  A  and  B,  and  the  corresponding  angle  of 
deflection  6^  is  determined.     Then 

M/  iTTfiR^^  •  ( I  +  ^V  2R^')  =  H  tan  6^  (d ) 

Eliminating  L  from  (c)  and  (d),  we  obtain 

M/H  =  2Trix{R^'  tan  9^  -  i?/  tan  e;)l{R^^  -  i?/)  (36) 

From  (34)  and  (36)  both  M  and  H  can  be  calculated,  since  /i 
for  air  is  known  and  sensibly  equal  to  /a^  =  i . 

To  eliminate  the  error  arising  from  the  (possible)  lack  of  sym- 
metry in  the  magnetisation  of  A,  and  errors  in  determining  0^, 
6^,  R^,  and  R^,  the  angles  are  read  for  each  value  of  R,  with  A 
either  east  or  west  of  B,  first  with  the  one  pole  of  A  toward  B, 
then  with  the  other  pole  toward  B.  Then  A  is  placed  on  the 
opposite  side  of  B  and  the  angles  read,  for  both  directions  of  the 
axis  of  A,  with  the  same  values  of  R^  and  R^.  The  mean 
values  of  6^  and  0^  derived  from  all  the  readings  are  used  in  the 
calculation  of  J//H  by  (36). 
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27.  The  Comparison  of  Two  Intensities.     By  vibrating  the  same 

magnet  successively  in  two  fields  of  intensities  //,  and  H^,  we 

obtain  from  (34), 

H,IH,=  T^IT^  (37) 

By  using  the  same  magnet  A  to  deflect  a  small  magnet  B  in 
two  different  fields  of  intensities  //,  and  H^,  A  being  placed  with 
reference  to  the  center  of  B  and  the  direction  of  the  field  in  each 
case  as  described  in  II.,  and  the  distance  between  the  centers  of 
the  magnets  being  the  same  in  both  cases,  we  obtain  from  (35) 

tan^,/tan^,=  //,///j  (38) 

The  Comparison  of  Two  Magnetic  Moments.  By  vibrating  in 
the  same  field  two  magnets  of  moments  M^  and  M^,  and  moments 
of  inertia  about  the  axis  of  suspension  K^  and  K^,  we  obtain 
from  (34) 

M,IM,=.KJ^\KJ^  (39) 

The  comparison  may  also  be  made  by  means  of  equation  (36). 


CHAPTER   XII. 

THE   MAGNETIC   FIELD    OF   THE   CONDUCTION   CURRENT. 

1.  Relation  Between  the  Direction  of  a  Current  and  the  Direc- 
tion of  its  Lines  of  Intensity.  An  electric  conduction  current  is 
invariably  accompanied  by  a  magnetic  field  surrounding  and 
penetrating  into  the  conductor.  In  the  case  of  a  long  straight 
circular  cylindrical  wire  carrying  a  current  and  immersed  in  a 
medium  of  uniform  inductivity  the  lines  of  magnetic  intensity,  as 
will  be  shown  in  §15,  are  circles  centered  on  the  axis  of  the 
wire  in  planes  perpendicular  to  the  axis,  and  the  direction  of  each 
line  is  related  to  the  direction  of  the  current  as  the  rotation  to 
the  translation  of  a  right-handed  screw  or  as  the  direction  of 


Line  of  Magnetic 
Intensity 


Fig.  84. 

motion  of  the  hands  of  a  clock  to  the  direction  of  a  line  drawn 
from  the  face  to  the  back.  If  for  circle  the  words  closed  curve 
are  substituted,  these  statements  hold  good  in  all  cases.  The 
relation  between  the  direction  of  a  current  and  that  of  its  lines 
of  intensity  is  shown  in  Fig.  84. 

2.  Positive    Directions  Around   and  Through  a  Circuit.     The 

positive  direction  around  a  circuit  bears  to  the  positive  direction 
through  the  circuit,  by  definition,  the  same  relation  as  the  direc- 
tion of  rotation  of  a  right-handed  screw  bears  to  its  direction  of 

286 


CURRENTS  AND  MAGNETIC   FIELDS. 


287 


translation.  Thus  if  AB,  Fig.  85,  is  chosen  as  the  positive  di- 
rection through  the  circuit  CDEC,  the  positive  direction  around 
the  circuit  is  CDEC  as  indicated  by  the  arrows.     If  the  direction 


D    < 


Fig.  85. 

of  the  current  in  a  circuit  is  chosen  as  the  positive  direction 
around  the  circuit,  as  will  be  done  in  this  chapter,  the  magnetic 
flux  connected  with  the  current  will  always  thread  the  circuit  in 
the  positive  direction. 

3.  Vector  Product  of  Two  Vectors.  Let  A  and  B  denote  two 
vectors  intersecting  at  an  angle  6  less  than  ir.  If  C,  a  third 
vector,  is  equal  in  magnitude  to  the  product  AB  sin  6,  and  is 
perpendicular  to  their  plane  and  so  directed  that  a  right-handed 


C-V  A  B  sin  fl 


T^r> 


-VAB  sin  9 
^-VBA  tin  Q 

Fig.  86. 

screw  progressing  along  C  in  the  positive  direction  would  rotate 
from  A  to  B,  Fig.  86,  then  C  is  called  the  vector  product  of  A 
and  B,  zmd  is  written 

C=\/AB  sin  6  (l) 
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If  C  has  the  opposite  direction,  as  indicated  by  the  dotted  line 
in  the  figure,  it  may,  consistently  with  (i),  be  written 

C=-  MAB  sin  e  =  MBA  sin  d 

4.  The  Law  of  Ampere.  If  a  very  long  and  thin  cylindrical 
conductor  carrying  a  current  is  immersed  in  a  uniform  magnetic 
field  perpendicular  to  its  direction,  the  two  fields  will  combine  to 
form  the  resultant  field  shown  in  cross-section  in  Fig.  87,  the 
resultant  field  being  stronger  where  the  component  intensities 
have  the  same  general  direction,  and  weaker  where  their  gen- 
eral directions  are  opposite.  The  pressures  and  tensions  in  the 
field  will  then  give  rise  to  a  force  upon  the  conductor  directed 
from  the  stronger  to  the  weaker  part  of  the  resultant  field,  and 
thus,  as  the  figure  shows,  perpendicular  to  the  wire  and  to  the 
originally  uniform  field.  In  the  figure  the  conductor,  perpen- 
dicular to  the  paper,  is  shown  as  a  small  circle ;  the  current 
flows  downward  and  the  original  field  is  directed  to  the  left,  or 
the  current  flows  upward  and  the  original  field  is  directed  to  the 
right.  In  either  case  the  force  upon  the  conductor  is  directed 
toward  the  top  of  the  page.  This  is  a  simple  case  coming 
under  the  lazu  of  Ampere,  to  which  we  proceed. 

Consider  a  wire  of  negligible  cross-section  carrying  a  current  / 
in  a  magnetic  field  of  any  kind.  Let  dL  denote  the  element  of 
length  of  the  wire  at  any  point  P,  and  let  B  denote  the  magnetic 
induction  at  the  point.*  Let  B  denote  the  angle  between  /  and 
B.  (For  convenience  we  shall  here  treat  /  as  if  it,  as  well  as  the 
current  density  i,  of  which  it  is  the  surface  integral,  were  a  vec- 
tor.) Then  the  results  of  experiment  may  be  summed  up  in  the 
following  statement,  which  constitutes  Ampere's  law  in  the  first 
form : 

The  wire  is  acted  upon  by  a  force  F  or  a  torque  T  which  may 
be  found  by  assuming  each  element  of  the  wire  of  length  dL  to 
be  acted  upon  by  a  force 

dF=ila-MIB  sind    dL       '  (2) 

*See  Lord  Rayleigh,  Philosophical  Magazine,  June,  1898. 
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where  a  is  a  constant  depending  on  the  units  in  which  the  other 
quantities  in  (2)  are  expressed,  and  taking  the  vector  summation 
or  integration  of  all  the  elementary  forces  dF  along  the  part  of 


Fig.  87. 


the  wire  considered,  or  of  all  the  elementary  torques  dT  arising 
from  the  forces  dF.  The  force  upon  dL  is  always  from  the 
stronger  to  the  weaker  part  of  the  resultant  field. 
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If  the  wire  is  not  so  thin  that  its  cross-section  can  be  neg- 
lected, it  may  be  considered  split  up  into  elementary  current 
tubes  and  the  summation  or  integration  applied  to  all  the  ele- 
ments of  each  tube. 

6.  The  Rational  Electromagnetic  Unit  Current.     If  in  the  above 

equation  dF  and  dL  are  expressed  in  c.g.s.  units,  /  in  the  RES 

unit,  and  B  in  the  REM  unit,  a  is  found  to  have  the  magnitude 

3  X  10^"  (see  §4,  XIV.).     The  REM  unit  current  is  defined  as 

a  unit  current  a  times  as  great  as  the  RES  unit  current.     Hence, 

if  we  express  /  in  terms  of  this  unit,  i  ja  [if  a  is  assumed  to  have 

zero  dimensions  (XIV.)]  will  disappear  from  the  above  equation, 

which  thus  becomes 

dF  =  MIB  sin  d  .  dL  (3) 

3.  Electric  Units  in  the  Rational  Electromagnetic  Unit  System. 

If  the  electric  current  is  expressed  in  terms  of  the  electromag- 
netic unit,  however,  the  relations  q  =  It,  dHjdt^  RP,  "^  =  RI, 
etc.,  will  not  remain  true  unless  the  units  of  charge,  resistance, 
e.m.f.,  etc.,  are  redefined.  Units  so  chosen  as  to  make  these  re- 
lations, or  any  of  the  relations  which  precede  or  follow,  correct 
when  /,  or  any  other  quantity  occurring  in  the  relations,  is  ex- 
pressed in  the  REM  unit  current  are  defined  as  the  REM  unit 
charge,  resistajice,  etc. 

magnetic  and  Electromagnetic  Units  in  the  Rational  Electro- 
static System.  We  have  not  hitherto  defined  any  pure  magnetic 
unit,  such  as  magnetic  pole  strength  or  magnetic  intensity,  in  the 
electrostatic  system  ;  but  from  the  above  definitions  of  the  REM 
unit  current,  charge,  etc.,  in  terms  of  the  RES  units  we  can  pro- 
ceed immediately  to  such  definition  :  Units  so  chosen  as  to  make 
(3)  and  all  the  equations  which  follow  in  this  work,  as  well  as  all 
those  of  Chapter  XI.,  correct  when  /,  or  any  other  quantity 
occurring  in  the  equations,  is  expressed  in  the  RES  unit  are 
defined  to  be  the  rational  electrostatic  units  of  the  quantities 
concerned. 


CURRENTS  AND  MAGNETIC   FIELDS. 


291 


Henceforth  every  equation  will  be  expressed  in  one  system  of 
units  throughout,  like  all  preceding  equations  except  (2),  all  the 
quantities  being  expressed  in  RES  units,  or  else  all  in  REM  units. 

The  general  subject  of  electric  units  is  discussed  in  Chap.  XIV. 

7.  The  Force  Upon  a  Straight  Wire  in  a  Uniform  Magnetic  Field. 
As  a  particular  case  falling  under  Ampere's  law,  we  shall  con- 
sider fifst  a  straight  wire  in  a  uniform  magnetic  field,  and  shall 
find  the  force  upon  a  length  L  of  the  wire. 

(i)  If  the  wire  is  parallel  to  B,  sin  ^  =  o  everywhere,  hence 
F=o. 

(2)  If  the  wire  is  perpendicular  to  the  field,  sin  0  =  i  every- 
where, and  '    F=  IBL                                           (4) 

The  resultant  field  (a  uniform  field  and  the  field  of  §  14  super- 
posed) and  the  direction  o{  F  are  shown  in  Fig.  87  (from  Max- 
well's Treatise,  §  496). 

(3)  If  the  wire  makes  an  angle  0  with  B 

F=IB  sin  OL  =  IBL  sin  B  (5) 

The  force  is  the  same,  both  in  magnitude  and  direction,  as 
would  be  exerted  on  the  wire  in  a  field  B  sin  Q  perpendicular  to 
L,  or  upon  a  wire  of  length  L  sin  ^  in  a  field  perpendicular  thereto. 

8.  A  Linear  Circular  Circuit  in  the  Radial  Field  from  a  Concen- 
trated Magnetic  Pole  of  Strength  m  Placed  (1)  at  its  Center.  (Fig. 
88.)     The  magnetic  induction  and  the  electric  current  in  the  lin- 


Curre'it  down 


s.  Forc«  •"  Olfcutt 


Fig.  38. 
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ear  circuit  are  obviously  everywhere  perpendicular.     The  force 
upon  the  circuit  is 


F=^  ij  B  smd  dL=  I{ml4'irR^)2'irR  =  mIl2R 


(6) 


The  direction  of  the  force  is  downward  into  the  paper  in  Fig. 
88«  and  to  the  right  in  Fig.  88(5,  when  the  current  has  the  direc- 
tion indicated  and  m  is  positive.  If  the  sign  of  either  is  changed, 
the  direction  of  F  is  reversed. 

(2)  On  the  Axis  of  the  Circle  at  the  Distance  d  from  its  Center. 
If  the  pole  is  placed  on  the  axis  of  the  circle  at  the  distance  d 


Fig.  89. 


from  its  center,  Fig,  89,  B  sin  6  =  B  =  m/47r(d^  -f  I^),  and  the 
force  upon  each  element  of  length  dL  of  the  wire  is 

dF=  IB  sin  edL  =  /m/47r{d''  +  R^)  ■  dL 

This  force  may  be  resolved  into  two  components,  one 

dF'  =  dF  sin  a  =  mIRl4'K{d^  +  R^  ■  dL 

in  the  direction  of  the  axis ;  and  the  other 

dF"  =  dF  cos  a 

in  the  direction  of  the  radius.  The  second  component  tends  to 
increase  or  diminish  the  radius  of  the  wire  according  as  the  flux 
from  the  pole  threads  the  circuit  in  the  positive  or  negative  direc- 
tion through  the  circuit,  but  gives  rise  to  no  resultant  force  upon 
the  circuit  as  a  whole  in  any  direction.     The  first  component, 


CURRENTS  AND   MAGNETIC    FIELDS. 


293 


summed  up  for  the  whole  length  of  the  wire,  gives,  for  the  total 
force  upon  the  wire  in  the  direction  of  the  axis, 

F=JdF'  =  mIR'l2{d^  +  R")^.  (7) 

When  d=o,  (7)  reduces  to  (6). 

9.  An  Infinite  Straight  Linear  Wire  in  the  Radial  Field  from  a 
Concentrated  Magnetic  Pole  of  Strength  m  Distant  d  from  the  Wire. 
(Fig.  90.)     In  this  case  ^has  the  magnitude 


F=  ijB sin  e dL=  ImJAir •  /i  /(^'  +  d^  ■  d\{D  +  d})^  ■  dL 

=  Imdjiir  ■  fi  l{D  +  d^f  ■  dL  =  Iml2'rrd  ■  J^^^  sin  6  dd    (8) 

=  Iml2'ird 

since  L  =  d  cotan  6. 

The  relative  directions  of  F,  B,  and  the  current  are  obvious. 

10.  A  Closed  Plane  Circuit  of  Any  Form  in  a  Uniform  Magnetic 
Field.  (Fig.  91.)  Let  the  plane  of  the  circuit  be  vertical  and 
the  field  horizontal.  Let  2,  x,  be  the  coordinates  of  any  point 
P  of  the  circuit,  referred  to  its  highest  point  0  as  origin,  the 
positive  direction  of  Z  being  taken  as  the  direction  of  the  current 
at  O,  and  the  positive  direction  of  X  vertically  downward.  Let 
a  denote  the  angle  between  B  and  the  positive  direction  of  the 
^axis. 
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Let  B  be  resolved  into  two  components  B  sin  a- and  B  cos  a 
perpendicular  and  parallel,  respectively,  to  the  plane  of  the  circuit. 

Owing  to  the  component  B  sin  a,  there  will  be  an  outward 
force  dF^  =  IB  sin  a  dL  upon  every  element  of  the  circuit  per- 


Fir.  91. 

pendicular  to  its  length  dL  and  to  B  sin  a  in  the  plane  of  the 
circuit.  Resolving  this  force  along  OX  and  OZ,  we  have,  if  dL 
(taken  in  the  direction  of  the  current)  makes  an  angle  yS  with  OX, 

dF  =  dF    cos  B  =  LB  sin  a  cos  B  dL=  LB  sin  a  dx 

z  xz  '  ' 

and 

dF^  =  dF^^  cos  (90°  +  /3)  =  —  LB  sin  a  sin /3dL=  —  LB  sin  a  dz 
By  integration  along  the  whole  circuit 

F^  =  LB  sin  a  Cdx  =  o 
and  F^=  —  LB  sin  a  Cdz  =  o 

Hence  the  forcive  due  to  B  sin  a,  if  not  zero,  is  a  torque.     Since 
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all  the  forces  dF^^  are  in  the  plane  of  the  circuit,  there  can  be  no 
torque  about  an  axis  in  this  plane.  Let  therefore  0  V  (the  posi- 
tive direction  through  the  circuit),  perpendicular  to  OXa.nd  OZ 
at  0,  be  taken  as  the  axis  of  moments.  The  force  dF^^  on  the 
element  dL  gives  rise  to  a  torque 

dT=^  dFj:  —  dF^x  =s  —  IB  sin  a  zdz  —  IB  sin  a  xdx 
=  —  IB  sin  a  {zdz  -j-  xdx) 

By  integration  around  the  circuit  we  obtain 

T=  fdT=  —  IB  sin  a  [J zdz  -\-f^dx)  =  o 

Hence,  so  far  as  the  component  B  sin  a  is  concerned,  there  is 
no  resultant  torque  or  force  upon  the  whole  circuit.  Under  the 
action  of  the  force  dF^^  =  IB  sin  a  dL,  however,  each  element  of 
the  circuit  tends  to  move  outward  or  inward  according  as  sin  a 
is  positive  or  negative,  i.  e.,  according  as  the  flux  of  the  uniform 
field  threads  the  circuit  in  the  positive  or  negative  direction 
through  the  circuit ;  thus  the  circuit,  if  made  of  elastic  material, 
would  expand  or  contract. 

The  component  B  cos  a  gives  rise  to  a  force  dF^  on  the  ele- 
ment dL  perpendicular  to  the  plane  XZ  of  the  circuit.  U  OVis 
taken  as  the  direction  of  a  positive  force, 

dF  =  —  IB  cos  a  cos  S  dL  =  —  IB  cos  a  dx 
and  the  total  force  upon  the  circuit  in  the  direction  OVis 
F  =JdF  =  —  IB  cos  a  Jdx  =  o 

Hence  the  forcive,  if  anything,  is  a  torque.  Since  there  is  no 
force  on  any  element  in  the  direction  OZ  or  ZO,  there  can  be  no 
torque  about  0  V.     The  torque  about  OZ  is 

T  =fdT^  =S^'dF^  =  -^xIB  cos  adx=-  —  IB  cos  ajxdx  =  o 

The  torque  about  the  axis  OX  is 

T,  =p7;  =  -JcdF^  =  IB  cos  ajzdx 

=  IB  cos  oiJdS  =  IB  cos  a  S 
if  S  denotes  the  area  of  the  circuit. 
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Thus  the  total  forcive  upon  the  circuit  is  a  pure  torque 

T=  IB  cos  aS  (9) 

around  a  line  in  the  plane  of  the  circuit  and  perpendicular  to  the 
original  magnetic  field,  the  positive  direction  of  the  torque  being 
always  related  to  the  positive  direction  of  OX  as  the  rotation  to 
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Fis.  92. 

the  translation  of  a  right-handed  screw  with  OX  as  axis.  When 
the  torque  is  positive  it  tends  to  increase  the  angle  a  (see  Fig. 
92). 

If  there  are  n  turns  in  the  circuit,  the  torque  is  n  times  as 
great. 

If  Q  denotes  the  angle  between  the  normal  to  the  circuit  (in  the 
positive  direction,  §  2)  and  B,  the  torque  tending  to  increase  the 

angle  6*  is  T=-IBS^xne=-  liiSH  sin  B  (10) 

so  that  the  circuit  behaves  like  a  magnet  of  moment  ly^S. 

When  B  =  0°,  7"=  o,  and  the  circuit  is  in  stable  equilibrium  ; 
and  when  ^=  180°,  T=o,  and  the  circuit  is  in  unstable  equil- 
ibrium. For  in  the  former  position  the  torque  brought  into 
existence  by  a  slight  change  of  B  will  tend  to  restore  equilibrium  ; 
while  in  the  latter  the  torque  developed  by  a  similar  change  in 
B  will  tend  to  increase  the  displacement. 

When  B  =  o  and  T=o,  the  circuit  encloses  the  maximum 
magnetic  flux  possible,  a  quantity  BS  due  to  the  uniform  field. 
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and  that  connected  with  its  own  current ;  the  uniform  flux,  in 
this  position  of  the  circuit,  being  directed  through  the  circuit  in 
the  positive  direction. 

When  0  —  90°  or  270°,  the  circuit  encloses  no  flux  of  the 
uniform  field,  and  the  torque  is  a  maximum. 

The  circuit  thus  tends  to  move  in  such  a  way  as  to  enclose 
the  maximum  flux  possible. 

We  have  already  noted  the  tendency  of  a  closed  circuit  carry- 
ing a  current  to  expand  or  contract  when  placed  in  a  radial  field 
or  a  uniform  field,  according  as  the  magnetic  flux  of  this  field 
threads  the  circuit  in  the  positive  or  negative  direction  through 
the  circuit.  That  is,  the  circuit  expands  or  contracts  according 
as  the  expansion  or  contraction  will  increase  the  flux  through 
the  circuit  in  the  positive  direction,  or  diminish  the  flux  through 
the  circuit  in  the  negative  direction.  For  the  same  reason 
(Ampere's  law)  the  circuit  would  tend  to  expand  if  only  in  its 
own  field,  and  thus  to  enclose  as  great  a  quantity  of  magnetic 
flux  as  possible. 

Similar  considerations  would  show  that  in  every  case  a  circuit 
carrying  a  current  moves  or  tends  to  move  in  such  a  manner  as 
to  make  the  magnetic  flux  threading  it  as  great  as  possible. 

11.  Magnetic  Intensity  Due  to  any  Current  Distribution. — From 
Ampere's  law  (first  form)  and  the  third  law  of  motion  we  can 
find,  for  any  point  P,  an  expression  for  the  magnetic  intensity 
connected  with  any  current  distribution  (Ampere's  law,  second 
form). 

To  do  this  imagine  the  conductor  immersed  in  a  radial  field 
from  a  concentrated  magnetic  pole  of  strength  ni  at  the  given 
point  P  distant  r  from  dL,  an  clement  of  length  of  the  wire  or 
current  tube  under  consideration.  Then  the  induction  at  dL  due 
to  the  pole  is  ^  =  inl^Trt^  directed  radially  from  P.  If  we  write  r 
in  the  numerator  to  indicate  the  direction  of  ^,  r  {=  r  numerically) 
being  measured  from  the  pole  to  dL,  this  expression  becomes 
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The  force  upon  dL  is  therefore 

dF  =  mlj^'jri'^  •  V  dLr  sin  6 

for  a  linear  current,  dL  being  measured  in  the  direction  of  the 
current.     Hence 

F=  m//4'7r  X  vector  integral  of  i  /r'-  WdLr  sin  d/r^ 

Since  F  is  the  total  force  upon  the  circuit,  there  must  be  an 
equal  and  opposite  force,  —  F,  upon  the  pole  at  P.  Hence,  if  H 
denotes  the  magnetic  intensity  at  P  due  to  the  current, 


Fig.  93 


—  F=H'm  ='ml  1/^.77  x  vector  integral  of  (WrdL  sin  6)1^^ 

or,  if  r  is  measured  from  dL  to  the  point  P,  instead  of  from  P  to  dL, 

LJm  =  mlf^TT  X  vector  integral  of  iy dLr  sin  0)/r^ 
whence 

LL  —  LI/^nr  x  vector  integral  of  (ydLr  sin  6)lr^  (11) 

The  magnetic  intensity  at  P  is  thus  the  same  as  if  each  ele- 
ment of  the  current  [LdL)  produced  at  P  an  intensity 

dH  =  //47rr 3  •  \/dL  r  sin  (9  ( 1 2} 
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magnitude  and  direction  (r  being  measured  from  dL  to  P)\  or, 
numerically,  Ij^Trr"^  •  sin  0  dL. 

If  the  conductor  has  not  a  negligible  cross-section,  we  have, 
clearly, 

dH  =  //47rr'  {\Jir  sin  e)dT  ( 1 3) 

and  H  =  I  I /^.TTt^  •  vector  integral  (V/V  sin  ^)^t  (14) 

Equations  (i  i)-(i4)  express  Ampere's  law  in  its  second  form. 

It  must  be  remembered  that  the  integral  force  F  and  the  inte- 
gral intensity  H,  not  the  elements  dF  and  dH,  are  all  that  experi- 
ment furnishes. 

The  relations  between  the  quantities  of  equation  (13)  are 
shown  in  Fig.  93.  dL,  i,  and  r,  are  taken  in  the  XK  plane,  and 
the  direction  o{  PX,  perpendicular  to  the  JTF  plane,  is  chosen  to 
coincide  with  that  of  /  and  dL. 

If  /  (or  /)  has  everywhere  one  direction,  then  it  is  obvious 
from  (12)  or  (13),  that  there  is  no  component  of  magnetic  in- 
tensity in  this  direction  anywhere. 

From  all  the  above  equations  it  is  manifest  that  H  does  not 
depend  in  any  way  upon  the  inductivity  of  the  medium  in  which 
the  conductors  are  placed,  provided  that  the  medium  is  homo- 
geneous and  isotropic  (so  that  the  field  from  a  concentrated  pole 
anywhere  is  radial). 

In  what  follows  all  media  will  be  supposed  homogeneous  and 
isotropic  unless  the  contrary  is  stated. 

12.  The  Magnetic  Field  Around  an  Infinitely  Long  Straight 
Linear  Conductor  Carrying  a  Current  I.  From  equation  ( 1 2),  or 
from  the  direct  application  of  the  third  law  of  motion  to  (8),  §  9, 
it  is  evident  that  the  lines  of  intensity  are  circles  centered  on  the 
wire  and  perpendicular  thereto,  the  direction  of  the  lines  around 
the  wire  being  related  to  the  direction  of  the  current  as  the  rota- 
tion to  the  translation  of  a  right-handed  screw.  The  magnitude 
of  the  intensity  is,  by  (11)  or  (8), 

H=F\m  =  I\2ird  (15) 

at  a  distance  d  from  the  wire. 
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Maxwell's  plane  diagram  of  a  part  of  the  field  is  shown  in  Fig. 
i6,  Chapter  11. 


-- 

- 

— 

- 

^ 

y 

1 

\ 

/ 

i 

~ 

■ 

i 

jZX--r' 

T\A---\^    \           \                      \ 

V-V 

-PpA      \           \                      \ 

Axis 

■ 

n 

1 

\ 

Axis      \ 

Fig.  94. 


13.  The  Magnetic  Intensity  at  a  Point  on  the  Axis  of  a  Circular 
Linear  Conductor  Carrying"  a  Current  I.     From  (12),  or,  more 
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readily,  from  the  direct  application  of  the  third  law  of  motion  to 
(7)1  §  8,  the  intensity  at  a  point  on  the  axis  distant  d  from  the 
center  of  the  circle  is,  numerically, 

H=  F\m  =  IR^l2{R^  -f  dy  (16) 

and  is  directed  along  the  axis  in  the  positive  direction  through 
the  circuit. 

If  the  circular  circuit  contains  n  turns,  closely  wound,  instead 

o^  o"^'  H=  nlF^lziR"-  +  dy  (17) 

and  if  there  are  two  similar  coils  at  the  same  distance  d  on  oppo- 
site sides  of  /*,  with  their  currents  of  the  same  magnitude  and  in 
the  same  direction.     ^^  nm\{I^  +  d")^  (18) 
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Fig.  95. 

Putting  d=  o,  we  obtain  for  the  intensity  at  the  center  of  a 
circular  coil  of  n  turns,       ^_  ^^^^^i?  (19) 

Maxwell's  diagram  of  the  field  connected  with  a  single  coil  is 
given  in  Fig.  94,  and  that  of  the  field  connected  with  two  similar 
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parallel  coils  carrying  the  same  current  in  the  same  direction  in 
Fig.  95  (see  Maxwell's  Treatise,  §§487,  702,  and  713,  from 
which  the  figures  are  taken). 

14.  The  M.M.F.  Around  an  Infinite  Linear  Straight  Wire  Carrying 
a  Current  I.  The  magnetomotive  force  along  the  arc  P^P.^  from 
Pj  to  P^,  two  points  on  the  same  line  of  intensity  of  radius  d.  Fig. 

^^'  *^  H  ^  arc  P^P^  =  /  arc  P^Pj2ird ^Idjiir  ^20) 

where  6  denotes  the  angle  subtended  at  the  wire  by  the  arc  P^P^. 

The  equation  shows  that  the  m.m.f  along  the  arc  of  ariy  line 

of  intensity  from  a  plane  ABE  to  a  plane  CBE,  intersecting  in 


Fig.  96. 

the  wire  at  the  angle  6,  is  equal  to  I  6/277,  independently  of  the 
value  of  d. 

The  m.m.f,  moreover,  along  any  path  not  enclosing  the  cir- 
cuit, as  PJCP^  from  P^,  any  point  in  the  plane  ABE,  to  P^,  any 
point  in  the  plane  CBE,  is  the  same,  and  equal  to  the  value  given 
in  (20).  For  the  line  integration  of  the  intensity  along  any  path 
is  compounded  of  integrations  along  lines  of  intensity,  integrations 
along  radii,  and  integrations  parallel  to  the  wire.  The  integrals 
in  the  last  two  directions  are  zero,  since  they  are  perpendicular 
to  the  intensity,  and  the  total  integral  along  the  lines  of  intensity 
is  as  before,  /^/27r. 

The  m.m.f  between  two  points  /\  and  P^  therefore  depends 
only  on  the  strength  of  the  current  /  and  the  fraction  of  a 
circumference  ^/27r  traversed  in  passing  from  P^  to  P^  or  from 
P.toP,. 

Thus  the  m.m.f  along  a  closed  circuit  not  enclosing  the  cur- 
rent, as  the  line  PJCP^P^^,  is  zero,  no  fraction  of  a  circumference 
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being  traversed,  on  the  whole,  in  passing  from  /*,  to  /'j  again. 

This  may  be  shown  also  as  follows  :  The  m.m.f.  along  the  path 

P^KP^P^  is  /  91 27r,  and  the  m.m.f.  along  P/'^  is  -  / ^/27r.     Hence 

the  total  m.m.f.  is  zero. 

The  m.m.f.   around  a  closed  path  linking  with  the  current 

once  is  ^       ,       ,  ^ 

n  =  /27r/27r=/  (21) 

the  directions  of  the  m.m.f  and  current  being  related  like  the 
rotation  and  translation  of  a  right-handed  screw.  If  the  closed 
path  links  n  times  with  the  current,  the  m.m.f.  is 

n  =  ;//  (22) 

This  proposition  will  be  generalised  in  Chapters  XIII.  and  XV. 
It  will  there  be  shown  that  the  m.m.f.  along  any  closed  path 
linking  w  times  with  any  current  is  equal  to  n  times  the  current. 
The  relation  is  known  as  the  Jirst  law  of  circuitation,  and  will  be 
assumed  in  what  follows. 

16.  The  Magnetic  Field  of  an  Infinitely  Long  Cylindrical 
Homogeneous  Conductor  of  Circular  Cross-section.  According  to 
§  1 1,  Chapter  VIII.,  the  current  density,  /,  is  uniform  throughout 
the  conductor  and  has  the  direction  of  its  axis.  Hence  it  follows 
from  the  symmetry  of  the  conductor  and  equation  (13)  that  the 
intensity  at  any  point  has  no  component  in  the  direction  of  the 
radius  or  axis  of  the  conductor.  The  lines  of  intensity  are  there- 
fore circles  centered  on  the  axis  in  planes  perpendicular  thereto. 
The  intensity  at  a  point  distant  d  from  the  axis  of  the  conductor 
can  now  be  determined  by  applying  (21). 

Outside  the  conductor,  that  is,  for  a  circle  of  radius  d  greater 
than  R,  the  radius  of  the  conductor,  we  have,  for  the  m.m.f. 
around  the  circle  in  the  direction  of  the  intensity, 

£i  ^  H2'Kd  =  I  ^  irm 
from  which 

H^  Tl2'ird=R'il2d  (23) 

just  as  for  a  linear  wire  carrying  the  same  current. 
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Inside  the  conductor,  tha,t  is,  for  a  circle  of  radius  d  less  than  R^ 
fl  =  H2'jrd  =  iird''  =  Id^  j  R^ 

and  H=idl2  =  Id\2'KR?  (24) 

At  the  surface  of  the  conductor,  where  d=  R,  (23)  and  (24) 
become  identical  as 

H=  iRji  (25) 

At  the  axis  of  the  conductor,  where  d  =  o,  (24)  gives  11=  o. 

Maxwell's  plane  diagram  of  the  magnetic  field  within  and  with- 
out the  conductor  is  easily  drawn  by  the  method  developed  in 
Chapter  II.  The  lines  of  intensity  and  equipotential  lines  outside 
the  wire  are  exactly  similar  to  the  equipotential  lines  and  lines 
of  intensity,  respectively,  of  the  diagram  of  the  electrostatic  field 
of  §  II,  Chapter  II.  The  development  of  the  formulae  for  draw- 
ing the  lines  of  intensity  so  that  the  spaces  between  successive 
lines  correspond  to  tubes  of  equal  strength  is  left  to  the  reader. 

If  the  same  current  flows  along  a  homogeneous  circular  cylin- 
drical shell  of  infinite  length,  the  field  outside  the  conductor  is 
the  same  as  that  given  by  (23),  but  inside  the  intensity  gradually 
diminishes  until  it  vanishes  at  the  inner  surface  of  the  shell. 
Within  the  space  inclosed  by  the  inner  surface  of  the  shell  there 
is  no  field.  For  if  -there  were  a  field,  it  would  be  circular  and 
perpendicular  to  the  axis,  and  the  intensity  at  the  distance  d  from 
the  axis  would  be  given  by  (24).  Since  in  this  region  ?  =  o,  H 
is  also  zero. 

The  same  method  may  be  applied  to  the  case  of  a  conductor 
consisting  of  any  number  of  coaxial  circular  shells,  each  infinite  in 
length  and  homogeneous.  The  external  field  is  the  same  as  that 
which  would  surround  a  linear  wire  at  the  axis  carrying  the 
same  current. 

16.  A  Tore  of  Inductivity  ^x.^  Symmetrically  Placed  in  a  Circu- 
lar Field  in  a  Medium  of  Inductivity  /Aj,  etc.  If  a  tore,  or  circu- 
lar ring  of  constant  cross-section,  of  inductivity  /a^  is  placed  around 
the  cylindrical  conductor  or  any  of  the  conductors  of  §  §  14—15  im- 
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mersed  in  a  medium  of  inductivity  ^l^  with  its  axis  coincident  with 
that  of  the  cyIinder(or  other  conductor),  the  field  external  to  the 
tore  will  remain  unaffected,  except  during  the  introduction  of  the 
tore,  and  the  intensity  within  the  tore  will  also  remain  unaffected, 
by  the  principle  of  symmetry  and  equations  (17)  XI.,  and  (21). 
but  the  induction  at  any  point  within  the  tore  will  be  increased 
by  its  introduction  in  the  ratio  fJ^jM'i- 

Since  the  magnetic  pressure  perpendicular  to  the  intensity  and 
to  the  interface  at  a  point  P  just  outside  the  tore  in  medium  i  is 
J/Lij//^  and  the  pressure  just  within  the  tore  an  infinitesimal  dis- 
tance from  P,  ^fi^N^,  there  will  be  a  normal  mechanical  force 
upon  the  interface  equal,  per  unit  area,  to 

T=  lti.,H'  -  \ii,H^  =  \H\ii^  -  /tj  (26) 

if  considered  positive  when  directed  from  medium  2  to  medium 
I.  Thus  if /ig  is  greater  than  /t*j,  the  volume  of  the  tore  will  in- 
crease slightly  on  its  introduction  into  the  field. 

This  case  and  that  of  §  7,  IV.,  are  the  limiting  cases  of 
§  9.  IV. 

In  exactly  the  same  way  the  matter  within  any  (closed)  tube 
of  induction  in  a  homogeneous  medium  of  inductivity  /Aj  may  be 
replaced  by  a  substance  of  inductivity  /iij.  The  external  field,  as 
well  as  the  intensity  within  the  tube,  will  not  be  disturbed ;  but 
the  induction  within  the  tube  will  be  increased  in  the  ratio  /*2//*i. 
and  a  normal  traction  will  be  developed  at  each  point  of  the  in- 
terface. If  H  denotes  the  intensity  at  any  point  of  the  interface, 
the  traction  at  the  point  is  given  by  (26). 

17.  The  Magnetic  Field  of  Two  Infinitely  Long  Coaxial  CircTilar 
Cylindrical  Shells  Traversed  by  the  Same  Current  in  Opposite 
Directions.  Let  /  denote  the  current,  and  FF  and  GG  the 
shells,  Fig.  97. 

The  magnetic  field  in  the  region  A  is  zero,  as  proved  in  a 
similar  case  in  the  last  article. 
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The  field  in  the  region  C  outside  both  conductors  is  also  zero, 
since  a  closed  curve  drawn  around  the  outer  shell  encloses  equal 
currents  flowing  in  opposite  directions. 

In  the  region  BB  the  field  is  circular,  and  the  intensity  at  the 
distance  d  from  the  axis  is  H  =  IJ2'ird. 
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Fig.  97. 

Within  the  shells  F  and  G  the  field  is  also  circular  in  the  same 
direction,  but  gradually  diminishes  in  intensity  from  B  to  C  and 
from  B  to  A.  These  intensities  are  computed  in  §§  21  and  22, 
XIII. 

The  vanishing  of  the  field  in  the  region  C  might  be  regarded 
as  due  to  the  superposition  of  the  field  connected  with  FF  and 
the  field  connected  with  GG,  the  intensities  of  the  two  being 
equal  and  opposite  at  any  point  of  the  region  CC.  This  would 
also  account  for  the  gradual  diminution  of  the  intensity  in  pass- 
ing through  the  outer  shell  from  B  to  C. 

18.  The  Magnetic  Field  of  Two  Parallel  Circular  Cylindrical 
Conductors  carrying  any  currents  in  the  same  or  opposite  direc- 
tions can  be  obtained  at  once  by  superposing  the  two  fields,  each 
already  obtained  in  §  15.  Maxwell's  diagram  of  the  lines  of 
intensity  when  the  wires  are  linear  is  given  in  Fig.  98  for  the 
case  in  which  the  same  current  traverses  both  wires  in  the  same 
direction  ;  and  the  complete  diagram  is  given  in  Fig.  27,  II.,  for 
the  case  in  which  the  same  current  traverses  the  two  wires  in 
opposite  directions.  When  the  conductors  are  not  linear,  the  same 
diagrams  hold  good  for  the  region  outside  the  conductors,  and  the 
construction  of  the  internal  part  of  the  diagram  offers  no  difficulty. 
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When  the  currents  are  equal  and  opposite,  the  lines  of  intensity, 
as  shown  in  the  diagram,  are  circles  about  the  wires.     Hence  the 


Fig.  98. 


equipotential  surfaces,  or  the  equipotential  lines  in  the  diagram, 
are  arcs  of  circles  cutting  the  wires.     Compare  §  19,  II. 


Fig.  99, 


That  the  lines  of  intensity  in  this  case  are  circles  may  be  shown 
analytically  as  follows  :  Let  the  plane  of  the  paper  cut  the  wires 
perpendicularly  in  the  points  A  and  B,  Fig.  99,  and  let  PP'  =  ds 
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be  the  element  of  a  line  of  intensity.  The  rest  of  the  figure  is 
sufficiently  clear  to  need  no  further  explanation.  Since  there  is 
no  intensity  perpendicular  to  a  line  of  intensity,  we  have  at  PP' , 

H^  •  dLJds{=  sin  6^)  =  H^ ■  dLJds{=  sin  <9J 
or  //  27rZj  •  dL^  jds  =  //  217!^^  ■  dLJds 

from  which  dLJL,  =  dLJL, 

Integrating,  we  have      ^^^^^  _  ^^^^^^^^ 

which  is  the  equation  of  a  circle  with  center  on  AB  produced. 

The  direction  of  the  resultant  intensity  H  is  that  of  the  normal 
CPG  to  the  equipotential  (circular)  arc  APB  through  P,  Fig.  100. 


Fig.  100. 

It  makes  with  PB  the  angle  90°  +  6^,  since,  as  is  easily  proved 
from  the  figure,  arc  PB  =  arc  FE. 
In  magnitude 

H=H^  cos  ^2  +  ^2  cos  ^1 

=  /cos  ej2'rrAP-[-  /cos  dj2'TrBP  (27) 

=  I  1 27r  ■  AB  I AP  xBP^  IAB/2'rrL^L^ 

Exactly  the  same  method  used  in   §  19,  Chapter  II.,   might 
have  been  used  in  the  above  investigation  ;  and  the  method  here 
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used  can  be  applied  with  equal  facility  to  the  problem  of  that 
article. 

19.  The  Magnetic  Field  of  an  Infinite  Solenoid.  Consider  an 
infinitely  long  straight  coil  of  wire  wound  uniformly  and  closely 
at  right  angles  to  its  length,  the  coil  being  of  uniform  cross- 
section  and  shape.  Let  there  be  ;/  turns  per  unit  length.  Then, 
since  we  have  supposed  the  wires  perpendicular  to  the  axis  of 
the  coil,  the  current  can  be  regarded  as  forming  a  current  sheet 
circulating  as  indicated  in  the  figure  (Fig.  10 1). 


Fig.  101.    . 

From  symmetry,  all  the  lines  of  intensity  inside  and  outside 
the  coil  must  be  either  parallel  to  the  axis  of  the  coil  or  in  planes 
perpendicular  to  the  axis  and  continuous  around  it.  By  §  11, 
equation  ( 1 2),  the  second  alternative  is  impossible,  hence  all  the 
lines  must  be  parallel  to  the  axis. 

Let  //and  H'  denote  the  intensities  just  within  and  just  with- 
out the  coil  at  the  point  A,  considered  positive  when  in  the  posi- 
tive direction  through  the  coil  (the  direction  of  the  current  in 
the  solenoid  being  chosen  as  the  positive  direction  around  the 
solenoid)  ;  and  let  the  m.m.f.  be  computed  for  the  path  abcda, 
which  encloses  n  ab  wires  and  therefore  a  current  11  ab  I.     Thus 

m.m.f.  =  H  ab  -{- o  be  -\-  FT cd  -\-  o  da  =  {H  —  H*)ab  =  nl  ab 

Hence  H  -  H' =  nl 

Since  the  m.m.f,  along  be  and  ad  is  zero,  the  total  m.m.f. 
around  the  circuit  is  independent  of  the  length  of  be  and  ad\ 
hence  H  —  If  is  constant  in  magnitude  as  well  as  in  direction, 
and  is  equal  to  nl. 

If  .S  denotes  the  area  of  the  coil,  jj-HS  is  the  magnetic  flux 
through  the  coil  and  the  return  flux  outside,  since  the  tubes  of 
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induction  are  continuous.  Hence  H'  is  opposite  to  H  in  direc- 
tion, and  since  the  flux  returns  parallel  to  the  axis  across  an  in- 
finitely great  area  S' ,  ixH'  =  fiHSj S' ,  or  zero.     Hence  H'  =  o, 

^"^  H=nl  (28) 

everywhere  within  the  solenoid.  The  intensity  in  the  wire  dimin- 
ishes gradually  to  zero  in  passing  from  the  inside  to  the  outside 
of  the  solenoid. 

Since  there  is  no  external  field,  the  inductivity  of  the  external 
medium  may  differ  in  any  way  from  that  of  the  internal  medium 
without  affecting  the  field. 

In  the  case  of  an  actual  solenoid  which  is  long  but  not  infinite, 
the  above  results  are  obviously  approximately  true. 

20.  A.  The  Magnetic  Field  of  a  Finite  or  Infinite  Circular  Sol- 
enoid. The  magnetic  intensity  at  any  point  along  the  axis  of  the 
solenoid,  of  radius  R  and  n  turns  per  unit  length,  can  be  found  by 
direct  integration  from  equation  (16).  From  this  equation  the 
intensity  at  the  given  point  P  due  to  the  current  in  the  infinitesi- 
mal ring  of  width  dx  distant  x  from  P  is 

dH=  nIR^dxl2{R''  -}-  x^)\ 

the  current  in  the  ring  being  nidx.  The  total  intensity  at  P  is 
therefore 

H=   {dH=nIl2  (  'd{x/R)/{i-}-AyR')i 

J  J-Li  (29) 

=  «//2[i/(i  +  R'/L^y  +  1/(1  +  J^/i^m 

if  P  is  distant  Z^  and  L^  from  the  ends  of  the  solenoid. 
If  L^  =  L^  =  L,  this  equation  becomes 

H=nII{i+R'ILJ  (30) 

(29)  shows  that  if  the  length  of  the  solenoid,  L^  +  L^=  2L,  is 
great  in  comparison  with  R,  the  intensity  along  the  axis,  and 
therefore  (the  magnetic  pressure  ^  fiH^  being  remembered)  the 
intensity  throughout  the  volume  of  the  solenoid,  is  very  nearly 
constant  and  equal  to  nl,  except  near  the  ends  of  the  solenoid. 
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In  this  case  the  external  field  of  the  solenoid  is  very  weak 
except  near  the  ends,  and  the  external  medium  may  be  altered 
in  any  manner,  except  in  these  regions,  without  sensibly  affecting 
the  internal  field. 

If  the  flux  through  a  long  slender  solenoid  is  ^,  the  magnetic 
field  at  external  points  is  very  nearly  the  same  as  the  field  of  a 
permanent  magnet  placed  coincident  with  the  solenoid  and  having 
two  approximately  concentrated  poles,  of  strength  -f-  <1>  and  —  ^, 
at  its  ends. 

When  Zj  =  Z,  =  infinity,  (29)  reduces  to  (28). 

B.  A  Very  Long  and  Slender  Cylindrical  Rod  of  Inductivity  fx 
Placed  Within  a  Longer  and  Wider  Uniformly  Wound  Solenoid 
Containing  a  Medium  of  Inductivity  fi^  Parallel  to  its  Axii. 
Except  near  the  ends  of  the  rod,  the  demagnetising  intensity 
due  to  its  poles  is  small,  and  if  the  ratio  of  its  length  to  its 
diameter  is  sufficiently  great,  negligible. 

The  magnetic  intensity  within  and  without  the  rod,  except 
near  its  ends  and  the  ends  of  the  solenoid,  is 

H=nT 

The  magnetic  induction  within  the  rod  is 

B=ixH 

and  that  within  the  rest  of  the  core 

the  region  near  the  ends  being  excepted. 

The  intensity  of  magnetisation  of  the  rod,  except  near  its 
ends,  is 

J  =  B-B,  =  {,i-ti;)H 

and  the  numerical  strength  of  each  of  the  poles,  distributed  over 
the  ends  of  the  rod,  is 

m  =/  5=  {B  -  fi,^)S=(^  -  fi,)//S  (31) 

where  5  denotes  the  area  of  the  cross-section  of  the  rod. 
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21.  The  Magnetic  Field  Between  Two  Infinite  Parallel  Planes 
Traversed  by  Equal  and  Opposite  Currents.  The  result  obtained 
for  the  infinite  solenoid,  (19),  being  independent  of  the  shape  and 
area  of  the  cross-section  of  the  coil,  may  be  applied  to  a  coil 
with  a  rectangular  cross-section  of  finite  height  and  infinite 
width.     We  have  then   two   parallel    plane  current   sheets  in 


Fig.  102. 

opposite  directions.  If  the  current  directions  are  as  shown  in  the 
figure  (Fig.  102),  and  if  the  current  per  unit  length  of  the  coil 
perpendicular  to  the  plane  of  the  figure  is  nl,  the  uniform  mag- 
netic field  of  intensity  H  =  nl  is  directed  perpendicularly  into 
the  plane  of  the  paper.  This  result  could  of  course  have  been 
readily  obtained  independently. 

22.  The  Magnetic  Field  of  an  Endless  Coil  Uniformly  Wound 
Upon  a  Solid  of  Revolution  Generated  by  Revolving  a  Plane 
Area  S  about  an  Axis  in  its  Plane  but  Not  Passing  Through  It 


Fig.  103. 

(Toroidal  Coil).  The  current  is  assumed  to  circulate  in  a  sheet 
accurately  perpendicular  to  the  coil,  as  shown  in  the  figure  (Fig. 
103).  The  cross-section  of  the  coil  is  shown  rectangular  in  the 
figure,  but  may  have  any  shape. 
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By  symmetry,  all  the  lines  of  intensity  must  be  either  circles 
about  the  axis  of  revolution  in  planes  perpendicular  to  the  axis, 
or  closed  curves  around  or  within  the  coil  in  planes  cutting  it 
perpendicularly.  The  second  alternative  is  impossible,  by  §  14, 
since  such  curves  would  enclose  no  current.  For  the  same  rea- 
son there  can  be  no  circular  lines  of  intensity  centered  on  the 
axis  outside  the  coil.  All  such  circles  inside  the  coil,  however, 
enclose  the  total  current  circulating  around  the  coil.  If  the 
total  number  of  turns  of  wire  in  the  coil  is  N,  and  if  the  current 
strength  is  /,  the  m.m.f.  along  any  circle  of  intensity  of  radius  d 

within  the  coil  is  tt      j       y,rr 

Hiird  =  NT 

whence  H=NIl2'Trd  (32) 

If  the  radius  of  the  shortest  line  of  intensity  is  R,  and  if  there 
are  n  turns  per  unit  length  of  this  line,  iV=  2'rrRn,  and 

H=  nIRld  (33) 

If  i?  becomes  infinite,  and  if  the  area  of  the  cross-section  of  the 
coil  remains  constant,  so  that  R  and  d  approach  equality  as  they 
approach  infinity,  rj r 

as  otherwise  shown  in   §  19,  which  with   §  21,  is  thus  a  special 
case  of  the  present  article. 

Since  there  is  no  external  field,  it  is  immaterial  what  medium 
surrounds  the  toroid. 

23.  The  Force  Between  Two  Infinite  Parallel  Linear  Gondnctors 
Carrying  Electric  Currents.  Let  the  currents,  of  strengths  /,  and 
/j,  intersect  the  plane  of  the  paper  at  A  and  B  respectively,  dis- 
tant d  apart,  and  first  suppose  that  the  currents  have  the  same 
direction,  down  into  the  plane  of  the  paper.  Then  the  intensity 
Hj^  due  to  the  current  /j  is  Ij2'jrd  at  all  points  of  the  wire  A, 
and  is  directed  vertically  upward  at  right  angles  to  the  wire. 
Hence  the  force  upon  a  length  L  of  the  wire  A  is 
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F=LMI,H,  =  IJ^l2'Kd  (34) 

the  last  expression  being  the  numerical  value  of  the  force. 

^I^H^  is  directed  toward  B,  thus  the  force  is  one  of  attraction 
between  the  wires. 

The  direction  of  F  is  not  affected  if  the  directions  of  both 
currents  are  reversed.  If  however  the  direction  of  one  of  the 
currents  only  is  reversed,  /^becomes  a  force  of  repulsion. 

The  fields  surrounding  the  wires  when  the  currents  have  the 
same  magnitude  and  flow  in  the  same  and  opposite  directions  are 
shown  in  Figs.  98  and  27.  The  force  upon  each  wire  is  seen  to 
be  always  from  the  stronger  to  the  weaker  part  of  the  field. 


Fig.  104. 

24.  The  Forcive  Between  Two  Infinite  Straight  Linear  Conduc- 
tors Perpendicular  to  One  Another  and  distance  d  apart.  Let  one 
of  the  conductors,  AC,  Fig.  104,  lie  in  the  plane  of  the  paper, 
and  let  the  other,  D,  be  perpendicular  to  this  plane,  the  currents, 
/j  and  /g,  being  directed  to  the  right  and  downward  respectively. 
By  considering  the  field  of  one  current  in  the  neighborhood  of 
the  other,  the  forcive  is  seen  to  be  a  pure  torque  tending  to  make 
the  two  currents  flow  in  the  same  direction.  To  obtain  the 
torque  T upon  a  length  L  oi  AC,  with  center  at  B,  we  have,  for 
the  force  upon  an  element  of  AC  of  length  dx  distant  x  from  B, 

dF  =  B/^dx  x/{d^  +  xy  =  filj^dx/2'jr(d^  +  x^) 

and  dT=  xdF  —  filj^^dx  f  2'Tr{d^  +  x"^) 

BD  being  chosen  as  axis  of  moments,  and  a  positive  torque  tend- 
ing to  move  C  down.  Hence  the  total  torque  upon  a  length  L 
of  AC  with  center  at  -5  is 

T=  fiIJj2'rr-{L  +  wd—  2d  tdsr^  Z/2^)  (35) 


CURRENTS   AND    MAGNETIC   FIELDS.  315 

By  considering  the  field  of  one  wire  in  the  neighborhood  of 
the  other  it  is  easy  to  see  that  when  the  currents  make  with  one 
another  an  angle  6  different  from  90°,  there  is,  in  addition  to  the 
torque  (which  vanishes  when  ^  =  0°  or  180°),  a  force  between 
the  wires,  attractive  when  6  is  less  than  90°  and  repulsive  when 
d  is  greater  than  90°,  the  force  upon  each  element  being  always 
from  the  stronger  to  the  weaker  part  of  the  resultant  field, 

25.  The  Force  Between  Two  Linear  Circular  Coaxial  "Wires  dis- 
tant d  apart,  where  d  is  very  small  in  comparison  with  the 
radius  of  either  circle.  Since  the  field  very  near  any  thin  wire 
is  approximately  the  same  as  the  field  very  near  an  infinite  straight 
wire,  the  approximate  force  in  this  case  is  easily  obtained. 

If  the  circles  have  the  same  radius,  R,  and  if  the  currents  are 
/j  and  /j,  the  force  is 

F^  I,rj2ird-  2irR  =  /JJ^jd  (36) 

and  is  attractive  or  repulsive  according  as  the  currents  flow  in 
the  same  or  opposite  directions. 

If  the  radii  of  the  coils  are  R^  and  R^  =  R^-\-  a,  and  if  the 
distance  between  their  planes  is  b, 

^=^////(^  +  ^)  (37) 

which  is  a  maximum,  for  given  values  of  R^  and  R^,  when  b=i  a. 

25.  The  Torque  upon  a  Circular  Cylindrical  Coil  of  n  Turns  and 
Radius  r  Placed  with  its  Center  in  the  Axis  of  Two  Coaxial  Circular 
Coils  each  of  radius  R  and  N  turns,  at  a  point  equidistant  from 
the  planes  of  the  coils,  with  which  its  own  right  cross-section 
makes  an  angle  6,  when  R  is  much  larger  than  r.  The  field  of 
the  larger  coils  will  be  sensibly  uniform  throughout  the  region 
occupied  by  the  smaller  coil  and  equal  to  its  value  at  the  center 
of  the  axis.  If  the  distance  between  the  planes  of  the  two  large 
coils  is  2d,  and  if  the  currents  of  the  larger  and  smaller  coils  are 
/  and  i  respectively,  then,  by  §  13,  if  the  currents  in  the  larger 
coils  have  the  same  direction,  the  field  intensity  at  the  center  of 
the  axis  is 
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H=-NIR^I{R''  +  d^f 
Hence,  by  §  lo,  there  is  a  torque  upon  the  smaller  coil  equal  to 

T=  niixH  cos  (qo°  —  &)  ■  irr^ 

(38) 

which  is  a  maximum  when  the  smaller  coil  is  perpendicular  to 
the  other  two.  There  is  no  translatory  force  acting  upon  the 
coil  as  a  whole. 

If  the  .same  current  /  traverses  both  coils,  and  if  the  medium 
surrounding  the  coils  is  air  or  free  aether  (a  vacuum),  in  which 

T=PnN'irr'R^  smO I {R'^^d^y  (39) 

numerically. 

From  the  above  equations,  and  the  equations  developed  in 
foregoing  articles,  for  the  forcive  between  two  conductors  carry- 
ing the  same  current,  the  electromagnetic  unit  current  and  the 
inductivity  of  the  surrounding  medium  can  be  defined  without 
reference  to  magnets  of  any  kind. 

It  can  easily  be  shown  that  the  field  at  the  center  of  the  axis 
is  most  nearly  uniform  when  d  is  made  equal  to  R.  In  this  case 
(39)  becomes 

T=P  nNirr"  sin  ^/2Si?  (40) 

numerically. 

27.  Galvanometers.  K  galvanometer  is  an  instrument  for  meas- 
uring or  detecting  electric  currents  by  means  of  the  forcive  acting 
between  a  permanent  magnet  and  a  conductor  traversed  by  an 
electric  current.  There  are  two  general  types  of  such  instru- 
ments :  In  one  the  magnet  i§  fixed  and  the  conductor  is  mov- 
able, in  the  other  the  conductor  is  fixed  and  the  magnet  is 
movable. 

28.  The  Deprez-D'Arsonval  Galvanometer.  This  is  an  instru- 
ment of  the  first  type.  It  consists  essentially  of  a  permanent 
horseshoe  magnet  NS,  Fig.  105,  with  a  very  strong  magnetic 
field  between  its  poles  ;  a  coil  C,  consisting  of  many  turns  of  fine 


CURRENTS   AND   MAGNETIC    FIELDS. 


317 


insulated  wire,  suspended  vertically  by  a  very  fine  metallic  ribbon 
AD  continuous  with  the  wire  of  the  coil ;  and,  attached  to  the 
coil,  a  pointer  or  light  mirror  B,  by  which  any  angular  change 
in  the  position  of  its  plane  may  be  determined. 


Fig.  105. 

The  coil  is  adjusted  until,  when  no  current  is  flowing,  its  plane 
is  parallel  to  the  magnet's  field,  which  is  so  strong  that  the  field 
of  the  earth  and  other  magnets  or  currents  in  the  neighborhood 
is  negligible  in  comparison.  When  traversed  by  a  current,  the 
coil  is  deflected  about  AB  as  axis  until  the  torque  exerted  upon 
it  by  the  magnetic  field  is  balanced  by  the  return  torque  due  to 
the  twist  of  the  elastic  suspension.  Let  6  denote  the  permanent 
angle  of  deflection  when  the  current  strength  is  /,  5  and  n  the 
(average)  area  of  a  single  turn  of  the  coil  and  the  number  of 
turns,  respectively,  and  B  the  magnetic  induction,  supposed 
uniform,  between  N  and  5.  Then  the  torque  upon  the  coil 
due  to  the  field  is,  by  (9),  §  10, 

T=  nS/3  cos  d 

If  R  is  the  torsional  constant  of  the  suspending  ribbon,  we 

have  also 

T=R0 
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Hence,  equating  the  two  values  of  Zand  solving  for  /,  we  have 
I=RlnSB-eicose  (41) 

For  small  values  of  Oj  cos  6  is  sensibly  equal  to  i,  and  /  is 
sensibly  proportional  to  6. 

By  giving  a  special  shape  to  the  magnet's  pole  faces  and  insert- 
ing within  the  coil  symmetrically  a  cylinder  of  steel  magnetised 
transversely,  or  a  cylinder  of  soft  iron,  the  induction  in  the  region 
moved  through  by  the  vertical  portions  of  the  coil  may  be  made 
practically  uniform  in  magnitude  and  parallel  to  the  plane  of  the 
coil  in  any  positipn.      In  this  case  T=  nS3/=  Rd  and 

/=  R/nSSe  (42) 

for  all  angles. 

29.  The  Tangent  Galvanometer.  The  simplest  galvanometer 
of  the  second  type,  in  which  the  magnet  is  movable  and  the 
conductor  fixed,  is  the  tangent  galvanometer.  This  instrument, 
in  its  simplest  form,  consists  essentially  of  a  circular  coil  of  wire, 
each  turn  having  practically  the  same  radius  R,  wound  upon  a 
suitable  frame  (of  non-magnetic  material) ;  a  small  permanent 
magnet  suspended  by  a  long  thread  of  quartz  or  silk  as  free  from 
torsion  as  possible,  or  otherwise  mounted  in  such  a  way  as  to 
move  very  freely,  at  the  center  of  the  coil ;  and  a  mirror  or  a 
pointer  mounted  upon  the  magnet,  by  which  its  angular  motion 
may  be  determined.  The  coil  is  placed  with  its  plane,  or  the 
nearly  coincident  planes  of  its  turns,  in  the  magnetic  merid- 
ian, NS.  « 

When  there  is  no  current  in  the  coil  the  magnet  will  come  to 

rest  with  its  axis  in  this  plane,  under  the  action  of  the  horizontal 

component  of  the  earth's  magnetic  intensity,  which  will  be  denoted 

by  H .     When  a  current  /  traverses  the  coil,  there  is  developed 

at  the  center  of  the  coil  a  magnetic  intensity  perpendicular  to  H 

and  equal  to 

H=nI\2R=GI 

G(^  Hjl  =  n/zR)  being  a  constant  for  the  given  coil. 
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The  resultant,  H' ,  of  the  two  fields  makes  with  H  an  angle 

<9  =  tan-'///H 

and  the  magnet  will  be  deflected  through  this  angle,  coming  to 
rest  when  its  axis  lies  in  .the  vertical  plane  through  H' .  Hence 
we  have    j  _  2/e/«//  =  2/?H/«  •  tan  ^  =  H  /  6^  •  tan  ^  (43) 

If  the  magnet  is  suspended  at  the  center  of  the  axis  of  two 
similar  parallel  coils  carrying  the  same  current  in  the  same  direc- 
tion, we  have 

/=(i^-f-^^)»H/«ie2.tan^=  H/6:'tan^  (44) 

It  can  easily  be  shown  that  the  field  near  the  center  of  the  axis 
is  as  nearly  uniform  as  possible  when  d  is  made  equal  to  R.  In 
this  case  (44)  becomes, 

/=  2'^H /« •  tan  ^  =  WIG" •  tan  ^  (45) 

The  Determination  of  a  Current  in  Absolute  Electromagnetic 
measure.  By  measuring  all  the  quantities  in  the  second  member 
of  either  of  the  above  equations,  a  current  may  be  determined  in 
terms  of  the  REM  unit. 

30.  Sensitive  Galvanometers  (Second  Type).  Such  a  galvanom- 
eter as  that  just  described,  though  valuable  as  a  means  of  determin- 
ing a  current  in  absolute  measure,  is  by  no  means  sufficiently  sen- 
sitive for  most  purposes  for  which  a  galvanometer  is  needed.  The 
sensitiveness  of  a  galvanometer,  or  the  ratio  of  the  deflection  to 
the  current,  or  change  in  deflection  to  change  in  current,  may 
evidently  be  increased  by  increasing  the  number  of  turns  and 
bringing  them  closer  to  the  magnet,  or  by  diminishing  the 
effect  of  the  external  magnetic  field  acting  upon  the  magnet. 
The  latter  method  will  be  considered  first. 

One  method  of  diminishing  the  strength  of  the  earth's  magnetic 
field  is  by  placing  one  or  more  magnets,  called  control  magnets,  in 
such  positions  as  to  neutralise  to  a  greater  or  less  extent  the  earth's 
field.  This  method,  while  very  generally  practised,  is  open  to  the 
often  serious  objection  that  slight  changes  in  the  earth's  field, 
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which  are  constantly  occurring,  produce  very  large  percentage 
variations  in  the  weak  resultant  field  at  the  magnet,  thus  mak- 
ing the  behavior  of  the  instrument  extremely  inconstant. 

A  better  method  is  to  surround  the  galvanometer  with  a  thick- 
walled  case  of  iron,  or  several  such  c^ses,  to  act  as  a  magnetic 
shield.  This  greatly  reduces  the  field  of  the  earth  without  in- 
creasing the  relative  prominence  of  its  variations  (§23,  XL;  §§ 
14-15,  IV.). 

A  still  better  method,  now  always  adopted  for  the  most  sen- 
sitive instruments,  usually  in  conjunction  with  at  least  one  of  the 
other  two  already  mentioned,  is  to  mount  on  the  same  suspen- 
sion two  galvanometer  magnets  of  as  nearly  as  possible  the  same 
moment,  with  their  poles  turned  in  opposite  directions.  If  the 
axes  of  these  magnets  lie  accurately  in  the  same  plane,  and  if 
their  moments  about  the  axis  of  suspension  are  rigorously  equal, 
the  earth's  field  can  exercise  no  directive  influence  upon  the  sys- 
tem. Such  a  magnetic  system  is  said  to  be  astatic.  With  this 
condition  approximately  realised  in  practice,  the  directive  effect 
of  the  earth's  field  can  be  made  extremely  small.  The  current 
is  passed  around  one  magnet  only,  or  else,  in  highly  sensitive 
instruments,  in  opposite  directions  around  the  two  magnets.  A 
control  magnet  is  used  to  adjust  the  position  of  the  mirror  as 
well  as  to  regulate  the  sensitiveness  of  the  instrument. 

31.  The  Winding  of  a  Sensitive  Galvanometer  of  the  Second 
Type.  With  respect  to  the  winding  of  a  sensitive  galvanometer 
of  the  second  type,  it  is  evident  that  the  magnetic  intensity  at  a 
point  0,  the  position  of  the  magnet.  Fig.  106,  due  to  unit  current 
in  length  L  of  wire  wound  upon  a  circular  arc  whose  radius  sub- 
tends an  angle  6  a.t  0  and  every  point  of  which  is  distant  r  from 

0,  is 

H=L  sin  ei4.7rr''  (46) 

If  the  same  wire  is  wound  in  parallel  circles  with  their  axes 
through  0  anywhere  on  the  surface  of  revolution  the  equation  of 
whose    generating    curve    is    sind/r^  =  4'7rH/L  =  constant,   the 


CURRENTS   AND   MAGNETIC    FIELDS. 


321 


field  intensity,  H,  at  0  will  be  the  same  as  that  given  by  (46), 
This  equation  may  be  written 

sin  eir"  =  I  //  or  ;^  =  /  sin  ^  (47) 

where  p^  =  constant  =  Lj^irH. 

A  plane  section  through  the  axis  of  revolution  of  this  surface, 
drawn  for  a  given  value  of  p^,  is  shown  in  Fig.  106. 

Since  all  points  within  a  surface  drawn  for  a  given  value  of 
/  lie  upon  surfaces  with  smaller  values  of/,  and  therefore  greater 
values  of  H\  and  since  all  points  without  the  surface  lie  upon 
surfaces  with  greater  values  of  p  and  smaller  values  of  //;  it 
follows  that  a  given  length  of  wire,  in  order  that  it  may  produce 


Fig.  106. 

the  maximum  field  at  0,  should  be  wound  so  that  its  whole  mass 
just  fills  up  the  volume  within  the  surface  given  by  the  equation 
(47),  where  the  magnitude  of  /  depends  upon  the  quantity  and 
the  length  of  wire.  In  the  actual  winding,  of  course,  some  space, 
indicated  in  the  figure  by  dotted  lines,  must  be  left  for  the  magnet 
and  suspension.  These,  however,  in  modem  sensitive  galva- 
nometers, are  so  small  as  to  weigh  but  a  very  small  fraction  of 
a  gram,  so  that  this  space  is  not  large. 

Since  a  given  length  of  fine  wire  occupies  less  volume  than 
the  same  length  of  coarser  wire,  it  is  an  advantage,  i{  a  galva- 
nometer of  a  certain  resistance  is  to  be  constructed,  to  use  fine 
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wire  for  the  smaller  values  of  p,  that  is,  near  the  magnet,  and 
coarser  wire  further  from  the  magnet.  Three  sizes  of  wire  are 
frequently  so  used  in  the  same  coil,  although  a  single  wire  of 
uniform  cross-section  is  usually  employed. 

It  is  evident  that  the  current  traversing  the  coils  of  a  galva- 
nometer constructed  as  above  is  not,  in  general,  strictly  pro- 
portional to  the  tangent  of  the  angle  of  deflection.  The  law 
/=  WIG- F{&)^  where  G  =  H j I,  connecting  the  current  with 
the  deflection  can,  however,  easily  be  determined  by  experiment. 

32.  The  Ballistic  Galvanometer.  The  electric  charge  of  a  con- 
denser, or  the  charge  circulating  through  a  coil  owing  to  electro- 
magnetic induction  (XIII.),  that  is,  in  general,  the  time  integral 
of  a  transitory  current,  can  be  measured  with  a  galvanometer, 
provided  that  sensibly  the  whole  charge  can  be  made  to  circulate 
through  the  galvanometer's  coil  before  the  magnet  (or  coil,  if 
the  instrument  is  of  the  first  type)  has  moved  appreciably*  from 
its  position  of  equilibrium,  and  provided  that  the  damping  (or 
retardation  due  to  friction,  induced  currents  (XIII.,  §  5),  etc.)  of 
the  magnet's  (or  coil's)  motion  is  but  slight.  To  insure  that 
these  conditions  shall  be  satisfied,  and  to  make  the  deflections  of 
the  mirror  easy  to  read,  a  galvanometer  designed  for  this  purpose, 
called  a  ballistic  galvanometer,  is  constructed  with  a  magnet  (or 
coil)  of  considerable  moment  of  inertia  (and  long  period),  and 
damping  is  prevented  as  far  as  possible. 

We  shall  consider  here  only  an  instrument  of  the  second  type. 
Let  H  denote  the  magnetic  intensity  at  the  magnet  due  to  the 
earth  and  the  control  magnets,  AI  the  moment  of  the  magnet, 
K  its  moment  of  inertia,  H  the  magnetic  intensity  at  the  magnet 
due  to  a  current  /  in  the  galvanometer  coils,  and  G  the  constant 
ratio  of  H  to  /,  as  in  §  29.     Then 

H=GI=G  dgjdt 
when  a  current  /=  dqjdt  traverses  the  coils. 

*The  cosine  of  the  angle  moved  through  by  the  magnet  in  the  discharge  lime  ^ 
must  not  differ  sensibly  from  unity,  or  a  correction  must  be  applied. 
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The  torque  upon  the  magnet,  which  remains  sensibly  in  its 
position  of  equihbrium  during  the  passage  of  the  whole  (appre- 
ciable part  of  the)  charge,  due  to  the  current  /  is 

T=HM=GMdqldt 

When  a  total  charge  q  is  passed  through  the  coils,  the  (appre- 
ciable part  of  the)  transitory  current  lasting  for  a  time  /'  so  small 
that  the  magnet  does  not  sensibly  move  within  this  time,  the 
total  angular  impulse  upon  the  magnet  is 

r  Tdt  =  GM  f  {dqldt)dt  =  GM  fdq  =  GAfq 
Jo  Jo  *J 

If  ft)  denotes  the  angular  velocity  imparted  to  the  magnet  by 

the  discharge 

»(' 

Tdt  =  GMq  =  K(o 


I 

Jo 


and  the  kinetic  energy  of  the  magnet  just  after  the  discharge, 
while  still  sensibly  in  its  position  of  equilibrium,  is 

lKa>'=l{GMqf/K 

If,  as  we  assume  for  the  present,  there  is  no  damping,  the 
magnet  will  come  to  rest  at  a  certain  angle  of  deflection  6,  such 
that  the  work  done  against  the  magnetic  field  of  intensity  H  is 
equal  to  the  original  kinetic  energy  ^Ko)^.  (The  torsion  of  the 
fiber  suspending  the  magnet  is  supposed  negligible.)     Hence 

^{GMqf/K=   f  MHsmede  =  MH{i-  cos  0) 

=  2MH  sin^  \d 
from  which 

q=2/G-{KH/My  sin  i<9  (48) 

Thus  the  charge  is  proportional  to  the  sine  of  one-half  the  angle 
of  deflection  (first  elongation). 

To  obtain  the  charge  in  absolute  measure  from  (48),  it  would 
be  necessary  to  know  both  A' and  M,  or  their  ratio,  as  well  as  H 
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and  G  ;  but  the  first  two  of  these  quantities  can  be  eliminated  by 
making  use  of  (34),  XL,  according  to  which 

{KIM)^  =  Tt/ H/27r 

T  being  the  time  in  which  the  magnet,  vibrating  through  an  in- 
finitesimal arc,  executes  a  complete  oscillation.      Thus  we  have 
^=H777r(9-sin  1^  (49) 

HjG  can  be  readily  determined  by  passing  a  known  steady 
current  /  through  the  coil  and  noting  the  steady  deflection  B. 
Then,  with  the  nomenclature  of  §  33,  (i), 

\\lG=IlF{e) 

The  period  7"  of  a  complete  vibration  of  the  magnet  for  an 
infinitesimal  arc  can  be  computed  without  difficulty  from  the 
observed  time  of  vibration  for  a  finite  arc.  For  small  arcs  the 
difference  between  the  two  times  of  vibration  is  not  appreciable. 
If  the  damping  and  the  torsion  of  the  suspension  are  not  negli- 
gible, further  corrections  must  be  applied.  All  these  matters 
are  discussed  in  Gray's  Absolute  Measurements  in  Electricity  and 
Magnetism. 

The  development  of  the  formula  corresponding  to  (49)  for  the 
ballistic  Deprez-D'Arsonval  galvanometer  is  not  difficult  and  is 
left  to  the  reader.     It  is 

q  =  VKRInSB  •  d  =  R/nS  B-T/ir.  ^0  (50) 

The  constant  R/nSB  can  be  easily  determined  from  (41)  by 
means  of  a  known  steady  current  and  the  corresponding  known 
deflection. 

In  what  follows  (49)  is  adopted  as  a  standard  formula  for  the 
ballistic  galvanometer.  If  an  instrument  of  the  first  type,  which 
offers  important  advantages  in  many  cases,  is  used,  the  equa- 
tions must  be  modified  by  the  substitution  of  (50)  for  (49). 

33.  The  Best  Resistance  for  a  Galvanometer  "Wound  with  Uni- 
form Wire.     We  shall  now  determine  the  best  resistance  to  be  ' 
given  to  a  set  of  galvanometer  coils,  or  a  galvanometer  coil,  of 
given    type,  m   order  to  produce   the   maximum   sensitiveness, 
when  in  addition  to  the  type  of  galvanometer,  the  space  to  be 
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filled  by  the  wire,  its  disposition  as  to  the  magnet,  and  its  specific 
resistance  are  given.  The  volume  occupied  by  the  insulation 
will  be  supposed  negligible.* 

Let  T  denote  the  volume  to  be  occupied  by  the  wire,  and  L  the 
length,  S  the  cross-section,  r  the  specific  resistance,  and  g  the 
total  resistance,  of  the  wire.     Then 

g  =  rLlS^rDlr  {a) 

(1)  First  consider  a  galvanometer  designed  to  measure  steady 
currents.  The  current  /  in  the  galvanometer  is  proportional  to 
some  function  of  6,  the  angle  of  deflection,  as  tan  6,  sin  6, 
djcos  6,  etc.  Let  this  function  be  denoted  by  F{0).  Then  we 
have,  by  what  has  just  been  said, 

F{e)  =  BI  {b) 

in  which  ^  is  a  constant  for  the  given  galvanometer  and  coil.  B 
is  evidently  proportional  to  the  length  of  the  wire  in  the  coil. 
That  is 

B  =  KL 

where  ^  is  a  constant  depending  on  the  size  of  the  coils,  the 
type  of  instrument,  etc.     (a)  may  therefore  be  written 

F{e)=^  BI=KLI 
or 

I^Fie)lKL 

If  the  galvanometer  is  connected  in  circuit  with  a  generator 
with  an  e.m.f,  ^  and  a  resistance  such  that  the  total  resistance 
in  the  circuit  outside  the  galvanometer  is  R,  we  have 


or 


I=^l{g^R).=  F{e)\KL 
F{e)  =  K'irL/{g  -\-R)=  K^L/{rL^/r  -f  R) 


*  For  a  more  complete  discussion  reference  must  be  made  to  Gray's  Absolute 
Measurements  in  Electricity  and  Magnetism,  Vol.  II.,  and  to  T/ie  Physical  Review, 
Vol.  v.,  p.  300. 
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So  far  as  its  dependence  upon  the  length  of  the  wire  is  con- 
cerned, F{6)  will  be  a  maximum  when  dF{6)jdL  =  o,  that  is  when 

dF{e)ldL  =  o  =  K'^{R  -  rD\r)l{R  +  rDlrf  =  o 
which  gives  ■rL'^JT=^g=R  (51) 

So  that  the  greatest  sensitiveness  will  be  attained  by  giving 
the  wire  such  a  length,  or  such  a  cross-section,  that  its  resistance 
is  equal  to  the  external  resistance.  It  is  obvious  that  r  should 
be  as  small  as  possible  to  produce  the  maximum  current  with  a 
given  e.m.f      Hence  the  coils  are  usually  wound  of  copper  wire. 

(2)  If  the  galvanometer  is  one  designed  for  measuring  con- 
denser charges  so  that  the  total  charge  q  crosses  every  section 
of  the  wire,  whatever  its  length  or  resistance,  we  have  (§  32) 

F^{6)=CBq=CKLq  (52) 

where  C  is  a  constant  and  B  =  KL  can  be  determined  by  measur- 
ing /^^),  §  33,  (i),  when  a  steady  current  /is  passed  through  the 
coils. 

From  (52)  it  is  clear  that  the  wire  should  be  as  fine  as  possible, 
or,  for  a  given  kind  of  wire,  the  resistance  as  great  as  possible. 
The  specific  resistance  is  immaterial,  provided  that  the  total  re- 
sistance is  not  so  great  as  to  make  the  time  constant  (§41,  Chap- 
ter XIII.)  noticeable. 

(3)  If  the  galvanometer  is  to  be  used  for  measuring  discharges 
produced  by  changing  the  magnetic  flux  through  a  coil  (§9, 
Chapter  XIII.),  we  have, 

FIB)  =  CBq  =  CKLNl{g  -h  R) 

or,  for  a  given  value  of  N  (the  change  of  coil  flux  producing  the 
discharge), 

F^e)  =  constant  xL/{g-  -{- R)  =  constant  xLI{R  +  rL^r) 

Hence  dFJ^O)/dL  =  o,  and  the  sensitiveness  is  a  maximum, 

"•^'^  ^=Ji  (53) 
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as  in  an  instrument  used  for  steady  currents.     In  this  case  also, 
r  should  be  as  small  as  possible. 

34.  The  Electrodynamometer.  The  formulae  developed  in  §  26 
are  utilised  for  the  absolute  determination  of  current  strength  by 
the  electrodynamometer. 

The  Electrodynamometer  of  Weber,  in  its  simplest  form,  con- 
sists essentially  of  two  large  coils  and  a  much  smaller  coil, 
similar  to  those  described  in  §  26,  together  with  a  fine  metallic 
ribbon  joined  to  one  end  of  the  smaller  coil  and  suspending  this 
coil  from  a  fixed  torsion  head,  with  its  center  at  the  center  of 
the  axis  of  the  two  large  coils,  a  straight  vertical  piece  of  wire 
joined  to  the  other  end  of  the  small  coil  and  dipping  into  a  cup 
of  mercury  below,  and  a  light  mirror  mounted  upon  the  small 
coil  for  reading  its  deflections. 

The  suspension  is  adjusted  by  turning  the  torsion  head  until, 
when  there  is  no  current,  the  planes  of  the  smaller  and  larger 
coils  are  perpendicular.  When  the  same  current  /  is  passed 
through  all  the  coils  in  series,  flowing  in  the  same  direction 
through  the  two  larger  coils,  the  smaller  coil  will  be  deflected 
through  an  angle  6  such  that  the  return  torque  due  to  the  torsion 
of  the  suspending  ribbon  just  balances  the  torque  of  the  field. 
If  A!"  is  the  constant  of  torsion  of  the  ribbon,  this  torque  is  7^= 
KB.     Hence,  by  §  26, 

7'=  KB  =  PnNfi'irr'E?  cos  ei{R'  +  d^)l 
and  /=  ]0{R^  +  (Pf  I  rR{nNinr)\0 1  cos  0)i  (54) 

If  d=  R,  when  the  field  throughout  the  smaller  coil  is  most 

nearly  uniform, 

/=  2i{RK)ilr(nNfi'7r)i{e/cos  0)i  (55) 

fi  being  sensibly  equal  to  i,  numerically,  when  the  coils  are  in  air. 

The  Siemens  Electrodynamometer.  Instead  of  keeping  the 
upper  end  of  the  suspension  fixed,  and  measuring  the  angle  of 
twist  of  the  lower  end,  the  torsion  head  is  often  turned  in  the  di- 
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rection  opposite  to  that  of  the  deflection  until  the  deflection  is 
reduced  to  zero.  If  6  is  the  angle  through  which  the  torsion 
head  is  turned  to  effect  this  result,  we  have,  by  §  26,  since  the 
planes  of  the  movable  and  fixed  coils  remain  perpendicular, 


and 


T=Kd  =  PnN'7rr'R^I{I^  +  d^f 
I={R'+  dy{Ke)il(nNfi'7r)irR  (56) 

/=  2i{KRy0i/r{nNfJL'jr)i  (57) 


Since  all  the  quantities  in  the  second  members  of  (54)  and  (56) 
can  be  determined  by  direct  measurement,  they  suffice  to  deter- 
mine /  in  absolute  measure.  Since  T  is  proportional  to  the 
square  of  /,  an  alternating  current  can  be  measured  with  the 
electrodynamometer. 

Instead  of  a  suspension  made  of  a  single  ribbon,  a  bifilar  sus- 
pension is  often  used  in  the  Weber  electrodynamometer.  It  con- 
sists of  two  fine  wires,  parallel,  or  nearly  parallel,  connected  to 
the  two  ends  of  the  coil,  serving  to  carry  the  current  to  and  from 
the  coil.  For  small  angles  the  formulae  are  the  same  for  the 
two  kinds  of  suspension. 

When  an  electrodynamometer  is  not  to  be  used  for  the  abso- 
lute determination  of  current  strength,  but  only  for  relative 
measurements,  or  when  it  is  to  be  calibrated  by  comparison  with 
standard  instruments,  its  construction  is  often  greatly  modified  to 
increase  or  diminish  the  sensitiveness,  to  reduce  the  size,  etc. 

In  an  electrodynamometer  of  the  Siemens  type,  in  which  the 
movable  coil  is  always  in  the  same  position  when  measurements 
are  made,  the  current  is  always  proportional  to  the  square  root 
of  the  angle  of  torsion,  whatever  the  form  of  the  coils. 

35.  The  Comparison  of  E.M.F.s  by  PoggendorflTs  Method,  Ray- 
leigh's  Modification.  A  constant  current  /  is  passed  through  the 
circuit  ABCDA,  Fig.  107,  containing  two  accurately  adjustable 
resistances  R  and  R' ,  by  a  battery  D  of  constant  e.m.f.  ^F„ 
greater  than  any  of  the  e.m.f.s  to  be  compared.     The  agents  I\ 
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and  F^  whose  e.m.f.s  ^j  and  ^^  are  to  be  compared  are  placed, 
one  at  a  time,  in  a  shunt  circuit  AGB,  containing  a  galvanometer 
G  and  a  key  KA,  in  such  a  direction  as  to  oppose  a  current 
through  the  shunt  due  to  D.  The  resistances  R  and  R'  are  then 
adjusted,  while  their  sum  R  -{-  R'  '\s  kept  constant  and  high,  until 
the  galvanometer  needle  remains  undeflected  whether  the  key 

r^<iH^^ 


<r R X R'— > 


^^ 


0 
Fig.  107. 

KA  is  open  or  closed.  Then  '^,  the  e.m.f.  of  the  agent  F,  is 
equal  to  RI,  the  potential  difference  between  A  and  B  due  to  the 
field  of  the  current.  Hence,  if  R^  denotes  the  value  of  R  for  the 
balance  when  F^  is  in  the  circuit,  and  R^  the  corresponding  value 
when  F^  is  in  the  circuit, 

^^  =  RJ  and  ^^  =  ^2^ 

and  ^,/^.=  ^>/^2  (58) 

Slight  modifications  of  this  method  (potentiometer  methods) 
enable  comparisons  to  be  made  between  two  resistances  or  two 
currents,  and  are  extensively  used. 

36.  The  Comparison  of  a  Capacity  and  a  Resistance  by  the 
Method  of  Direct  Deflections.  A  constant  current  /  traverses  a 
circuit  of  high  resistance  including  in  series  the  resistance  R  under 
experiment.  The  plates  of  the  condenser,  of  capacity  S,  are  con- 
nected to  the  terminals  of  R,  thus  coming  to  a  difference  of  poten- 
tial RI  and  acquiring  a  charge  SRI.  The  condenser  is  then 
insulated  from  the  battery  circuit  and  discharged  through  a 
ballistic  galvanometer  G,  producing  an  angular  deflection  9  such 
that 

SRI  ^HT/G-TT- sin  ^0  (a) 
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The  galvanometer  is  then  disconnected  from  the  condenser  and 
its  terminals  connected  to  two  points  of  the  battery  circuit  be- 
tween which  the  resistance  is  r,  a  very  small  fraction  of  the  re- 
sistance J  F  (which  may  be  made  as  large  as  desired)  from  terminal 
to  terminal  through  the  galvanometer.  This  will  not  alter  the 
current  /  appreciably,  but  will  produce  in  the  galvanometer  a 
constant  current 

[r/(r+  Wy\I=HlG-F{e')  {b) 

6'  being  the  corresponding  steady  deflection.      Eliminating  HjGI 
from  (a)  by  means  of  {p),  we  obtain 

SR  =  [rl{r  -f  W)]  TJtt  ■  sin  IdjFid')  (59) 

The  ratio  r/(r  -|-  W),  T,  6,  and  F{d')  being  observed,  SR  is 
given  in  absolute  measure  by  (59). 

The  Determination  of  a  Resistance  in  Absolute  Measure.  Since 
the  capacity  of  a  condenser  can  be  calculated  from  its  dimen- 
sions, the  method  affords  an  absolute  determination  of  a 
resistance. 

The  Comparison  of  Capacities,  E.M.F.s,  etc.,  by  Direct  Deflec- 
tions. The  above  disposition  of  apparatus,  slightly  modified, 
enables  a  comparison  to  be  made  between  two  capacities,  two 
e.m.f.s,  two  resistances,  or  two  currents. 

Thus,  if  two  condensers  with  capacities  S^  and  ^"2  are  charged 
to  the  same  voltage  (as  R/)  and  then  discharged  separately 
through  the  same  ballistic  galvanometer,  producing  angular 
throws  of  the  needle  equal  to  ^^  and  6^,  we  have,  from  (a), 

SJS^  =  sin  ^9  J  sin  ^0^  (60) 

Or,  if  the  same  condenser  is  charged  to  different  voltages  V^ 
and  V^  in  succession,  and  discharged  each  time  through  the  same 
ballistic  galvanometer, 

VJV,  =  smiejsmie,  (61) 
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37.  The  Bridge  Method  of  Comparing  Capacities.  The  conden- 
sers whose  capacities  5,  and  S.^  are  to  be  compared  are  arranged 
as  shown  in  Fig.  107,  ^,  and  /?2  being  adjustable  resistances.  A', 
is  first  closed,  K.^  being  open.  The  condensers  are  now  charged 
to  voltages  V^  and  V^,  such  that  S^V^  =  S^ V^,  since  they  are 
connected  in  series.  K^  being  kept  closed,  K^  is  then  closed 
<Uso.     If  Fj  =  R^I  and  V^  =  R./y  where  /  is  the  steady  current 


s. 


s» 


K.2 


saaaaaaaaaMaaaa/vsaa/ 

RT ^ 


Fig.  108. 

through  R^  and  R^,  the  needle  of  G  will  remain  undeflected. 
Otherwise  it  will  be  deflected.  In  this  case  the  condensers  are 
discharged  by  opening  K^,  K^  being  still  closed,  and  the  process 
is  repeated  with  different  ratios  of  R^  to  R^  until  there  is  no  de- 
flection on  closing  K^  after  K^  (or  on  opening  K^  before  K^. 

whence  ^\l^2  —  ^zl^x  (62) 

The  battery  and  galvanometer  may  be  interchanged  in  the 
above  arrangement.  The  ratio  of  the  capacities  is  given  by  the 
same  formula,  (62). 


CHAPTER   XIII. 
ELECTROMAGNETIC    INDUCTION. 

1.  Magnetic  Flux  Through  a  Coil.  Consider  a  thin  conductor 
in  the  form  of  a  coil  of  ;/  approximately  closed  turns,  i,  2,  •  •  • ,  «. 
Let  the  positive  direction  around  any  one  of  the  turns,  k,  be 
chosen  arbitrarily,  and  let  the  positive  direction  around  each  of 
the  others  be  chosen  to  coincide  with  the  direction  of  its  current 
when  the  current  through  the  coil  traverses  turn  k  in  the  positive 
direction.  Let  the  magnetic  flux  through  each  turn  be  denoted 
by  ^  with  the  appropriate  subscript,  as  ^j,  ^^,  •  •  • ,  or  <l>^,  and 
let  <&  denote  the  average  flux  through  a  single  turn.  Then  the 
-magnetic  flux  through  the  coil,  or  the  coil  flux,  which  will  be  de- 
noted by  N,  is  defined  by  the  equation 

If  the  area  of  the  surface  with  its  edge  in  any  turn  is  not  so 
great  in  comparison  with  the  width  of  the  conductor  that  the 
flux  across  the  conductor  itself  can  be  neglected  in  comparison 
with  the  flux  through  the  turn,  an  approximately  correct  result 
can  be  obtained  by  assuming  the  conductor  (supposed  circular) 
replaced  by  a  linear  conductor  coinciding  with  its  axis. 

2.  The  Inductance,  or  CoefScient  of  Self  Induction,  of  a  coil  or 

circuit  is  defined  to  be  the  quotient  of  the  coil  flux,  A^,  due  to  the 

coil's  own  magnetic  field  divided  by  the  current  /  in  the  coil, 

and  will  be  denoted  by  L.     Expressed  in  the  form  of  an  equation, 

this  relation  is  ^        . ,. ,  ^  ,  . 

L  =  Njl  (2) 

If  the  inductivity  /a  is  constant  throughout  the  magnetic  field  (in- 
dependent of  /)  so  that  B  and  N  are  proportional  to  the  current 
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/,  the  inductance  is  the  coil  flux  per  unit  current,  and  is  constant. 
If  the  coil  contains  iron,  L  is  far  from  constant. 

3.  Mutnal  Indnctance  or  Coefficient  of  Mutual  Induction. 
The  coefficient  of  induction  of  a  coil  i  with  respect  to  a  coil  2  is 
defined  as  the  quotient  of  the  coil  flux  N^^  through  coil  2  due  to 
the  magnetic  field  of  coil  i  divided  by  the  current  /j  of  coil  i, 
and  will  be  denoted  by  M^^.     Thus 

^n=^nl^.  (3) 

which  is  constant,  for  a  fixed  configuration  of  the  conductors, 
when  fi  is  constant. 

It  will  be  shown  later  (§13)  that  when  /*  is  constant  the  coeffi- 
cient of  induction  of  coil  2  with  respect  to  coil  i  is  equal  to  that 
of  coil  I  with  respect  to  coil  2.     Hence  we  may  write 

^n  ^M,,  =  M=  NJI,  =  NJI,  (4) 

This  relation  is  true  only  when  //.  is  constant.  M=  M^^  =  M^^ 
is  called  the  coefficient  of  mutual  induction,  or  the  mutual  induct- 
ance, of  the  two  coils  i  and  2. 

The  coefficients  of  self  and  mutual  induction  will  be  defined 
from  energy  considerations  in  §  17. 

4.  Electromagnetic  Induction.  Motional  Electric  Intensity.  It 
follows  as  a  generalisation  from  experiment  that  whenever  a  con- 
ductor moves  in  a  medium  (aether  or  aether  permeated  by  mat- 
ter) supporting  a  magnetic  field  there  is  developed  at  every  point 
P  of  the  conductor  an  intrinsic  electric  intensity  (arising  from  the 
transformation  of  mechanical  energy  into  electrical  or  electrical 
into  mechanical)  equal  to 

e  =  ^uB  sin  7  (5) 

where  B  denotes  the  magnetic  induction  at  P,  u  the  velocity  of 
the  point  P  of  the  conductor  with  respect  to  the  medium  (and 
the  fixed  magnetic  induction  at  P),  and  7  the  angle  between  the 
directions  of  u  and  B. 

It  is  often  convenient  to  think  of  the  conductor  as  fixed  and 
the  medium  sjapporting  the  magnetic  field  as  moving,  together 
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with  the  field,  in  the  opposite  direction  with  the  velocity  u  at  the 
point  P.     In  this  case  we  must  replace  (5)  by 

e  =  ^Bu  sin  7  {^d) 

This  will  be  done  in  what  follows. 

The  electric  intensity  e  is  called  a  motional  electric  intensity. 
It  is  also  very  generally  called  an  induced  intensity. 

A  motional  electric  intensity  in  insulators  has  not  yet  been 
observed.     See  '^Xon^ot,  Journal  de  Physique,  Jan.,  1902. 

Motional  E.M.F.  It  follows  from  (5^)  that  the  component  of 
e  at  the  point  P  in  any  direction  is  equal  to  the  vector  product 
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of  the  component  of  B  perpendicular  to  this  direction  and  the 
component  of  u  perpendicular  to  the  plane  containing  B  and  the 
given  direction. 

Hence  it  follows  also  that  whenever  an  element,  of  length  dL, 
of  a  line  in  any  conductor  is  moving  in  a  medium  supporting  a 
magnetic  field,  a  motional  electromotive  force  is  developed  along 
dL  equal  to  dL  multiplied  by  the  vector  product  of  the  com- 
ponent of  B  perpendicular  to  dL  and  the  component  of  u,  the 
velocity  of  the  medium  (and  tubes  of  induction)  relative  to  dL 
considered  as  fixed,  perpendicular  to  the  plane  containing  B  and 
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dL.  Thus,  \{  6  denotes  the  angle  between  B  and  the  component 
of  e  parallel  to  dL,  and  /3  the  angle  between  u  and  the  plane 
containing  B  and  the  component  of  c  just  mentioned  (or  the  ele- 
ment dL)y  the  e.m.f  along  dL  is  given  in  magnitude  and  direction 
by  the  equation    ^^  _  ^^^^^  ^.^  ^^^^  ^.^  ^^  ^^^ 

The  relative  directions  of  the  quantities  occurring  in  this  equation 
are  shown  in  Fig.  1 09,  the  axis  of  Z  being  made  to  coincide  with 
the  direction  of  dL  and  d"^,  and  the  plane  of  XZ  with  the  plane 
containing  B  and  dL. 

The  second  member  of  (6)  is  evidently  the  time  rate  at  which 
magnetic  flux  sweeps  across  the  element  of  length  dL,  or,  nu- 
merically, the  number  of  unit  tubes  of  induction  moving  across 
dL  per  unit  time.  If  we  denote  this  rate,  per  unit  length  of  dL, 
by  d^jdt  (6)  may  be  written 

d^  =^dLdi^ldt  {6a) 

which,  however,  does  not  give  the  direction  of  d'^  (see  Lenz's 
laxv  below). 

From  the  two  preceding  equations  it  is  clear  that  the  motional 
electromotive  force  along  a  line  L  of  any  length  or  form  in  a 
conductor  moving  in  a  medium  supporting  a  magnetic  field  is 

-^  =  JdLy{B  sin  e){u  sin  /S)  =  JdL  ■  d<f>/dt  =  d^/dt     (7) 

where  d^/dt  denotes  the  time  rate  at  which  magnetic  flux  sweeps 
in  the  same  general  direction  across  the  line  L,  or,  numerically, 
the  number  of  unit  tubes  of  magnetic  induction  moving  across  L 
per  unit  time,  the  last  two  expressions  not  giving  the  direction 
of  ^.     (See  Lenz's  law  below.) 

Motional  e.m.f.  and  Ampere's  Law.  The  existence  of  a  mo- 
tional e.m.f  and  its  origin  in  the  transformation  of  mechanical 
work  (in  moving  the  conductor  against  the  electromagnetic  forces 
of  §  4,  XII.)  into  electrical  energy  or  vice  versa  being  established 
by  experiment,  its  magnitude  and  direction  can  be  deduced  from 
Ampere's  law  if  we  assume  that  all  the  work  done  in  moving  a 
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conductor  against  electromagnetic  forces  is  transformed  into 
electrical  energy,  and  that  a/l  the  energy  acquired  by  a  moving 
conductor  owing  to  the  action  of  electromagnetic  forces  is  trans- 
formed without  loss  from  the  energy  of  the  electromagnetic  field. 
Thus  suppose  dL  at  the  point  P  to  be  the  element  of  length 
of  a  thin  wire  carrying  a  current  /  (due  wholly  or  in  part  to  the 
motional  e.m.f.).  The  force  upon  the  element,  as  given  by 
Ampere's  law,  §  4,  XII.,  is 

dF=dLWIB  sine 

The  component  of  dF  in  the  direction  of  the  velocity  u  is  then 

dF'  =  dF  sin  ^  =  dL  sin  /3  IB  sin  0 

and  if  the  element  is  moved  against  the  force  dF'  with  the 
velocity  —  u  work  will  be  done  upon  the  element  at  the  rate 

P=  dF'u  =  dLu  sin  /3  IB  sin  9 

Hence  the  intrinsic  e.m.f.  developed  in  the  length  dL  by  the 
relative  motion  of  conductor  and  field  is 

d-^  =  PII=  dL  usin  ^  B  sin  0 

in  magnitude,  and 

d"^  =  dLW{B  sin  0){u  sin  B) 

in  both  magnitude  and  direction,  since  d^  must  have  the  same 
direction  as  /  when  energy  is  transformed  from  mechanical  to 
electrical  form. 

The  agreement  between  this  result  and  (6)  justifies  the  above 
assumption. 

5.  Induced  Electric  Intensity  and  E.M.F.  It  follows  from  ex- 
periment that  in  a  conductor  at  rest  in  the  surrounding  medium 
the  same  electric  intensities  (and  e.m.fs)  are  developed  by  a 
given  motion  of  the  tubes  of  magnetic  induction  (without  motion 
of  the  medium)  relatively  to  the  conductor,  due  to  the  motion  in 
the  medium  of  the  magnets  or  electric  circuits  producing  the  field, 
as  by  the  same  relative  motion  of  the  conductor  with  reference  to 
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the  fixed  medium  and  field.  This  would  be  expected  from  the 
fact  that  the  motional  intensity  can  always  be  calculated  from  the 
motion  of  the  tubes  of  induction  with  reference  to  the  conductor, 
and  the  fact  that  the  forcive  upon  the  conductor  is  in  both  cases 
equal  and  opposite  to  the  forcive  upon  the  magnets  or  circuits 
producing  the  field,  so  that  the  work  done  by  or  against  the 
electromagnetic  forces  during  a  given  relative  motion  of  the  con- 
ductor and  the  magnets  or  circuits  is  in  both  cases  the  same. 
These  intensities  and  e.m.f  s  are  not  intrinsic,  no  energy  being 
transformed  from  mechanical  to  electrical,  or  vice  versa,  in  the 
regions  which  are  their  seats^  since  the  conductor  does  not  move 
(appreciably)  against  or  under  the  action  of  any  force.  Through 
their  agency  electrical  energy  is  transferred  to  or  from  the  con- 
ductor at  rest,  the  transformation  taking  place  at  the  circuit  which 
moves  (in  which  there  is  a  motional  e.m.f.). 

Also,  when  the  magnetic  flux  through  a  circuit  changes  owing 
to  any  other  cause  than  the  relative  motion  of  the  circuit  and  a 
magnetic  field,  as  when  the  current  in  the  given  circuit  itself  (if 
a  conductor)  or  the  current  in  a  neighboring  circuit  varies,  the 
tubes  of  magnetic  induction  must  be  conceived  to  move  inward 
or  outward  across  the  circuit,  since  all  tubes  of  magnetic  induc- 
tion are  contifiuoiis  or  closed,  and  since  each  tube  has  the  same 
strength  throughout  its  length.  Hence  the  change  of  the  mag- 
netic field  in  this  manner  would  be  expected  to  develop  intensi- 
ties and  e.m.f  s  similar  to  those  developed  by  the  relative  mo- 
tion of  a  conductor  and  magnets  or  circuits  carrying  steady 
currents ;  and  this  expectation  is  fully  confirmed  by  experi- 
ment. These  e.m.fs  are  not  intrinsic,  energy  being  merely 
tra)isferred,  not  transformed,  through  their  agency,  and  all 
the  (electrical)  energy  so  transferred  coming  originally  (by  trans- 
formation) from  the  intrinsic  e.m.f.s  in  the  circuit,  or  one  of  the 
circuits. 

The  intensities  and  e.m.f.s  considered  in  this  section  are  called 
induced  ^Xectric  intensities  and  e.m.fs,  although,  as  stated  in  §4, 
the  same  term  is  very  generally  applied  to  the  motional  intensity 
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and  e.m.f.  also.     When  the  intensity  is  not  intrinsic,  'E  should 
be  substituted  for  ^  in  (5)  and  (5a). 

Satisfactory  direct  experiments  upon  the  induced  intensity  in 
insulators  have  not  yet  been  made  ;  but  the  very  important  con- 
sequences of  assuming  that  the  results  established  by  experiment 
for  conductors  apply  to  insulators  as  well  are  justified  by  their 
agreement  with  experiment.     See  Chapter  XVI. 

Lenz's  Law.  The  general  form  of  Lens's  law,  which  is  only  a 
particular  case  of  the  law  of  the  conservation  of  energy,  is  as 
follows  :  Whenever  an  e.m.f.  is  induced  in  any  body,  either  a  con- 
ductor or  a  dielectric,  by  a  variation  of  the  magnetic  field  or  by 
relative  motion  between  the  body  and  magnets  or  circuits  tra- 
versed by  electric  currents,  the  e.m.f.  has  such  a  direction  that 
in  the  resultant  magnetic  field  the  variation  of  the  field,  or  the 
motion,  which  produced  the  e.m.f,  is  opposed. 

Thus  when  a  wire  is  moved  in  a  magnetic  field,  the  field  is 
strengthened  on  the  side  toward  which  the  wire  is  moving  and 
weakened  on  the  other  side,  since  the  force  on  the  wire  is  from 
the  stronger  to  the  weaker  part  of  the  resultant  field  (§  3,  XII.), 
This  gives  the  direction  of  the  motional  e.m.f  at  once ;  for  it 
gives  the  direction  around  the  wire  of  the  lines  of  intensity  it 
produces,  and  this  direction  bears  a  definite  relation  (§  i,  XIII,) 
to  the  direction  of  the  current  developed  by  the  motional  e.m.f, 
which  is  the  direction  of  the  e.m.f.  itself 

6,  The  Second  Law  of  Circuitation.  Integral  Form.  Consider 
any  closed  curve,  or  circuit,  in  a  conductor  or  dielectric  traversed 
by  a  magnetic  field.  Let  the  positive  direction  around  the  cir- 
cuit be  chosen  arbitrarily,  and  the  positive  direction  through  the 
circuit  according  to  the  convention  of  §  2,  XII.,  the  first  direc- 
tion being  related  to  the  second  as  the  direction  of  rotation  to 
the  direction  of  translation  of  a  right-handed  screw.  Then,  if  the 
circuit  moves  relatively  to  the  magnetic  field  in  any  manner,  or  if 
the  field  varies  in  any  manner,  or  if  both  changes  occur  together, 
^dDJ{B  sin  ^)  {ii  sin  /3)  taken  in  the  positive  direction  once  around 
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the  circuit  evidently  denotes  the  rate  at  which  the  magnetic  flux 
in  the  positive  direction  through  the  circuit  is  diminishing.  If  we 
assume  that  electromotive  forces  are  induced  in  insulators  accord- 
ing to  precisely  the  same  laws  as  in  conductors,  it  follows  that 
when  the  magnetic  flux  through  any  circuit  changes  owing  to 
any  causes  an  e.m.f.  is  induced  around  the  circuit  equal  to  the 
rate  at  which  the  magnetic  flux  through  the  circuit  is  decreasing. 
That  is,  if  <I>  denotes  the  magnetic  flux  through  the  circuit  (posi- 
tive when  in  the  positive  direction)  and  "^  the  e.m.f.  around  the 
circuit  (positive  when  in  the  positive  direction),  at  the  time  t 

^  =  —  d^ldt  (8) 

which  is  the  second  law  of  ciraiitation  (in  its  integral  form).  The 
e.m.f.  may  be  wholly,  or  only  partially,  or  not  at  all,  intrinsic. 

As  an  immediate  deduction  from  (8)  it  follows  that  the  e.m.f. 
induced  in  a  coil  of  wire  through  which  the  coil  flux  changes  at 
the  rate  dN\dt  is 

•^  =-  dNjdt  (8«) 

The  relative  directions  of  induced  electromotive  force  and 
change  of  magnetic  flux,  as  given  by  (8)  and  (8«),  can  also  be 
obtained  immediately  from  Lenz's  law. 

E.M.F.  of  Self  Induction.  Thus  when  the  current  /in  an  iso- 
lated coil,  of  inductance  L,  increases  at  the  rate  dijdt,  and  the 
coil  flux  therefore  at  the  rate  dNjdt  =  d{Lr)jdt,  an  e.m.f. 
—  d[LI)dt  is  induced  in  the  coil.  Thus  the  change  of  the  cur- 
rent or  of  the  magnetic  flux  is  opposed  by  the  induced  e.m.f. 

E.M.F.  of  Mutual  Induction.  Also,  if  the  current  /,  in  one  (i) 
of  two  coils,  with  mutual  inductance  M,  increases  at  the  rate 
dlJdt,  and  therefore  the  coil  flux  iVjj  =  MI^  through  the  other 
coil  (2)  due  to  the  first  coil  at  the  rate  dN^^jdt  —  d{MI^Idt,  an 
e.m.f.  —  d(MI^Idt  is  induced,  owing  to  this  change  of  flux,  in 
coil  2  (in  addition  to  the  e.m.f.  —  d{LJ^jdf).  At  the  same  time 
there  is  induced  in  coil  i  the  e.m.f.  —  [d{LJ^Idt  -f  d(M/^)/d/'\ . 


340  ELEMENTS   OF   ELECTROMAGNETIC   THEORY. 

7.  Diflferential  Form  of  the  Second  Law  of  Circuitation  for  Media 
at  Rest.  The  Curl  of  a  Vector.  Curl  E.  Consider  an  infinites- 
imal plane  circuit  of  area  dS  in  a  changing  magnetic  field  in  a 
medium  at  rest.  Let  B  denote  the  induction  at  dS  and  dB  its 
increase  (in  magnitude  and  direction)  in  the  time  dt.  The  line 
integral  of  induced  electric  intensity,  E,  around  the  edge  of  dS, 
viz.,  \  E  cos  6  dL,  is  evidently  a  maximum  when  dS  is  perpen- 
dicular to  dB,  in  which  case 

Je  cos  e  dL=  -  d^jdt  =  -  dBjdt-dS 

Hence  the  maximum  e.m.f.  around  the  edge  of  dS  per  unit  area  is 

JE  cos  e  dLjdS  =  —  dBjdt 

Now  the  maximum  line  integral  of  a  vector  per  unit  area 
around  the  edge  of  an  infinitesimal  circuit  at  a  point  is  called  the 
curl  of  the  vector  at  the  point.  Hence  the  above  equation  may 
be  written  curl^=-^^/^^  (9) 

Thus  curl  j5"  is  a  vector  with  the  magnitude  and  direction  of 
—  dBjdt.  The  three  components  of  curl  E  along  the  rect- 
angular coordinate  axes  of  X,  F,  and  Z  are 


curlj  E=-  —  dB^jdt 
cm\E=  —dBJdt 
curlg  £  =  —  dBJdt 


(10) 


Cartesian  expressions  for  these  components  will  be  developed 
in  §4,  XVI. 

E  in  the  above  equations  denotes  the  (non-intrinsic)  induced 
electric  intensity,  and  does  not  include  the  motional  intensity  or 
any  other  intrinsic  intensity,  or  any  intensity  connected  with 
electric  charges,  true  or  fictitious,  if  present.  Since,  however, 
the  line  integral  of  the  latter  intensity  around  any  closed  circuit 
is  zero,  its  curl  is  zero,  and  (9)  will  remain  true  if  E  is  taken  to 
denote  the  vector  sum  of  the  induced  intensity  and  the  intensity 
(whose   curl  is  zero)  due  to  the  presence  of  charges,  true  or 
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fictitious.     The  second  law  of  circuitation  will  be  generalised  in 
Chapter  XV. 

8.  The  Absolute  Determination  of  a  Resistance  by  Lorenz's 
Method.  A  circular  coil  C,  Fig.  1 10,  mounted  with  the  planes 
of  its  turns  in  the  magnetic  meridian,  is  traversed  by  a  constant 
current  /,  the  resistance  R  to  be  determined  being  included  in 
the  circuit.  With  its  axis  coincident  with  that  of  the  coil,  a  cir- 
cular metallic  disc  D  rotates  with  a  constant  angular  velocity, 


Fie.  no. 
making  /  revolutions  per  second.     Wires  bearing  upon  the  edge 
and  axle  of  the  disc  connect  it  through  a  galvanometer  G  with 
the  terminals  of  the  resistance  R. 

Let  M  denote  the  magnetic  flux  across  the  disc  between  its 
edge  and  the  edge  of  its  axle  per  unit  current  in  the  coil.  Then 
the  magnetic  flux  cut  across  by  every  radius  of  the  disc,  between 
axle  and  circumference,  in  one  complete  revolution  is  MI  (pro- 
vided there  is  no  current  in  the  disc).  Hence  an  e.m.f  is  devel- 
oped along  every  radius  of  the  disc  equal,  from  axle  to  circum- 
ference or  from  circumference  to  axle,  to  Mpl.  The  connections 
from  the  disc  to  the  terminals  of  R,  for  a  given  direction  of  rota- 
tion of  the  disc,  are  so  arranged  that  the  induced  e.m.f  J^/and 
the  e.m.f  RT  are  in  opposition  through  the  galvanometer ;  then 
the  resistance  or  the  speed  of  the  disc  is  adjusted  until  the  gal- 
vanometer shows  no  deflection  when  the  galvanometer  circuit  is 
either  open  or  closed.     Then 

MpI^RI 
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and  R  =  Mp  (ii) 

p  can  be  measured  directly,  and  M  can  be  calculated  from  the 
linear  dimensions  and  number  of  turns  of  the  coil.  Hence  R  can 
be  determined  in  absolute  measure. 

If  6"  is  a  long  solenoid,  and  if  D  is  placed  well  within  C, 

M=  nfi  X  Trr^  —  nfi  x  Trr'^  =  nfnr{r^  —  r'^) 

where  n  denotes  the  number  of  turns  of  wire  per  cm.  upon  the 
solenoid,  and  r  and  r'  denote  the  radii  of  the  disc  and  its  axle. 

The  method  serves  also  for  the  comparison  of  low  resistances, 
in  which  case  -^need  not  be  known.. 

9.  Induction  Discharge  Through  a  Circuit.  When  the  coil  flux 
through  a  coil  of  resistance  R  changes  from  one  value  A^,  to 
another  value  N^  as  the  time  changes  from  t^  to  t^,  an  electric 
charge 

g=f/di=f'^/R'dt^jX-dN/di)/R'df==-(N^-A;)/R{i2) 

due  to  electromagnetic  induction,  circulates  in  the  positive  direc- 
tion around  the  circuit.  Here  /  denotes  that  part  of  the  current, 
and  "^  that  part  of  the  electromotive  force,  in  the  circuit  due  to 
the  change  of  flux. 

Thus  q  depends  wholly  upon  the  resistance  and  the  total 
change  in  the  flux,  and  not  at  all  upon  the  time  or  the  way  in 
which  this  change  takes  place. 

10.  The  Electrokinetic  Energy  of  the  Field  of  an  Isolated 
Circuit.  The  magnetic  energy  residing  in  the  field  of  a  single 
coil  or  circuit  whose  coil  flux  is  N  when  its  current  is  /  is 

W=iIN=^LP  =  iNyL  (13) 

provided  that  L  =  N/ 1  =  constant,  that  is,  provided  fi  is  con- 
stant. 

For,  if  no  energy  is  dissipated,  the  energy  of  the  field  is  equal 
to  the  work  done  against  the  counter  e.m.f.  —  dNJcit  in  increas- 
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ing  the  current  from  o  to  /  or  the  coil  flux  from  o  to  N.  If  N 
and  /  denote  also  the  instantaneous  values  of  the  coil  flux  and 
current,  the  work  done  against  the  e.m.f.  —  dNjdt,  or  the  energy 
stored  in  the  field,  in  the  time  dt  is 

dW=  IdN\dtdt=IdN  (14) 

Hence 

W=  f  IdN=  r  LIdI=  \LP  =  \IN=  \N^IL 

which  is  identical  with  (13). 

The  same  result  follows  from  §  19,  XL,  which  gives 

PF=  J4>n  =  \N\n-nI=  \NI=  etc. 

W  is  called  the  electrokinctic  energy  of  the  field.  A  mechan- 
ical conception  of  this  energy  is  given  in  §  1 1 ,  B. 

11.  A.  Mechanical  Analogues  of  L,  I,  N,  '^,  dN/dt,  and  W. 
(1)  Let  A  /,  and  7V=  LI  denote  the  moment  of  inertia,  angular 
velocity,  and  angular  momentum,  respectively,  of  a  rigid  body  B 
about  a  given  axis.  If  the  angular  velocity  /  is  increased  at 
the  rate  dlfdt,  and  the  angular  momentum  at  the  rate  dNJdt 
=  d{LI)ldt,  the  increase  will  be  opposed  by  a  torque  of  inertia 
equal  to  "^  =  —  dNjdt.  To  overcome  this  torque,  that  is  to  in- 
crease the  velocity  or  momentum,  an  equal  and  opposite  torque 
-f-  dNJdt  must  be  applied.  The  rate  at  which  work  is  done  in 
increasing  the  velocity  or  momentum  is  dWjdt  =  IdNjdt^  and 
the  total  work  done  in  increasing  the  velocity  from  o  to  /,  or  the 
momentum  from  o  to  iV  =  LI,  is 

W  ==  ^IdN  =jLIdI  =IIN=  \LP 

which  is  the  kinetic  energy  of  B  when  its  angular  velocity  is  /. 
( 2 )  Let  Z,  /,  and  N  =  LI  denote  the  mass,  linear  velocity, 
and  momentum,  respectively,  of  an  incompressible  liquid  flowing 
in  a  closed  pipe  of  constant  cross -section.  If  the  velocity  /  is 
increased  at  the    rate  dljdt,  and  the  momentum  at  the  rate 
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dNjdt,  the  increase  will  be  opposed  by  a  force  of  inertia  equal 
to  —  dNjdt  =  '^.  To  overcome  this  inertia,  that  is,  to  increase 
the  velocity  or  momentum,  an  equal  and  opposite  force  +  dNjdt 
must  be  applied.  The  rate  at  which  work  is  done  in  increasing 
the  momentum  is  dWjdt  =  IdNjdt,  and  the  total  work  done  in 
increasing  the  momentum  from  o  to  TV  =  LI  is 

W=fldN=  IIN=  \LP 

which  is  the  kinetic  energy  of  the  liquid  when  its  velocity  is  /. 

Neither  of  these  analogues  is  at  all  complete.  Thus  the 
energy  in  (i)  resides  wholly  in  the  rigid  body  and  the  energy 
in  (2)  resides  wholly  inside  the  pipe,  while  the  energy  of  an  elec- 
tromagnetic field  may  reside  almost  wholly  in  the  dielectric  sur- 
rounding the  conductor. 

B.  Mechanical  Conception  of  the  Magnetic  Field.     Let  /a,  //, 

and  B  —  \iH  denote  the  moment  of  inertia  per  unit  volume,  angu- 
lar velocity,  and  angular  momentum  per  unit  volume,  respectively, 
at  a  point  P  in  an  incompressible  medium  in  a  given  type  of  rota- 
tory motion.  If  the  angular  velocity  H  is  increased  at  the  rate 
dHjdt,  and  the  angular  momentum  per  unit  volume  therefore  at 
the  rate  dBjdt  =  fidHjdt  the  increase  will  be  opposed  by  a  torque 
of  inertia  equal,  per  unit  volume  at  P,  to  curl  E  ■=■  —  dBjdt  {E 
being  the  force  per  unit  area  acting  tangential  to  the  surface  of 
the  rotating  element). 

Adhering  to  the  fundamental  conception  of  the  electric  field, 
§§  13-14.  I->  according  to  which  i?  is  a  kind  of  shearing  stress 
between  positive  and  negative  zether  cells,  we  shall  therefore 
assume  that  at  any  point  of  a  magnetic  field  in  free  aether  the 
positive  and  negative  cells  are  rotating  with  equal  angular  speeds 
in  opposite  directions  (unlike  cells  being  in  contact  or  geared  to- 
gether) the  axes  of  rotation  being  parallel  to  the  direction  of  the 
intensity  at  the  point,  and  the  direction  of  rotation  of  the  positive 
cells  being  related  to  the  direction  of  the  intensity  as  the  rotation 
to  the  translation  of  a  right-handed  screw.     We  shall  assume 
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the  magnetic  intensity  H  to  be  the  angular  velocity  of  the  posi- 
tive cells,  equal  and  opposite  to  the  angular  velocity  of  the 
negative  cells.  We  shall  further  assume  /*  to  be  the  sum  per 
unit  volume  of  the  moments  of  inertia  of  the  cells.  Then  \B 
=  \iiH  will  be  the  sum  of  the  angular  momenta  of  the  positive 
cells  per  unit  volume,  and  —\B=  —\\iH  v^\\\  be  the  sum  of 
the  angular  momenta  of  the  negative  cells  per  unit  volume.  The 
total  kinetic  energy  per  unit  volume  will  be  ^1^*//  X  //)  + 
^(_i^//x  —  H)=\yi.H^.  The  centrifugal  force  arising  from 
the  rotation  of  the  cells  will  account  for  the  pressure  normal  to 
the  lines  of  magnetic  intensity,  and  therefore  for  the  tension  along 
the  Hues  of  intensity,  and  these  tensions  and  pressures  will  account 
for  the  mechanical  forces  upon  magnets,  for  Ampere's  law,  etc. 
For  a  fuller  account  of  this  conception  and  its  application  to  nu- 
merous electrical  phenomena  see  Lodge's  Modern  Views  of  Elec- 
tricity, and  an  article  by  W.  S.  Franklin,  Physical  Review,  Vol.  4. 

12.  Electrokinetic  Energy  Density  in  a  Medium  With  Constant 
Inductivity  (/*)•     Fig.  1 1 1  represents  a  plane  section  through  a 


coil  RR  with  n  turns  («  =  3  in  the  figure),  an  equipotential  sur- 
face S,  and  a  tube  of  induction  ABCDA  threading  the  circuit  RR 
and  cutting  out  from  the  equipotential  an  element  of  area  dS. 
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If  /  denotes  the  current  through  the  coil,  the  m.m.f,  around 
the  tube  A  BCD  A  is 

nl^fHdL 

The  magnetic  flux  across  the  equipotential  ^  is 

Njn  =fBdS 

Hence  the  energy  of  the  magnetic  field  is 

W  =  ^/N  =  I  n/N/n  =  \^HdL^BdS 

=  iJjBHdLdS  =JlBHdr  =^\iiH^dT 

the  integration  being  extended  throughout  the  magnetic  field. 
The  energy  per  unit  volume  is  therefore 

r=  dWldT  =  \BH=  IfxH'  =  IB'Ifi  (i6) 

as  otherwise  proved  in  §  i8,  XI. 

For  the  work  done  during  the  process  of  magnetisation  when 
/x  is  a  function  of  1/ see  §  i8,  XL,  or  §  29. 

13.  The  Electrokinetic  Energy  of  the  Field  of  Two  or  More 
Circuits  in  a  Medium  of  Constant  Inductivity  (/a).  Consider  first 
two  circuits,  i  and  2,  Fig.  112,  with  n^  and  n^  turns  and  currents 
/j  and  I^,  respectively.  Let  Z,,  L^,  M^^,  and  M^^  denote  the  self 
inductances  and  coefficients  of  induction  (§  3,  XIII.)  of  the  two 
circuits.  Let  //j  denote  the  magnetic  intensity  at  any  point  P 
due  to  the  current  /^  alone,  H^  that  due  to  the  current  I^  alone, 
and  N  the  resultant  intensity  due  to  /^  and  /^  together.     Then 

H'  =  N^'  +  ///  +  2lI^H^  cos  0^^ 

if  0^2  denotes  the  angle  between  //j  and  H^.     The  total  energy 
in  the  magnetic  field  is,  by  §  12, 

W=f^fiH''dT  =  i//i//iVT  +  i  //^//^Vt  +fiiH^H^  cos  e^^dr 

the  integrations  extending  throughout  the  magnetic  field. 
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The  first  and  second  integrals  are  equal,  respectively,  to 
J^Zj/,-  and  \LJ.^,  by  §§  10  and  12. 

To  evaluate  the  third  integral,  consider  a  magnetic  equipoten- 
tial  surface  5  for  the  field  of  /j  alone  drawn  through  P,  and  T,  a 
tube  of  induction  of  this  field  enclosing  P  and  cutting  out  from  5" 


2.; 


an  element  of  area  dS.  With  N,  the  normal  to  dS,  H^  and  B^ 
make  the  angle  6^^.  The  integral  ffiH^H^  cos  0^^  dr  may  evi- 
dently be  written 

fffiH^H^  cos  ^12  dSdL  =f  H^dLffilf^  cos  0,^  dS 

in  which  the  first  integration  extends  around  the  tube  T  and  the 
second  over  the  surface  S.     Now,  by  (22),  XII., 

fH,dL=n/, 
and,  by  the  definitions  of  magnetic  flux  and  coil  flux, 

ffiH,  cos  0,,dS  =  NJn,  =  M.JJn, 
Hence    fff^dLffi/f^  cos  0,^dS  =  nJ^M^JJn^  =  M^JJ^ 
and  W==  Sifi/Pdr  =  ^Z./,»  +  JV2'  +  ^aVi  (^7) 
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If,  in  evaluating  the  third  integral,  we  interchange  the  roles  of 
circuits  i  and  2,  we  obtain 

^=  /i/^/^Vr  =  IZ/i^  +  i  V/  +  MJJ^  (17') 

Since  the  two  expressions  for  Ware  equal, 

^21  =  ^12  (18) 

as  stated  in  §  3. 

The  term  M^JJ,^  =  M^^IJ^  is  called  the  mutual  energy  of  the 
two  coils  or  fields.  In  the  same  way,  in  general,  the  expression 
iVji/j  denotes  the  mutual  energy  of  the  fields  i  and  2. 

In  exactly  the  same  manner  it  may  be  shown  that  if  we  have 
any  number  of  circuits  i,  2,  •  •  •  ,  «  with  currents  I^,  I^,  •  ■  ■ ,  /, 
inductances  Zj,  Z^,  •  •  • ,  L^,  and  coefficients  of  mutual  induction 
-^12'  ^iv  ■  ■  • '  ^2v  ^2v    ■  ■  J  ^^^-y  t^^^  ^^^^  electrokinetic  energy  is 

f^=iA/,=^+iV2^  +  ...  +  iz/^ 

+  ^12A^2  +  ^^,3^/3  +    •  •  •  +   ^23^3  +   •  •  •  (19) 

14.  The  Coefficient  of  Self  Induction  of  a  Coil  is  Proportional 
to  the  Square  of  its  Number  of  Turns,  the  dimensions  of  the  coil 
being  kept  constant.  For  if  4>  denotes  the  average  flux  through 
a  single  turn  of  the  coil, 

O  =  ^nl 

where  ^  is  a  constant.     Hence 

L  =  iV//=  n^//=  kn^  (20) 

15.  The  Coefficient  of  Mutual  Induction  of  Two  Coils  is  Pro- 
portional to  the  Product  of  the  Numbers  of  Turns  in  the  Two  Coils, 
the  dimensions  and  positions  of  the  coils  remaining  constant.  For 
if  ^j2  denotes  the  average  flux  through  a  single  turn  of  coil  2 
due  to  a  current  /j  in  coil  i, 

^12  =  ^^/i 
where  /lr  is  a  constant.     Hence 

^12  =  ^12/A  =  '^2^12/^1  =  ^«i«2  (21) 
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16.  The  Coefficient  of  Self  Induction  of  a  Coil  is  Proportional  to 
its  Linear  Dimensions,  the  shape  of  the  coil  and  its  number  of 
turns  remaining  constant.  To  prove  this,  consider  a  coil  A,  and 
another  coil  A'  with  linear  dimensions  k  times  as  great.  If  P 
and  P'  are  corresponding  points,  S  and  S'  corresponding  equi- 
potential  surfaces,  dS  and  dS'  corresponding  elements  of  area, 
B  and  B'  corresponding  inductions,  <I>  and  4>'  corresponding 
average  fluxes  through  a  single  turn  for  the  same  current  /,  and 
L  and  L'  the  corresponding  inductances  for  the  two  coils,  then 
B'^ijkB,  by  §  II,  XII.,  and  dS'  =  f^dS.     Hence 

^'  =jB'dS'=kjBdS  =  k^ 

and  U=n^'ir=kn^lI  =  kL  (22) 

which  was  to  be  proved. 

In  like  manner  it  may  be  shown  that  the  coefficient  of  mutual 
induction  of  two  coils  is  proportional  to  the  linear  dimensions^ 
the  relative  dimensions  and  distances  retaining  the  same  ratios. 

17.  Energy  Definitions  of  Self  and  Mutual  Inductance.  From 
(13),  §  10,  the  coefficient  of  self  induction  of  a  coil  or  other  con- 
ductor may  be  defined  as  the  ratio  of  twice  the  energy  of  its 
magnetic  field  to  the  square  of  its  current.     Thus 

Z=  2^F//2=J;a//Vt//2  (23) 

This  definition  is  not  identical  with  that  of  §  2  unless  fi  is  con- 
stant. It  is  often  more  convenient  than  the  previous  definition 
in  getting  the  inductance  of  non-linear  circuits  or  conductors. 

In  like  manner  the  coefficient  of  mutual  induction  of  two  cir- 
cuits or  conductors  may  be  defined  as  the  ratio  of  their  mutual 
magnetic  energy  to  the  product  of  their  currents,  by  §  13.    Thus 

^n  =  {^n-  ^JA)I^A  =  {S^H.H,  cos  e,^r)llj^    (24) 

From  the  definitions  just  given  the  relations  proved  in  §§  14- 
16  on  the  basis  of  the  earlier  definitions  may  be  readily  estab- 
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lished.  Thus  if  the  number  of  turns  of  a  coil  is  altered  in  any 
ratio  n,  the  dimensions  and  the  current  remaining  unaltered,  the 
magnetic  intensity  H  in  every  element  of  volume  dr  will  be 
altered  in  the  same  ratio.  Hence  L  ^=  J fiH^dr  j P  will  be  altered 
in  the  square  of  the  same  ratio.  The  other  relations  may  be 
established  in  like  manner. 

18.  The  Inductance  of  Any  Number  of  Coils  Connected  in  Series. 

If  all  the  coils  of  §  1 3  are  connected  in  series,  /^  =  /^  =  •••  =  /. 
Hence,  if  L  denotes  the  inductance  of  the  system  in  series, 

If  the  individual  coils  are  so  constructed  or  so  far  apart  that 
all  the  mutual  inductances  vanish, 

Z  =  Zj  +  Z,  +  . . .  +  Z„  -        (26) 

The  principle  of  (26)  is  commonly  applied  in  the  construction 
of  standards  of  inductance  variable  by  fixed  amounts,  and  that 
of  (25)  in  the  construction  of  continuously  adjustable  standards 
of  inductance.  For  this  purpose  two  circular  coils  with  induc- 
tances Zj  and  Zg  are  mounted  (i)  with  their  axes  coincident  and 
the  distance  between  their  centers  adjustable,  or  (2)  with  their 
centers  coincident  and  the  angle  between  the  planes  of  their  turns 
adjustable.  Thus  the  mutual  inductance  M  is  adjustable,  and 
therefore  the  resultant  self  inductance, 

Z  =  Zj  +  4  +  2  JZ  (27) 

M  is  positive  or  negative  according  as  the  magnetic  flux  due 
to  one  coil  threads  the  other  in  the  positive  or  negative  direction, 
the  direction  of  the  current  around  each  circuit  being  chosen  as 
the  positive  direction  around  the  circuit. 

It  will  be  shown  in  §  44,  that  a  condenser  of  capacity  6"  con- 
nected in  series  with  a  coil  of  inductance  Z  produces  the  same 
effect  in  the  case  of  harmonic  alternating  currents,  as  an  induc- 
tance Z  —  I  jSp^,  where  p  =  lir  x  the  frequency  of  the  current. 
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19.  L,L,,  —  M'*  is  not  Less  than  Zero.     Let  Z,  and  L^  denote 

the  self  inductances  of  two  coils,  and  J/ their  mutual  inductance. 

Then 

L^L^-M^^O  (28) 

For  the  electrokinetic  energy  of  the  field,  given  by  (17),  is  a 
signless  or  positive  quantity,  whatever  the  values  of  the  currents  ; 
and  (28)  is  the  condition  that  this  expression  may  never  be  less 
than  zero,  whatever  the  values  of  the  currents. 

The  proposition  may  also  be  demonstrated  as  follows.  In  the 
nomenclature  of  §  15, 

L,  =  n,^J/,,  L,  =  n,^J/„  and  M=  n,^J/,  =  n.^JI, 
Hence 

which  is  greater  than  zero,  or  equal  to  zero,  since  each  of  the 
last  fractions  is  less  than  unity,  or  unity. 

The  sign  of  equality  holds,  or  L^L^  =  M^,  only  when  all  the 
magnetic  flux  threads  every  turn  of  both  coils  (Oj^  =  ^21  =  ^1 
=  4>2),  as  when  the  coils  are  toroidal  and  uniformly  wound  on 
the  same  core. 

20.  The  Inductance  of  a  Tlnifomily  Wound  Solenoid  and  Its 
Electrokinetic  Energy.  The  flux  through  each  turn  of  the  infinite 
solenoid  of  §  19,  XII.,  is  4>  =  /jlHS  =  fiSnl,  and  the  coil  flux 
through  the  nA  turns  in  a  length  A  of  the  solenoid  is  N=  SfinlnA 
=  \iSMA.    Hence  the  inductance  of  a  length  A  of  the  solenoid  is 

L^N\I^ii.Sn^A  (29  j 

The  same  result  may  be  obtained  otherwise  thus  :  The  mag- 
netic energy  per  unit  volume  within  the  solenoid  is  \iiH'^  =  \iii^P, 
and  there  is  no  energy  outside  the  coil.  The  volume  of  a  length 
A  of  the  solenoid  is  SA,  and  the  energy  contained  in  this  vol- 
ume is 
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W=  lixH^SA  =  IfiJt'PSA  (30) 

Hence  L  =  2W/P  =  fJiSn^A  (31) 

Since  the  magnetic  field  is  confined  wholly  to  the  region 
within  the  coil,  the  inductivity  of  the  surrounding  medium  does 
not  affect  the  inductance. 

If  the  length,  A,  of  a  finite  solenoid,  §  20,  XII.,  is  great  in 
comparison  with  its  cross-section  S,  the  intensity  within  the 
solenoid  is  sensibly  uniform  and  equal  to  11=  nl  except  near  the 
ends,  where  it  is  weaker,  and  the  external  field,  except  near  the 
ends,  is  very  weak.  Hence  the  inductance  of  the  solenoid  is 
approximately  that  given  by  (31),  the  approximation  becoming 
more  exact  as  the  length  of  the  solenoid  increases,  since  the 
internal  energy  increases  almost  proportionally  to  the  length 
(slightly  faster)  and  the  external  energy  increases  but  slightly 
with  increase  of  length  (see  §  8,  VI.).  The  inductivity  of  the 
external  medium  affects  the  inductance  only  sHghtly,  inappreci- 
ably when  the  solenoid  is  very  long. 

The  permeance  of  the  solenoid  is  sensibly 

P=  ^/n  =  fiNS/HA  =  fi  S/A  (32) 

21.  The  Electrokinetic  Energ^y  Contained  in  an  Isolated  Circular 
Cylindrical  Conductor.  (1)  Solid  Cylinder.  The  energy  con- 
tained in  an  elementary  cylindrical  shell  of  length  A,  radius  r, 
and  thickness  dr  is 

dlV=^fiII^A27rrdr 

Within  the  conductor  at  a  distance  r  from  its  axis 

B-=r//27rJ^ 
if  R  denotes  the  radius  of  the  wire  and  /  the  current.     Hence 

W=    CdW=  iiPA  l4nrR'  f  i^dr  =  fiPA / 1 6;r         (33) 

Thus  the  energy  within  the  wire,  for  a  given  current,  is  inde- 
pendent of  the  radius  of  the  wire  and  is  proportional  to  its  indue- 
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tivity.     The  external  energy  is  less  the  greater  the  radius  of  the 


wire. 


(2)  Hollow  Cylinder.  Let  the  inner  and  outer  radii  be  denoted 
by  R^  and  R.^,  respectively.  Then,  within  the  shell,  at  a  point 
distant  r  from  the  axis 

Hence      W=  fi/'A/4'7r{R.f  -  R^J  f   {r"  -  R.Jdr/r 

=  f.PA/16'n- .  [(i?/  -  SJ^.')/W  -  ^x") 

^4R,y(R,^-R,J.\ogRjR,]  (34) 

In  this  case  the  electrokinetic  energy  depends  on  the  ratio  of 
R^  to  R^,  being  greater  the  greater  this  ratio,  and  approaching 
zero  as  the  ratio  approaches  unity.  The  correctness  of  the  last 
statement  is  easier  to  see  from  the  following  considerations  than 
from  (34).  For  a  given  value  of  the  current  and  R^,  the  external 
field  is  wholly  independent  of  the  magnitude  of  R^.  The  internal 
intensity  steadily  decreases  from  the  outer  to  the  inner  surface, 
being  equal  to  the  external  intensity  at  the  outer  surface  and  to 
zero  at  the  inner  surface.  The  volume  of  the  shell  approaches 
zero  as  R.^  —  R^  approaches  zero.  Hence  the  internal  energy, 
which  is  equal  to  the  volume  of  the  shell  times  the  average 
energy  density,  approaches  zero  as  ^jZ-^i  approaches  unity  or  as 
R^  —  Ri  approaches  zero,  while  R^  or  R^  remains  constant. 

22.  The  Electrokinetic  Energy  and  Inductance  of  a  Cable  con- 
sisting of  a  circular  cylindrical  core  of  inductivity  /x  and  radius 
R  and  a  coaxial  circular  cylindrical  shell  of  the  same  inductivity 
and  internal  and  external  radii  R^^  and  R^,  the  inductivity  of  the 
intervening  dielectric  being  fi. 

The  magnetic  energy  contained  in  a  length  A  of  the  core  (sup- 
posed solid)  is 

(«)  =  /*/M/i67r 
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The  magnetic  energy  in  a  length  A  of  the  dielectric  is 
(d)  =f^fi'I/'A27rrdr  =  fx'PAj^.'rr  ■  log  RJR 

The  intensity  within  the  shell  at  a  point  distant  r  from  the 
axis  is  ^_  ^1^^^  -ii-ir^-  R,^)I{R;  -  R,')]  (35) 

Hence  the  magnetic  energy  within  the  shell  is 
(.)  =  f.PAjie'rr  .  [(7?,^  -  3^/)/(^/  -  R{) 

+  4R,y(R,^-R,^)\ogRJR, 
The  total  magnetic  energy  in  the  length  A  of  the  cable  is 

W=  (a)  +  (d)  +  (c) 
The  inductance  of  a  length  A  of  the  system  is  therefore 
Z  =  2  W/P  =  fiA/Sir  +  fi' A 1 27r  ■  log  RJ R  +  M/Stt  •  {{R^ 

-  3^/)/ W  -  R,')  +  4^.V(^/  -  R,')  ■  log  RJR,-\    ^^^^ 

If  the  outer  shell  is  extremely  thin,  the  third  term  becomes 
negligible,  and  we  have,  very  approximately, 

L  =  fiA/Sir  +  fi'Al27r  .  log  RJR  {37) 

If  the  core  of  the  cable  is  a  very  thin  hollow  cylinder,  instead  of 
a  solid  cylinder,  the  first  term  also  vanishes  approximately,  and 

L  =  ^'Al27r-  log  RJR  (38) 

(38)  is  rigorously  true  when  the  conducting  shells  are  infinitely 
thin,  or  when  the  conductors  are  perfect  conductors,  both  of 
course  ideal  cases. 

23.  The  Magnetic  Energy,  Inductance,  etc.,  of  a  Rectangular 
Toroid  (Fig.  103,  §  22,  XII.).  Let  the  uniform  thickness  of  the 
toroid  parallel  to  the  axis  of  revolution  be  denoted  by  3,  and  the 
inner  and  outer  radii  by  R^  and  R^,  and  let  the  whole  number  of 
turns  in  the  coil  be  denoted  by  n. 

Then  the  m.m.f.  along  a  closed  line  of  intensity  is 

n=  nl 
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The  intensity  at  a  distance  x  from  the  axis,  when  x  is  greater 
is 

H  =  nljiirx  (39) 


than  R^  and  less  than  R^,  is 


and  the  induction  is 

B  =  iiH  =^  yi.nI I  itrx 

The  magnetic  flux  across  an  elementary  strip  of  length  b 
parallel  to  the  axis,  and  breadth  dx  perpendicular  to  the  axis  is 

d^  =  Bbdx  =  iinbljiTT  •  dxjx 

if  the  strip  is  distant  x  from  the  axis.     The  total  flux  through 
a  single  turn  of  the  coil  is  thus 

0  =  fjLnb//2'Trfdx/x  =  fmbf/zir  •  log  RJRi  (40) 

and  the  coil  flux  is 

JV=n^=  fJLfr^b//27r  log  RJR^ 
whence 

L  =  N//=  fin'b/2'7r  ■  log  RJR^  (41) 

The  permeance  and  reluctance  of  the  magnetic  field  are  given 
by  the  equation 

P=  i/R=^/Q,  =  fib/2Tr-  log  RJR^    "  (42) 

The  electrokinetic  energy  within  the  tore  is 

W=  \LP  =  |X14>  =  ixn'bni2'ir  •  log  RJR,         (43) 

24.  The  Indnctance  and  Electrokinetic  Energy  of  a  System  Con- 
sisting of  Two  Parallel  Circular  Cylindrical  "Wires  traversed  by 
the  same  current  in  opposite  directions. 

Let  the  distance  d  between  the  axes  of  the  wires  be  great  in 
comparison  with  R,  the  common  radius  of  the  wires.  Then  the 
energy  contained  in  a  length  A  of  each  wire  is  very  nearly  the 
same  as  if  the  wires  were  infinitely  remote  from  one  another, 
viz., 

{a)  =  ,iAPIi6ir 
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The  energy  within  a  length  A  of  the  dielectric  is  very  ap- 
proximately equal  to  \^I,  where  <I>  is  the  magnetic  flux  across 
the  rectangular  area  A{d  —  2R)  connecting  a  length  A  of  the 
wires. 

The  magnetic  induction  B  at  every  point  of  the  area  A  x  {d  — 
2R)  is  normal  thereto.  Let  x  denote  the  distance  of  a  point  in 
this  plane  from  one  of  the  wires,  and  fx'  the  inductivity  of  the 
dielectric ;  then  the  induction  at  the  point  is 

B  =  /Ji'I/zirx  -f  fjb'//27r{d  —  x) 

Hence  the  magnetic  flux  through  the  area  is 

$  =  r     B-  Adx  =  fjL'A/j'rr  .  log  [{d  -  R)/R] 

The  energy  contained  in  the  tubes  crossing  the  area  A(d  — 
^^)  '^  (d)  =  J^/=  fi'AP /27r ■  log  l{d -  R)/R'\ 

The  total  energy  in  a  length  A  of  the  system  is 

W=  2{a)  +  {b)  =  fiAP /Sir  +  ix'APl2ir  ■  log  \{d-R)IR'\   (44) 

and  the  inductance  of  a  length  A  is 

L  =  ,iAl4'jr  +  t^'AI'K-\og[{d-R)lR-]  (45) 

25.  Two  Standard  Mutual  Inductances,  {a)  If  a  coil  (2)  of  n' 
turns  is  wound  around  the  endless  solenoid  (i)  of  §  20,  the  coil 
flux  through  this  outer  coil  (2)  will  be 

and  the  coefficient  of  mutual  induction  of  the  two  coils  will  be 

M,,  =  NJI,  =  i.Snn'  (46) 

If  the  solenoid  has  the  length  2L  and  a  circular  cross-section 
of  radius  R,  small  in  comparison  with  2Z,  the  field  at  all  points 
of  the  central  portion  is  very  nearly  uniform  and  equal  to  the 
intensity  at  the  center  of  the  axis,  viz., 

H=nII{i+R-'IDf 
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Hence  if  a  coil  of  n'  turns  is  wound  about  the  central  portion 
of  this  solenoid, 

and  the  coefficient  of  mutual  induction  is 

^,2  =  ^12/^  =  '^K'f^nn'lii  +  i?VZ^)i  (47) 

which,  when  L  is  large  in  comparison  with  R,  becomes  practi- 
cally identical  with  (46),  5  being  put  equal  to  irR^. 

[b)  In  the  same  way,  if  a  coil  (2)  of  n'  turns  is  wound  around 
the  closed  coil  (i)  of  §  23,  the. coil  flux  through  this  outer  coil 

"^'^^  ^^  JSTn'  =  7Vi2  =  iinn'I^bl2ir  •  log  RJR^ 

and  the  coefficient  of  mutual  induction  of  the  two  coils  will  be 

^.2  =  ^12/A  =  t^nn'bliir  ■  log  RJ  R, 

26.  The  Work  Done  in  Increasing  the  Coil  Flux  Through  a  Coil 
with  a  Constant  Current.  Let  the  constant  current  be  denoted 
by  /.  If  the  coil  flux  is  changing  at  the  rate  dNfdt,  an  e.m.f. 
—  dNfdt  is  developed  tending  to  diminish  the  current.  To  keep 
the  current  constant,  energy  must  be  supplied  (in  addition  to  that 
supplied  when  the  flux  remains  constant)  to  the  circuit  (by  in- 
creasing the  e.m.f.  of  the  battery  or  other  source)  at  the  rate 

dWjdt  =  IdNjdt 

just  sufficient  to  balance  this  induced  e.m.f.  The  work  done  on 
the  circuit,  that  is  on  the  magnetic  field,  while  the  flux  increases 
by  dN  during  the  time  dt  will  be 

dWjdt  dt  =  dW=  IdNjdt  dt  =  IdN 

Hence  if  the  flux  changes  from  N^  to  N^,  the  magnetic  field 
must  receive  an  increment  of  energy  equal  to 

W,-W,=  I{N,-N,)  (47) 

which  is  a  particular  case  of  the  equation  following  (14). 
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If  N^  —  A'j  is  negative,  tlie  work  W^  —  W^  is  also  negative,  or 
the  work  is  done  by  the  magnetic  field,  and  its  energy  diminishes 
by  this  amount. 

27.  The  First  Law  of  Circuitation.  The  Magnetomotive  Force 
Around  a  Closed  Path  Linking  with  an  Electric  Current.  Consider 
an  ideal  permanent  flexible  *  magnet  with  concentrated  poles  in 
the  field  of  a  circuit  consisting  of  a  single  turn  of  a  conductor 
traversed  by  a  current  which  is  kept  constant.  Suppose  the 
negative  pole  of  the  magnet  to  remain  fixed  in  position  and  the 
positive  pole  to  be  moved  from  its  initial  position  along  a  closed 
path  linking  once  with  the  circuit  back  to  its  initial  position. 
During  this  process  the  flux  through  the  circuit  changes  by  the 
flux  passing  through  the  body  of  the  magnet  (equal  to  in,  the 
strength  of  its  poles),  and  this  is  the  only  change  in  the  flux 
through  the  circuit  that  occurs.  Since  the  pole  is  in  its  initial 
position,  and  the  current  is  unchanged,  the  energy  of  the  mag- 
netic field  is  unaltered.  Hence  the  work  done  by  the  magnetic 
field  on  the  pole  is  equal  to  the  work  done  upon  the  magnetic 
field  during  the  change  of  flux.  That  is,  if  H  denotes  the  inten- 
sity due  to  the  current  /, 

mjH  cos  edL  =  I{N^-  N^)  =  Im 
Hence 

n  =  fH  cos  edL  =  /  (48) 

If  there  are  n  turns  to  the  coil,  or  if  the  path  links  n  times  with 
a  coil  of  one  turn, 

Thus  the  m.m.f.  once  around  a  closed  path  in  the  positive 
direction  through  a  circuit,  or  in  the  direction  of  the  lines  of 
intensity,  is  equal  to  the  total  current  in  the  positive  direction 
around  the  circuit. 

*  Not  essential  but  convenient.  See  Nichols  and  Franklin' s  Elements  of  Physics, 
Vol.  IL,  I  124. 
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28.  Differential  Form  of  the  First  Law  of  Circuitation.  Con- 
sider an  infinitesimal  circuit  of  area  c/S  in  a  conductor  traversed 
by  a  steady  current  whose  density  at  c/S  is  /,  The  current 
across  dS  will  be  a  maximum,  tdS,  when  </S"  is  turned  with  its 
normal  pointing  in  the  direction  of  /'.  In  this  case  the  m.m.f.  in 
the  positive  direction  around  the  circuit  is 

Ji^cos  ddL  =  idS 

Hence  the  line  integral,  or  m.m.f.,  per  unit  area  is 

curl  H^i  (49) 

In  the  above  equations  H  denotes  the  magnetic  intensity  of 
the  current,  and  does  not  include  the  field  intensity,  or  intrinsic 
intensity,  connected  with  magnets.  Inasmuch,  however,  as  the 
former  intensity  has  no  curl  (m.m.f.  around  a  closed  path  zero), 
(49)  will  remain  true  if  H  is  taken  to  denote  the  total  intensity 
exclusive  of  the  intrinsic  intensity. 

The  above  relation,  (48)  or  (49),  established  here  for  con- 
duction currents,  is  true  for  the  general  electric  current  (§  7, 
XV.),  and  is  called  th^  first  law  of  circuitation. 

29.  General  Expression  for  the  Work  Done  in  Mag^netisation. 
The  work  per  unit  volume  done  in  changing  the  magnetic  induc- 
tion at  any  point  of  any  medium  from  B^  to  B^  was  shown  in 
§  18,  XI.,  to  be 


dlV/dr=\ 


HdB  (50) 


The  same  result  will  now  be  deduced  by  a  different  process. 

For  convenience  we  shall  make  use  of  a  very  long  solenoid  of 
cross-section  5  uniformly  wound  with  n  turns  per  cm.,  and  we 
shall  suppose  the  space  within  the  coil  completely  filled  with  a 
homogeneous  isotropic  material. 

The  work  done  in  magnetising  the  core,  in  which  we  shall  first 
suppose  that  no  currents  are  induced  during  the  change  of  mag- 
netisation, is  equal  to  the  work  done  against  the  counter  e.m.f. 
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developed  in  the  coil  by  the  changing  induction.     The  rate  at 

which  work  is  thus  done  upon  a  portion  of  the  core  of  length  L 

and  volume  t  =  SL  is 

dW\dt  =  IdN\dt 

where  N  denotes  the  coil  flux  through  the  portion  of  the  sole- 
noid surrounding  the  volume  considered.  Hence  the  work  done 
in  changing  the  flux  from  N^  to  N^,  or  in  changing  the  induction 
from  B^  to  B^,  is 

W=        /dN=  rj     HdB 

J  Nx  J  Bi 

since  ;//=  //and  N  =■  nLBS.  From  this  equation  (50)  follows 
immediately. 

If  the  core  is  conducting,  currents  (called  eddy  currents  or 
Foiicault  currents)  will  be  induced  in  the  core  itself  during  the 
change  of  the  induction,  and  more  work  than  that  given  by  (50) 
will  be  done,  the  extra  energy  going  to  Joulean  heat.  These 
currents  and  the  consequent  dissipation  of  energy  can  be  greatly 
reduced  by  going  through  the  process  slowly,  or  by  dividing  the 
substance  up  into  parts  insulated  from  one  another  in  the  direc- 
tion of  flow  of  the  eddy  currents. 

(50)  gives  the  change  in  magnetic  energy  during  the  change 
of  induction  only  when  there  is  no  dissipation  arising  from  any 
cause. 

(50)  has  been  derived  with  the  aid  of  the  uniform  field  of  a 
veiy  long  solenoid,  but  since  all  fields  are  uniform  in  their 
infinitesimal  parts,  the  result  is  perfectly  general. 

When  yit  is  independent  of  H  ox  B,  (50)  reduces  to  (16). 

30.  Electrokinetic  Energy,  Mechanical  Energy,  and  Change  of 
Configuration  of  Circuits.  First  consider  two  circuits,  i  and  2. 
For  the  electrokinetic  energy  we  have 

W==  \L,I^  -}-  IZ//  +  MI  J,       . 

If,  while  the  currents  are  kept  constant,  the  circuits  so  move 
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(or  one  of  the  circuits)  that  M  is  altered  by  an  infinitesimal 
amount  dM,  VV  is  altered  by  an  amount 

dW=  IJ^M 
During  this  motion  the  coil  flux  through  circuit  i  is  increased 
by  the  amount  dN.^I^M' 

Hence  an  amount  of  work 

I^dN^  =  IJ.,dM 

is  done  upon  the  magnetic  field. 

In  like  manner,  the  coil  flux  of  circuit  2  is  increased  by  the 

amount 

dN^  =  I^dM 

and  a  second  amount  of  work 

I^dN,  =  IJ,dM 

is  done  upon  the  magnetic  field. 

Hence  the  total  work  done  upon  the  magnetic  field  (by  the 
batteries,  in  keeping  the  currents  constant)  is 

2lJ^dM 

while  the  increase  in  its  energy  is  only 

I,I,dM 

Hence  the  additional  energy  IJ^dM  has  gone  to  increase  the 
mechanical  energy  of  the  system.  If /^denotes  the  force  acting 
upon  either  circuit  and  tending  to  increase  the  distance  x  between 
the  circuits,  measured  in  its  line  of  action,  the  increase  of  me- 
chanical  energy  is  _  ^^^^  _  jj^^^ 

the  negative  sign  being  chosen  because  dM  is  negative  when  dx 

is  positive.     Hence  the  force  tending  to  increase   the  distance 

between  the  circuits  is 

F=-/J,dMldx  (51) 
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If  the  forcive  between  two  circuits  is  a  torque,  instead  of  a 
simple  force,  we  have  for  the  torque  tending  to  increase  the 
angle  6  between  the  planes  of  the  two  circuits, 

T=  -  IJ^dMldB  (52) 

31.  The  proposition  of  the  last  article  is  a  particular  case  of 
the  following  more  general  theorem  :  If  any  number  of  circuits 
suffer  any  infinitesimal  change  of  configuration,  both  Z's  and  J/'s 
varying  in  the  general  case,  while  the  currents  are  kept  constant, 
the  increase  in  the  electrokinetic  energy,  dW,  is  equal  to  the  in- 
crease in  the  mechanical  energy,  dW \  while  the  work  done  by  the 
batteries  (over  and  above  that  expended  in  overcoming  resistance 
and  dissipated  in  heat),  dW'\  is  equal  to 

dW"  =  dW ^  dW  =  2dW  =  2dW'  (53) 

We  proceed  to  establish  this  proposition.  When  the  most 
general  infinitesimal  change  of  configuration  occurs,  the  increase 
in  the  electrokinetic  energy  is,  when  the  currents  are  kept  con- 
stant, 

dW=  \I^dL,  +  \I^dL^  -h  • .  •  -f  1/ VZ„ 

-f-  IJ,dM,,  +  IJ,dM,^  -[-•••  +  IJudM^^  +  •  •  • 
The  work  done  upon  the  magnetic  field  by  the  batteries  is 

dW"  =  I^dN,  -h  I,dN^  +'••  +  IdN^ 
Now 

dN^  =  I^dL^  -f  I^dM^^  +  •  •  •  +  IdM^^ 

dN^  =  I^dM^^  +  I^dL^  +  •  •  •  +  IdM^, 

dN^  =  I,dM,^  +  I,dM,^  -h  .  ■ .  +  IdL^ 
Hence 

dW"  =  IlI.dL,  -f  I,^dM,,  -f  . . .  -f-  IdM,:) 

4-  I^^hdM^,  +  hdL,  +  •  •  •  +  IdM,:) 

+  •• .  +  /(/,^^,„  +  //^,„  +  •  •  •  +  idi;) 
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=  dlLJ^  +  Lj::  +  . . .  +  Z„/^  +  2{MJJ,  +  MJJ,  -f  .  •  • )] 

=  d{2W)  =  2dW 

The  difference  between  dW"  ■=  2dW,  the  energy  supplied  to 
the  magnetic  field,  and  dJV,  the  increase  in  its  energy,  must 
equal  the  mechanical  work  dlV  done  by  the  field  on  the  circuits, 
or  the  increase  in  the  mechanical  energy.  Hence  equation  (53) 
immediately  follows. 

32.  The  Electrodynamic  Balance.  As  an  example  of  (51)  we 
shall  find  the  forcive  upon  a  circular  coil  (2)  of  n  turns  and  radius 
;-  placed  with  its  center  in  the  axis  of  a  much  larger  circular  coil 
(i)  of  A^ turns  and  radius  R,  the  planes  of  the  coils  being  parallel. 
"Let  the  currents  of  the  larger  and  smaller  coils  be  denoted  by  /^ 
and  /j  respectively,  and  the  distance  between  them  by  d.     Then 

A^i2  =  H'^Trr^n  =  '7rrR-finN/j2{J^  +  dy 
M=  NJ/,  =  irrR^finN/2{R'  +  dy  (54) 

//  being  practically  uniform  in  the  small  region  occupied  by  the 
small  coil,  and  fj.  (for  air)  being  sensibly  equal  to  unity.  The 
force  tending  to  increase  the  distance  d  is,  by  (51), 

F IJ^dM/dd  =  -  37rr-R'finNdlJj2(R'  +  d^     (55) 

If  /j  and  /j  have  the  same  direction,  F  is  attractive,  otherwise 
repulsive.  If  the  same  current  /  is  caused  to  flow  through  the 
two  coils  in  series  in  the  same  direction,  the  force  is 

F=  -  Z'^r'R'finNdP/2{R^  +  dy  (56) 

If  a  third  coil  C,  exactly  similar  to  the  larger  coil  A  is  placed 
with  its  plane  parallel  to  that  of  A  and  distant  therefrom  2^, 
with  B  half  way  between  the  centers  of  A  and  C,  and  if  the  same 
current  /is  made  to  flow  through  A  and  C  in  opposite  directions, 
and  also  through  B,  the  force  F  will  be  twice  as  great  as  that 
given  by  (56) ;  or,  in  magnitude, 

F=  S'^r'R-finNdPKR'  +  d')*  (57) 
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If  the  coils  are  mounted  with  their  planes  horizontal,  and  if  the 
small  coil  B  is  connected  with  one  end  of  the  beam  of  a  balance, 
the  force  F  can  be  easily  measured,  and  /  determined  in  absolute 
measure.     We  have  in  this  case 

I={K-  Jr  d-fF'^lrRiz-n-iJidnNf  (58) 

Since  F  is  proportional  to  the  square  of  /,  alternating  as  well 
as  direct  currents  can  be  measured.  The  instrument  is  known 
as  an  electrodynamic  balance. 

For  descriptions  of  two  electrodynamic  balances  by  which  cur- 
rents have  been  determined  in  absolute  measure  with  great  pre- 
cision, see  Lord  Rayleigh,  Phil.  Trans.,  Part  II.,  1884,  and  H. 
Pellat,  Comptes  Rendus,  Vol.  103,  1886.  The  most  recent  of 
electrodynamic  balances,  that  of  von  Helmholz,  is  described  by 
Kahle,  Zeitschrift  fur  Instrumentenktmde,  Vol.  17,  1897. 

33.    The  Torsion  Electrodynamometer.      If  the  planes  of  the 

coils  A   and  B  of  the   last  article   make  with   one  another  an 

angle  6, 

M=  irr'RhiN  fi  cos  ^/2(/?'  +  d^f  (59) 

and  there  is,  in  addition  to  the  force 

F=  -  IJ^dMjde  =  iivr'R^nNd  /x//^  cos  ei2{R?  -|-  d"")^  (60) 

a  torque  in  the  direction  of  increase  of  the  angle  6  equal  to 

r=  -  IJ^dMjdd  =  'Kr'R^nNIJ^^  sin  ^/2(i?2  ^_  ^2)3    (61) 

If  the  smallest  coil  is  at  the  center  of  the  two  coils  A  and  {7, 

§  32,  we  have 

F=  -  IJ^dMjdd^o 
and 

T=-  I^I^dMjdd 

=  _  IJ^dldO  ■  [irr'R'nNfjL  cos  0l{R^  +  dy]  (62) 

=  filJ^in^R^nN  sin  6 [{R?  +  d^ 
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from  which  the  equations  for  the  Weber  and  Siemens  forms 
of  electrodynamometer  immediately  follow,  as  in  §  34,  Chap- 
ter XII. 

For  a  description  of  one  of  the  most  recent  and  accurate  of 
torsion  electrodynamometers  see  Patterson  and  Guthe,  Physical 
Rti'iew,  Vol.  7,  1898. 

34.  General  Definitions  of  B  and  4>.  In  XI.  /i  was  defined  by 
(2),  and  B  by  (5).  These  definitions  are  not  valid,  however,  in 
their  unmodified  form  without  qualification  when  the  magneti- 
sation is  wholly  or  partially  intrinsic  (§  22,  XL).  We  shall  now 
redefine  B  by  (9).     Thus 

/?=  -  \  cnrXEdt  (63) 

the  substance  considered  being  in  its  neutral  state  at  the  time 
/=  o. 

Consistently  with  the  preceding  definition  of  B  and  XL,  we 
shall  redefine  <I>  by  the  equation 

^=\B  cos  0dS  =  -  r  "^dt  (64) 

the  substance  being  in  its  neutral  state  at  the  time  /  =  o. 

^  and  B,  defined  by  these  equations,  can  evidently  be  deter- 
mined experimentally  (by  the  ballistic  methods  referred  to  be- 
low). Starting  with  these  definitions  it  can  be  shown  by  experi- 
ment that  tubes  of  magnetic  induction  are  always  closed,  as 
assumed  in  §  14,  XL  These  definitions  are  perfectly  consistent 
with  the  earlier  definitions,  and  are  more  general,  including  all 
cases  of  intrinsic  as  well  as  elastic  magnetisation, 

35.  Magnetisation  Curve.  Redefinition  of  fi.  Permeability. 
If  we  start  with  a  substance  in  a  neutral  state  and  increase  the 
magnetic  intensity  H  from  zero  in  a  series  of  steps,  observing 
the  corresponding  values  of  B,  we  obtain,  on  platting  the  results 
graphically,  a  curve  showing  the  relation  between  B  and  H  and 
called  the  magnetisation  curve  of  the  substance. 
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We  shall  now  redefine  /a,  for  any  given  value  of  H,  as  the  ratio 
oi  B  to  H  for  the  given  point  on  the  magnetisation  curve.  The 
relation  B  =  y^H  thus  holds  for  the  process  of  magnetisation  rep- 
resented by  the  curve. 

The  curve  showing  the  relation  between  y  =  ^(  =  /x//")  —  \i^H 
and  H  is  also  called  the  magnetisation  curve  of  the  substance. 
Either  curve  can  of  course  be  readily  obtained  from  the  other. 

The  permeability  of  a  substance  is  the  ratio  of  its  inductivity  to 
the  inductivity  of  the  standard  medium.  If,  as  in  this  book,  free 
aether  is  chosen  as  the  standard  medium,  the  permeability  At/z^y 
of  a  substance  is  numerically  equal  to  its  inductivity.  The  in- 
ductivity of  air  is  only  slightly  greater  than  unity,  being  equal,  at 
ordinary  temperatures  and  pressures,  to  about  /*„(!  +  3  X  io~^). 

36.  Diamagnetic  and  Paramagnetic  Substances.  The  inductivity 
/*  of  nearly  every  substance  is  independent  of  the  value  of  H  and 
is  very  nearly  equal  to  /*(,  =  i.  Thus  the  magnetisation  curve 
of  such  a  substance  is  a  straight  line,  and,  if  B  and  H  are  platted 
to  the  same  scale,  makes  an  angle  of  very  nearly  45°  with  the 
axis  of  H. 

A  substance  whose  inductivity  is  less  than  /i^,  or  whose  per- 
meability is  less  than  i ,  is  called  a  diamagnetic  substance ;  and 
a  substance  whose  inductivity  is  greater  than  >j,  is  called  a  mag- 
netic, a  paramagnetic,  or,  if  its  inductivity  is  great  and  its  mag- 
netic properties  resemble  those  of  iron,  a  ferromagnetic  sub- 
stance. The  inductivity  of  every  diamagnetic  substance  is  very 
nearly  equal  to  unity,  water  being  the  commonest  example. 
The  inductivity  of  a  diamagnetic  or  weakly  magnetic  substance 
is  best  investigated  by  methods  analogous  to  those  of  §§  3  and 
4,  VII.  (see  A.  P.  Wills,  Physical  Review,  6,  1898;  Jager  u. 
Meyer,  Wied.  Ann.,  67,  1900;  Du  Bois,  The  Magnetic  Circuit). 
In  §§  37  and  38  are  described  two  methods  commonly  applied  to 
iron,  nickel,  and  cobalt,  in  which  /i  reaches  great  magnitudes. 

For  detailed  information  on  the  magnetic  properties  of  iron 
and  other  ferromagnetic  substances,  together  with  the  methods 
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of  experimental  investigation,  reference  may  be  made  to  Ewing's 
Mag^netic  Induction  in  Iron  and  Other  Metals  and  to  Du  Bois's 
Tlie  Magnetic  Circuit.  The  more  important  magnetic  properties 
of  iron  are  briefly  described  in  Ch.  Maurain's  recent  Le  Magmt- 
isme  du  Fer.  A  resume  of  the  magnetic  properties  of  matter 
generally,  with  abundant  references,  is  given  by  Du  Bois  in  Vol. 
II.  of  the  Rapports  of  the  International  Congress  of  Physics,  1900. 

37.  The  Determination  of  B,  /i,  and  J  (Intensity  of  Magnetisa- 
tion) by  the  Magnetometric  Method.  A  very  long  solenoid, 
similar  to  that  of  §  20  B,  XII.,  is  mounted  with  its  axis  vertical, 
and  a  magnetometer  (§  26,  XI.)  is  mounted  with  its  needle  in 
vertical  plane  passing  through  the  solenoid  perpendicular  to  the 
magnetic  meridian  and  in  a  horizontal  plane  passing  through  the 
upper  part  of  the  solenoid.  The  solenoid  is  connected  in  series 
with  another  coil,  called  a  compensating  coil,  so  arranged  that 
both  coils  together  produce  no  deflection  of  the  needle  when 
traversed  by  a  current. 

The  iron  or  other  substance  whose  magnetisation  is  to  be 
investigated,  in  the  form  of  a  long  cylindrical  rod  similar  to  that 
of  §  20  B,  XII.,  is  then  placed  vertically  in  the  solenoid  traversed 
by  a  steady  current  with  its  axis  in  the  vertical  plane  perpen- 
dicular to  the  meridian  passing  through  the  needle,  and  its 
height  is  adjusted  until  a  position  is  reached  in  which  the  deflection 
of  the  needle  is  a  maximum.  In  this  position  the  upper  resultant 
pole  of  the  rod  is  approximately  in  the  horizontal  plane  passing 
through  the  magnetometer  needle.  Let  \L  denote  the  distance 
from  this  plane  to  the  center  of  the  rod.  Then  the  other  result- 
ant pole  is,  by  symmetry,  distant  approximately  \L  from  the 
center  on  its  other  side.  Let  R  denote  the  distance  from  the 
center  of  the  magnetometer  to  the  axis  of  the  rod. 

The  circuit  is  broken,  and  the  rod  is  demagnetised  (if  this  is 
necessary  for  the  purpose  in  view)  and  left,  or  reinserted,  in  the 
position  already  determined  for  maximum  deflection.  The  demag- 
netisation can  be  accomplished  by  heating  the  rod  to  redness,  or 
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by  sending  a  current,  gradually  diminished  to  zero  while  its 
direction  is  rapidly  reversed,  through  the  solenoid  with  the  rod 
in  place,  or  by  other  means. 

The  circuit  is  now  closed  and  the  current  increased  to  produce 
the  desired  value  of  //  =  nl  (§  20  B,  XII.),  thus  developing 
poles  of  strengths  -f  in  and  —  in  in  the  rod,  and  the  quantities 
under  investigation  are  determined  as  follows. 

The  magnetic  intensity  at  the  magnetometer  needle  due  to  the 
two  poles  of  the  rod  is 

H=  ml^irfi^-lilR-"  -  Rl{jr-  +  L^] 

perpendicular  to  the  meridian. 

If  H  denotes  the  horizontal  component  of  the  earth's  mag- 
netic field  at  the  needle,  the  needle  will  be  deflected  through  an 
angle  6  such  that 

H=  H  tan  d 

By  measuring  6,  H,  Z,  R,  and  S,  n,  and  the  current  /,  the 
quantities  B,/=  B  —  y^-Ji,  /*  —  /*!  can  then  be  calculated  from 
the  above  equations  and  those  of  §  20  B,  XII. 

If  the  experiments  are  not  performed  at  the  earth's  magnetic 
equator,  where  the  total  intensity  is  horizontal,  the  intensity 
parallel  to  the  rod  will  not  be  given  completely  by  //  =  nl  on 
account  of  the  vertical  component  of  the  earth's  intensity.  This 
component  can  be  neutralised  by  winding  another  coil  in  the 
solenoid  and  passing  through  it  a  suitable  current. 

If  after  adjusting  the  apparatus  we  start  with  the  current  zero 
and  the  rod  in  a  neutral  state,  and  then  increase  the  current  by 
steps,  observing  both  currents  and  corresponding  deflections,  we 
obtain,  on  platting  the  results  graphically,  the  magnetisation 
curve  of  the  substance.  The  magnetisation  curve,  and  the  curve 
showing  the  relation  between  ix  =  B j H  and  H  obtained  there- 
from, are  shown  in  Fig.  1 1 3  for  a  particular  sample  of  wrought  iron. 

When  great  accuracy  is  essential,  an  ellipsoid,  instead  of  a 
cylinder,  of  the  substance  under  investigation  must  be  used. 
See  Ewing's  treatise  above  referred  to. 
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38.  The  Determination  of  B,  /x,  etc.,  by  the  Ballistic  Method 
(Bowland's  Form).  The  sub.stance  to  be  investigated,  in  the  form 
of  a  rectangular  tore,  §23,  whose  thickness  R^—  R^  =  a  is  small 
in  comparison  with  ^,,  is  wound  with  a  toroidal  coil  of  n  turns. 

This  coil  is  connected  in  circuit  through  a  reversing  key  with 
a  battery  of  constant  e.m.f.,  a  current  meter,  and  a  rheostat 
whose  resistance  can  be  suddenly  varied. 
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A  secondary  coil  of  «'  turns  is  wound  around  the  toroidal  coil 
and  connected  in  circuit  with  the  coil  of  a  ballistic  gah^anometer. 
Let  the  resistance  of  this  secondary  circuit  be  denoted  by  R. 

The  relation  between  the  deflection  of  the  galvanometer  and 
the  charge  g  circulated  through  its  coils  is  supposed  known  from 
direct  experiment. 

Since  R^  —  R^  =  a  is  small  in  comparison  with  R^,  the  mag- 
netic intensity,  given  accurately  by  (39),  is  nearly  constant 
throughout  the  tore  and  sensibly  equal  to 


//=  «//7r(i?j  +  /?,) 
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The  magnetic  flux  across, every  section  of  the  tore  is  Bab,  and 
the  coil  flux  through  the  secondary  is  n' Bab. 

If,  by  altering  the  resistance  of  the  circuit,  the  current  is  sud- 
denly changed  from  a  value  I^  to  a  value  /,  the  magnetic  inten- 
sity will  be  increased  by 

H-  H=n{I-  Ql-rriR,  +  R^  (65) 

and  the  magnetic  induction  will  be  increased  by 

B  —  B^  =  qRln'ab  (66) 

where  q  is  the  charge  sent  through  the  galvanometer  circuit 
when  the  coil  flux  through  the  secondary  changes  from  n' B^ab 
to  n' Bab  (§  9),  and  is  known  from  the  observed  galvanometer 
throw. 

All  the  quantities  in  the  second  members  of  (65)  and  (66) 
being  determined  by  experiment,  H —  H^  and  B  —  B^  are  known. 

Starting  with  any  value  of  //|,,  and  the  corresponding  value 
of  B^,  and  increasing  or  decreasing  the  current  suddenly  in  a 
series  of  steps,  current  and  galvanometer  throw  being  read  at 
each  step,  the  relation  between  B — B^  a.nd  H — //"^  can  thus 
be  obtained  for  as  wide  a  range  oi  H  —  H^  as  desired. 

If  we  start  with  the  current  zero,  and  the  substance  under  in- 
vestigation in  a  neutral  state,  //"(^and  B^  are  zero,  and  if  we  increase 
//"  in  a  series  of  steps,  we  get  the  magnetisation  curve  of  the 
substance.  From  corresponding  values  of  B  and  //  on  this 
curve  /x  can  be  found  by  division. 

For  additional  ballistic  and  other  methods,  see  the  references 
given  above.  See  Du  Bois,  Zeitschrift  fur  Instrunientenkunde , 
Vol.  20,  1900,  for  a  description  of  his  latest  magnetic  balance 
and  its  theory. 

39.  Magnetic  Hysteresis.  If  a  sample  of  iron,  nickel,  or 
cobalt  is  carried  repeatedly  through  a  given  magnetising  cycle, 
the  intensity  being  increased  to  GB,  Fig.  114,  then  reversed  to 
HE=  —  GB,  then  reversed  to  GB,  then  reversed  again  to  HE, 


ELECTROMAGNETIC   INDUCTION. 


371 


and  so  on  for  a  number  of  cycles,  and  the  relation  between  B  and 
H  then  investigated  for  a  complete  cycle  by  the  magnetometric 
or  ballistic  method,  a  closed  symmetrical  curve  with  general 
characteristics  similar  to  those  of  the  figure  will  result.  The 
arrow  heads  indicate  the  direction  in  which  the  cycle  is  traversed. 
Thus  the  magnetisation  is  in  part  intrinsic.  The  induction 
OC  or  OFv&  called  the  residual  or  remanent  induction,  and  is  the 
maximum  value  of  the  intrinsic  induction.  The  ratio  of  the 
remanent  induction  OC  ox  OF  to  the  maximum  induction  OG  or 


Fie.  114. 

OH  is  called  the  retentiveness  of  the  substance  for  the  given 
cycle.  The  reversed  intensity  OD  or  OA  necessary  to  reduce 
the  intrinsic  induction  to  zero  is  called  the  coercive  force  or  coer- 
cive intensity  of  the  substance  for  the  given  cycle. 

The  closed  curve  is  called  a  hysteresis  cycle  since,  as  it  is  de- 
scribed, the  induction  always  lags  behind  the  intensity. 

The  area  of  the  curve,  v'xz.A  HdB  from  any  point  such  as  B 
around  the  cycle  once  to  the  same  point  again,  represents  the 
work  per  unit  volume  done  in  carrying  the  substance  from  the 


172         ELEMENTS  OF  ELECTROMAGNETIC  THEORY. 

state  denoted  by  B  (or  the  state  denoted  by  any  other  point  on 
the  curve)  through  the  complete  magnetising  and  demagnetising 
processes  indicated  by  the  cycle  to  the  same  state  again.  Hence 
^ HdB  for  the  complete  cycle,  or  the  area  of  the  cycle,  represents 
the  energy  dissipated  in  heat  per  unit  volume  per  cycle  by 
hysteresis. 

The  area  of  the  cycle  is  the  same  or  very  nearly  the  same  when 
the  cycle  is  traversed  very  slowly  and  when  it  is  traversed  very 
rapidly  (see  references  given  below  and  Comptes  Rendus,  April 
20,  1903).  Thus  the  phenomenon  of  magnetic  hysteresis  is  not 
due,  except  perhaps  to  a  slight  extent,  to  anything  akin  to  vis- 
cosity (Cf.  §  2,  VI.). 

For  references  to  the  literature  on  magnetie  hysteresis,  see 
Chapter  IV.  of  Maurain's  Le  Magnetisme  du  Fer  and  the  resume 
by  Warburg  in  Vol.  II.  of  the  Rapports  presented  to  the  Inter- 
national Congress  of  Physics,  1900. 

If  we  assume  the  relation  B  =  fiH  to  hold  for  the  hysteresis 
cycle,  as  it  holds,  by  definition  of  fjb,  for  the  magnetisation 
curve,  fi  goes  through  all  values  from  -f  00  at  6^  to  —  00  at  -F  dur- 
ing the  cyclic  process.  By  introducing  the  intrinsic  intensity,  h, 
however,  always  acting  in  the  direction  of  the  induction,  and  by 
writing  H  for  the  vector  sum  of  h  and  the  field  intensity  H' , 
which  we  have  hitherto  denoted  by  H,  we  may  so  define  h  that 
the  relation  B  ^  y^H  =  ix{h -\- H'^  (vector  sum)  holds  univer- 
sally, and  leads  to  no  impossible  values  of  \i  (cf.  §  4,  VI.). 

The  magnetic  phenomena  of  iron,  nickel,  cobalt,  etc.,  includ- 
ing the  trend  of  the  magnetisation  curves,  hysteresis,  the  relation 
of  the  magnetic  phenomena  to  temperature,  etc.,  have  been 
largely  explained  by  the  molecular  theory  developed  by  Weber, 
Maxwell,  and  Ewing.  For  an  extended  treatment  of  the  molec- 
ular theory  and  a  discussion  of  its  experimental  confirmation 
reference  must  be  made  to  Ewing' s  Magnetic  Induction  in  Iron 
and  Other  Metals^  Chapter  XL 

40-44.  The  Current,  etc.,  in  an  Electrical  System  Containing, 
in  the  General  Case,  Resistance,  Inductance,  and  Capacity,  Immersed 


ELECTROMAGNETIC    INDUCTION. 


373 


in  a  Medium,  or  Media,  of  Constant  Inductivity  and  Permittivity, 
Let  a  condenser  AB,  Fig.  115,  of  capacity  5  be  connected  in 
series  with  a  conductor  CDF  whose  inductance  is  L  and  whose 
capacity  is  negligible  in  comparison  with  that  of  the  condenser, 
and  an  agent  with  an  intrinsic  e.m.f.  ^,  the  total  resistance  of 
the  circuit  being  R.  Let  the  e.m.f.  "^  be  reckoned  positive  when 
directed  around  the  circuit  in  the  direction  CDF.  The  agent 
containing  the  e.m.f.  is  supposed  to  be  capable  of  being  instan- 
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taneously  inserted  in  or  removed  from  the  circuit,  the  resistance 
being  kept  constant,  by  suitable  switches.  Let  the  time,  /,  be 
reckoned  from  the  instant  at  which  "^  is  inserted  or  cut  out. 
Let  q  denote  the  charge  of  the  plate  A,  /=  dqjdt  the  current  in 
the  conductor  in  the  direction  CDF,  Fthe  voltage  from  A  to  B, 
at  the  time  / ;  and  let  g^,  7^,  and  V^  denote  the  initial  values  of 
q,  7,  and  V. 

At  the  time  t  the  electric  energy  of  the  system  is 

the  electrokinetic  energy  is 

T=\LP  =  lL{dqldtf 
the  rate  of  dissipation  of  energy  in  heat  is 
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F=RP  =  R{dq\dty- 

and  the  rate  at  which  energy  is  supplied  to  the  system  by  the 
agent  with  the  intrinsic  e.m.f.  is 

41.  Non-Inductive  Circuit.  Case  I.  Let  "^  —  constant,  Z  =  o, 
sensibly,  and  therefore  T=  o. 

A.  Let  "^  be  suddenly  cut  out  of  the  circuit,  the  initial  charge 
of  A,  q^,  being  equal  to  S"^.  By  the  principle  of  the  conversa- 
tion of  energy,  we  have  at  the  time  / 


or 


-  d{lq'lS)ldt  =  Ridqjdif 
R  dqjdt  +  qjS  =  O 


(66) 


a  relation  which  might  have  been  written  down  at  once  from 
Ohm's  law  [dqjdt  =  I  =  {V^  -  V^)/R  =  -  V/R q/SR]. 
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The  solution  of  {^^\  with  the    condition  q  =  q^z=  S"^  when 
/  =  o,  is 

q  =  q^e-^'^^-*  =  5^^-^'^^'  (67) 

whence 

V=  qlS=^e-''^''-*  =  V^e-^'^^-'      ■  (68) 

and 

/  =  dqjdt  =  -  "^jR ' e-"'^-*  =  I^e-'^^^'*  (69) 
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The  relation  between  q,  /,  and  /  is  shown  graphically  for  a 
particular  case  in  Fig.  1 16,  Curve  I. 

The  time  SR  in  which  qlqQ=  V\V^=  I\I^  becomes  i/^  is 
called  the  time  constant  of  the  system. 

B.  Let  ^  be  suddenly  inserted  into  the  circuit.     In  this  case 

By  the  principle  of  the  conservation  of  energy 


or 


''V  dqldt  ^  RidqjdtY  +  d{\(flS)ldt 

•^  ^qlS-\-  Rdqldt  (70) 


another   equation    which    can    be    obtained   immediately   from 
Ohm's  law. 

To  solve  (70),  put  q  —  S"^  =  q' ,  and  the  equation  becomes 

Rdq'ldt+q'lS=0 

the  solution  of  which,  with  the  condition  ^  =  o  when  t=o,  is 

q'  ^  _  S'iTe-'^^^' 
whence 

^  =  5^(1  _^-i/^«')  (71) 

r=^(i-^^/**-')  (72) 

I^-^/Re-'^^^-*  (73) 

The  relations  between  q,  /,  and  t  are  shown  in  Fig.  1 16, 
Curve  II.,  for  the  same  system  whose  discharge  is  illustrated  in 
Curve  I. 

42.  Case  II.  Inductive  Circuit  Without  Capacity.  Let  ^  =  con- 
stant, 5  =  infinity  (condenser  short-circuited),  and  therefore  W=  o. 

A.  Let  ^  be  suddenly  cut  out  of  the  circuit,  the  initial  value 
of  the  current  being  /^  =  "^/R.  In  this  case  we  have,  by  the 
principle  of  the  conservation  of  energy, 

-  d{\LP)!dt  =  RP 
or 
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Ldljdt-^  Rl=0  (74) 

which    also    follows    immediately    from    Ohm's    law    [/=  ( — 
Ldridt)lR']. 

The  solution  of  this  equation,  with  the  condition  I^  =  '^  I R,  is 


I=I^e-'''^-'  =  ^rlR-e- 


R/L .  t 


(75) 


The  relation  between  /  and  /  is  shown  for  a  particular  system 
in  Fig.  1 1 7,  Scale  A. 

The  time  LjR  in  which  /  falls  to  ije  of  its  initjal  value  is 
called  the  time  constant  of  the  circuit. 
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The  total  electric  discharge  in  the  positive  direction  around 
the  circuit  after  the  time  /  =  o  is 

q=C  Idt=  ^/R  f  e-^'^^-'dt  =  DVIR"  =  LIJR     {76) 

Jo  t-'O 

The  same  result  follows  from  (12): 


q=-{N,-  N,)/R  =  -  (o  -  LI,)/R 
=  LIJR  =  L^jR" 


{77) 


B.  Let  the  agent  with  e.m.f.  "^  be  suddenly  inserted  into  the 
circuit,  the  initial  value  of  the  current  being  /^  =  o.  In  this  case 
the  principle  of  the  conservation  of  energy  gives 
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or 

^^Rl^t  Ldljdi  (78) 

which  may  be  obtained  from  Ohm's  law  directly    [I  =  {"^  — 
UI\dt)jR'\. 

The  solution  of  this  equation  is 

I^'^IR{\  -e-^''*)  (79) 

Thus  /  may  be  regarded  as  the  sum  of  a  steady  current  '^  jR 

and  an  induced  current 

-^jR-e-^'^* 

The  relation  between  /  and  /  for  the  same  system  illustrated 
in  Case  II.  is  shown  in  Fig.  1 17,  Scale  B. 

The  total  electric  charge  traversing  the  coil  in  the  positive 
direction  due  to  the  induced  current  is 

q=-  L^IP?  (80) 

43.  Case  III.  Circuit  Containing  Both  Capacity  and  Inductance. 
Let  "^  be  cut  out  of  the  circuit  at  the  time  t—o.  In  this  case 
the  principle  of  the  conservation  of  energy  gives 


or 


-  dll^l^  +  \L{dqldtY\  jdt  -  R{dq\dtf 

Ld^qjdfi  +  Rdgjdt  +  q/S=o  (81) 


which,  like  equations  (66),  (78),  etc.,  also  follows  immediately 
from  Ohm's  law. 

To  solve  (8 1 ),  assume  q  =  constant  x  ^'  and  substitute  in  the 
equation.     Thus  we  obtain 

Ln^  +  Rm-\-  i/S=o  (82) 

The  values  of  m  which  satisfy  this  equation  are 

m^ RI2L  +  {R^/4L'  -  i/SLy  =  _  ^  +  (^  -  ^)* 

and 


Z7^ 
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m^=-  RI2L  -  {I^l4D  -  I  jSLf  =-a-{a^-  F)h 

if  we  put  RI2L  =  a  and  1 1 SL  =  ^. 

If  m^  is  not  equal  to  m^,  the  general  solution  of  (81)  is  there- 
fore 

g  =  A^e^^'  +  A/^^  (83) 

in  which  A^  and  A^  are  constants  to  be  determined  by  the  initial 
conditions  of  the  problem. 

When  m^  =  m^  =  m=  —  a,  the  solution  of  (81)  is 

^  =  (A  +  ^A-"  (84) 

where  B^  and  B^  are  constants  to  be  determined  by  the  initial 
conditions. 

Three  cases  are  to  be  considered  :  A,  when  a^  =  ir^ ;  B,  when 
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A.  a^  =  ^.     Since  q^  =  6"^  and  /^  =  o,  (84)  gives 
^  =  ^0(1  +  7e/2Z-/>-^/2i.._  ^^{r(I  ^  Rl2L-t)e-^l^-*     (85) 
F=  ^(  I  +  i?/  2Z  •  /)^-'«/2i  • '  (86) 

The  relations  between  g,  I,  and  the  time  for  a  particular  system 
are  shown  in  Fig.  118,  I.  and  II.  (Scale  A). 


and 


ELECTROMAGNETIC    INDUCTION.  379 

B.  rt*  >  ^.     To  determine  the  constants  A^  and  A^  we  have, 

when  /  =  o, 

^,  =  S^  =  A,-^A, 
and 

/^  =  o  =  m^A^  +  m^^ 

Hence  (83)  becomes 

from  which  we  obtain 

F=  qJS  =  ^/(»«i  -  m^  •  {m/^  -  m/^^*)  (89) 

and 

/  =  dqldt  =  S^m^mJ{M^  —  m^  •  {e"^  —  e^'')  (go) 

The  curves  showing  the  relation  between  q  and  t  and  the 
relation  between  /  and  /  are  very  similar  to  the  corresponding 
curves  of  Fig.  1 18.     Their  drawing  is  left  to  the  reader. 

C.  Oscillatory  Discharge.  ^  <  ^.  Equation  (83)  may  be 
written 

where  i  denotes  (—  i)*.     This  equation  is  equivalent  to 

g  =  e-'^lA  cos  ((^  -  a^t  +  B  sin  (P  -  a^^f]  (91) 

where  A  and  B  are  real  constants  to  be  determined  by  the  initial 
conditions.     From  (91) 

/=  dg/dt  =  ^-<"{  [B(^  -  ay  -  Aa]  cos  (^  -  a^t  -  ,     . 

[^(^  -  ay  +  Ba]  sin  (&"  -  a^t} 

From  the  initial  conditions  g  =  g^=z  S"^,  and  /=  I^  =  o,  when 
t=  o,  the  above  equations  may  be  written 

q  =  5^^-'^[cos(^  -  ayt  +  al^B"  -  a^)*  •  sin  (^  -  o^*/]  (93) 
and 

/=  ~  S'<]tb'\{lP-  -  d')i  ■  e-^  sin  (/^  -  a^t  (94) 

We  have  also 

F=  qlS  =  etc. 
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The  relations  between  q,  I,  and  t  are  shown  for  a  particular 
case  in  Fig.  119.     (See  the  data  given  in  the  figure.) 
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The  discharge  is  seen  to  be  oscillatory,  as  well  as  damped,  the 
charge  of  the  condenser  and  the  current  in  the  wire  each  revers- 
ing its  sign  at  intervals  of  \T,  where  Zis  Xh^  period  o{  the  oscil- 
lation and  is  given  by  the  equation 


or 


T=.2'rrl{ilSL-R^l4D)h  (95) 

and  the*  amplitude  of  the  oscillation  being  gradually  reduced 
to  zero. 

The  charge  q  is  zero  at  times  t  such  that 

/  =  r/27r-  [tt  -  tan-'(^2  _  ^2^j/^j 

and  /  is  zero  at  times  f  such  that 

where  n  is  zero  or  any  integer. 

Each  quantity  reaches  a  maximum  or  minimum  value  half  way 
between  two  successive  zero  values. 
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The  current  reaches  a  maximum,  minimum,  or  zero  value  ahead 
of  the  charge  by  the  interval 


27r  V  a        J       27r 


6/27r  ■  Tis  called  the  phase  difference  between  the  current  and  the 
charge,  and  6  the  angle  of  lag  of  the  charge  behind  the  current, 
or  the  atigle  of  lead  of  the  current  over  the  charge. 

The  ratio  of  the  magnitude  of  a  maximum  or  minimum  value 
of  the  current  or  charge  to  the  magnitude  of  the  next  following 
minimum  or  maximum,  occurring  1 7^  later,  is 

The  natural  logarithm  of  this  ratio  is  called  the  logarithmic 
decrement  of  the  oscillation  and  is  denoted  by  \.     Thus 

X  =  \aT=  irli^HE^S  -  i)*  (96) 

\{  R  =  o,  a  ■=  o,  no  energy  is  dissipated,  and  the  oscillation 
takes  place  without  damping  (energy  radiated  being  assumed 
zero).     The  period  when  ^  =  o  is 

7;,=  27r(5Z)i  (97) 

By  (95),  (96),  and  (97)  we  have 

r=  7;(i  +  ^V^')*  =  T,{i  +  jxVtt*  +  • .  •)        (98) 

Hence  the  effect  of  a  small  decrement  on  the  period  is  propor- 
tional to  the  square  of  the  decrement.  See  Fig.  1 19  for  the  rela- 
tion between  T  and  T^  for  the  circuit  whose  discharge  is  there 
illustrated. 

If  R  is  increased  while  L  and  5  remain  constant,  the  period 
of  the  oscillation,  as  well  as  the  damping,  is  increased  until,  when 
cr  —  Ir,  the  oscillatory  character  of  the  discharge  disappears.  As 
the  resistance  is  still  further  increased,  the  discharge  assumes 
more  and  more  nearly  the  character  of  the  discharge  of  a  con- 
denser through  a  non-inductive  resistance  (Case  I.,  A). 
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The  maximum  and  minimum  ordinates  of  the  current  curve 
are  equal  to  the  corresponding  (to  the  same  time)  ordinates  of 
the  logarithmic  curves  +  5^^""'  and  —  5"^^""',  or  the  logarith- 
mic curves  are  tangential  to  the  current  curve  at  the  maximum 
and  minimum  points. 

The  maximum  and  minimum  ordinates  of  the  charge  curve 
exceed  the  corresponding  ordinates  of  the  logarithmic  curves, 
which  are  therefore  not  tangential  to  the  charge  curve.  The 
ratio  of  a  maximum  or  minimum  ordinate  of  the  charge  curve 
to  the  corresponding  ordinate  of  the  logarithmic  curves  is 
^/(<^  —  «^)i,  which  is  nearly  unity  when  ajb  is  small.  For  the 
case  illustrated  in  the  figure  this  ratio  is  about  1000  to  995,  a 
difference  scarcely  perceptible  in  the  drawing. 

For  one  of  the  most  recent  and  accurate  experimental  investi- 
gations confirming  the  above  theory,  which  is  due  to  Lord  Kelvin 
(1853),  the  reader  is  referred  to  a  memoir  by  Webster  [Physical 
Review,  6,  p.  297,  1898),  where  references  to  the  earlier  literature 
will  be  found. 

44.  Case  IV.  Periodic  E.M.F.  Let  the  electromotive  force  be  a 
simple  harmonic  function  of  the  time,  ^  =  '^^  cos  //,  where  />  = 
27r/7'=  27rn,  T  being  the  time  of  one  complete  period,  and  n 
the  number  of  periods  per  second,  or  the  frequency,  of  the  elec- 
tromotive force. 

In  this  case  we  have,  by  either  of  the  methods  already  fre- 
quently employed, 

Ld'^qldt''  -f-  Rdqldt  -|-  qjS  =  ^^  cos  pt  (99) 

The  general  solution  of  this  equation  is  the  general  solution 
of  (81)  already  obtained,  viz.  (83),  -|-  a  particular  solution  of 
(99).     To  obtain  a  particular  solution  of  (99),  assume 

q=A  cos  {pt—6) 

substitute  in  (99),  and  equate  to  zero  the  coefficients  of  sin  // 
and  cos  pt  separately  (since  the  resulting  equation  must  be  true 
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for  all  values  of  /).     In  this  way  we  find  that  the  above  equation 
is  a  particular  solution  of  (99)  if 

A^%lpiI^+p\L-ilSff]^ 

=  %l/>R[i+L/SI^-{TJT-  T/T,y]i  (100) 

and 

e  =  t2in-'pR/{i/S-Lf) 
Hence 

_ >ir^cos^[//:^n-V^/(i/5-z/)]  ,^^,_^^^,.^^^. 

Since  the  last  two  terms  become  sensibly  zero  a  very  short  time 
after  closing  the  circuit,  we  may  write,  except  during  this  interval, 

g  =  %  cos  {pt  -  e)/p[R'  +  p\L  -  I /sfyy     (102) 

r  J     ,j  ^oCOS(//-^+  7r/2)  .  ^ 

and 

F=^/5  =  ^,cos(//-^)/5/[7e^+/(Z-  i/5/)^4    (104) 

The  angle  Q  is  called  the  phase  difference  (a  term  more  properly 
applied  to  6 l2'rr-  T)  between  ^  and  ^,  or  the  ang-/e  of  lag  of  q 
behind  "^ ,  or  the  angle  of  lead  of  "^  over  q.  Similarly  0  —l'ir=  6' 
is  the  angle  of  lag  of  /  behind  '^,  or  the  angle  of  lead  of  "^  over  /. 

The  quantity  \^R^  +  p^{L  —  ijSf^YY  *^  called  the  impedance 
of  the  circuit  (or  portion  of  the  circuit  considered),  the  quantity 
/(Z.  —  I  ISp''^  its  reactance,  and  the  quantity  i  [Sp"^  its  condensance. 

From  the  way  in  which  S  and  L  enter  into  the  above  equa- 
tions it  is  evident  that  a  condenser  of  capacity  5  in  series  in  the 
circuit  has  the  same  effect  upon  a  simple  harmonic  current  as 
would  a  negative  inductance  equal  to  i  jSp"^.  Thus  condensance 
and  inductance  can  be  made  to  neutralise  one  another's  effects. 

For  given  values  of  ^  and  R  the  amplitude  of  /  reaches  a 
maximum  when  L  —  "^  j  Sp"^  =  o,  that  is  when  p  :=  p^=.  27r/7^, 
where  7^  =  2'jr{LSy  is  the  natural  period  in  which  the  system 
would  execute  oscillations  if  its  resistance  were  zero.     In  this 
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case  6'  =  o,  the  current  is,m  phase  with  the  e.m.f.,  and  has  at 
all  times  the  same  value  as  if  there  were  no  inductance  or  con- 
densance  in  the  circuit.  In  this  case  the  circuit  is  said  to  be  in 
resonance  with  the  e.m.f.  The  relation  between  the  maximum 
value,  or  amplitude, /yi,  of  the  current  and  TlT^  for  a  given  value 
oi  LjSF}  [see  equation  (lOo)]  is  shown  in  Fig.  120. 
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Equation  (104)  may  be  written 

V=  FqCos  ipt-O) 


where 


(105) 


Vf^  being  the  amplitude  of  V.  If  the  denominator  in  this  equa- 
tion is  less  than  unity,  which  is  easily  possible,  f^  will  be  greater 
than  ■^Q,  the  amplitude  of  the  applied  e.m.f.  Differentiation  of 
(105)  shows  that  for  given  values  of  S,  L,  and  R  the  amplitude 


Vq  will  be  a  maximum  when 


/  =  (2Z  -  SR')l2SD 

If  SI^  is  small  in  comparison  with  2L,  this  expression  gives, 
approximately, /'^  =  ifSL,  or 
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r=7;  =  27r(5Z)* 

the  natural  period  of  the  system  without  damping.     In  this  case 

VJ^,  =  {LISI^)^ 

which,  in  accordance  with  the  above  assumption  {zL/R^S  large), 
is  much  greater  than  unity.  This  is  another  illustration  of  the 
effects  of  resonance. 

Equation  (103)  may  be  written 

/=/oCos  {pt-B') 

The  power  supplied  to  the  circuit  by  the  e.m.f.  "^  at  the  time  t  is 

p^^I^  yfr/^  cos  (//  —  0')  cos  pt  (106) 

It  is  easy  to  show,  either  graphically  or  by  means  of  (106), 
that  when  6'  =0,  P  is  always  positive  ;  that  when  6'  is  equal  to 
±17/2  (its  limiting  values  in  the  system  considered),  Pis  posi- 
tive during  half  the  period  and  negative  during  half  the  period, 
no  power  on  the  whole  being  developed  by  the  e.m.f  (to  make 
$'  =  db  7r/2,  /?  must  be  zero  and  either  the  inductance  or  the  con- 
densance  must  be  zero) ;  and  that  when  6'  is  less  than  =b  7r/2 
and  greater  than  zero,  P  is  positive  during  more  than  half  the 
period. 

46.  Dynamical  Analogues.  Consider  the  angular  motion  of  a 
cylinder  C  about  the  vertical  axis  of  a  suspending  wire  AB. 
Let  the  moment  of  inertia  of  C  about  this  axis  be  denoted  by  L, 
and  suppose  the  inertia  of  the  wire  negligible.  When  the  cylin- 
der is  turned  through  an  angle  g,  the  twist  of  the  wire  gives  rise 
to  a  return  torque  V=  qfS,  i/S  being  a  constant  of  the  wire 
depending  upon  its  rigidity  and  dimensions  and  called  its  e/as- 
tance  or  the  reciprocal  of  its  permittance,  tending  to  diminish  q. 
Let  the  motion  of  the  cylinder  be  resisted  by  a  frictional  torque 
proportional  to  its  angular  velocity  dqjdt  =  /,  that  is  by  a 
torque  —  RI  =  —  Rdqjdt,  where  .^  is  a  constant.     At  the  time 
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t  =  o,  let  a  torque  ^,  capable  of  producing  a  final  angular  dis- 
placement g^  =  S^,  be  applied  to  the  system,  or  removed  after 
having  been  applied  sufficiently  long  to  produce  the  maximum 
displacement  q^.  Then  the  equation  of  motion  of  the  cylinder 
after  ^  has  been  applied  or  removed  may  be  found  as  follows  : 
,  The  potential  energy  of  the  system  is 

W=JVdq=lq''lS 

the  kinetic  energy  of  the  system  is 

T=  \Ln  =  mdqjdtf 

the  rate  of  dissipation  of  energy  in  heat  is 

F^RP=R{dqldtf 

the  rate  at  which  energy  is  supplied  to  the  system  is 

^/  =  ^dqjdt 

By  the  principle  of  the  conservation  of  energy 

•    ^I=dWldt+dTldt+F 
whence 

Ld^qjdt^  +  Rdqjdt  +  q/S=^ 

which  is  the  equation  of  motion  sought. 

The  equation  may  be  obtained  also  by  the  direct  application 
of  the  second  law  of  motion.  Thus,  '^,  the  total  torque  acting 
upon  the  cylinder,  consists  of  three  parts  :  A  torque  V=  qj S  to 
balance  the  counter  torque  due  to  the  torsion  of  the  wire,  a 
torque  Rl  =  Rdqjdt  to  balance  the  torque  —  RI  due  to  friction, 
and  a  torque  Ldljdt  =  Ld'^qjdt^  to  balance  the  torque  —  Ldljdt 
due  to  the  inertia  of  the  cylinder,  or  to  produce  the  angular 
acceleration  dljdt.     Hence 

^  =  Ld'^qjdt^  +  Rdqjdt  +  qjS 

The  equation  of  motion  after  the  removal  of  is  ^ 

Ld'^qjdt  2  +  Rdqjdt  +  qjS  =  o 
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In  the  same  way,  if  a  periodic  torque  "^  =  ^^  cos  pt  acts  upon 
the  cylinder,  the  equation  of  motion  is 

Ld^qjdr-  +  Rdqidt  +  qjS  =  ^„  cos  pt 

The  solutions  of  these  equations  are  given  above. 

I.  Let  the  inertia  of  the  cylinder  be  negligible  (Zy^F  sensibly 
zero).  A.  The  cylinder  is  displaced  initially  through  the  angle 
^y,  and  the  wire  possesses  the  potential  energy  ^q^  jS.  If  the 
cylinder  is  suddenly  released,  it  will  begin  to  move  with  the 
angular  velocity  /=  q^j SR,  which  gradually  diminishes  toward 
zero  as  q^  diminishes.  The  potential  energy  is  dissipated  by 
friction  during  the  process.  The  relation  between  q,  I,  and  /  is 
shown  in  Fig.  1 16,  I. 

B.  If  a  constant  torque  "SP"  is  applied  to  the  cylinder  at  rest  in 
its  equilibrium  position,  it  will  suddenly  acquire  an  angular  ve- 
locity /=  "^  jR,  which  will  decrease  toward  zero,  owing  to  the 
return  torque  exerted  by  the  wire,  as  the  angular  displacement 
increases  toward  the  limiting  value  q^=S^.  The  potential  energy 
will  increase  during  the  process  toward  the  limiting  value  ^q^fS, 
and  an  equal  quantity  of  energy  will  be  dissipated  by  friction. 
The  relations  between  q,  I,  and  t  are  shown  in  Fig.  116,  II. 

II.  Let  the  elastance  of  the  wire  be  negligible,  or  let  the  wire 
be  removed  and  let  the  cylinder  be  supported  on  pivots  (^WjT 
sensibly  zero).  A.  If  a  constant  torque  ^  is  applied  to  the  cylin- 
der, its  velocity  and  kinetic  energy  will  increase  from  zero  toward 
the  limiting  values  /='^/R  and  T=^LP.  The  torque  will 
continue  to  dissipate  energy,  the  limiting  rate  being  ^^/R. 

B.  If  the  torque  is  suddenly  removed,  the  cylinder  will  con- 
tinue to  rotate  with  continually  diminishing  velocity  and  energy 
until  the  energy  is  wholly  dissipated  in  heat  by  friction. 

The  relations  between  /  and  t  for  the  two  cases  are  given  in 
Fig.  117. 

III.  Let  both  the  elastance  of  the  wire  and  the  inertia  of  the 
cylinder  be  noticeable  ( W  and  T  both  appreciable).  A  and  B. 
Let  R^I^D  be  equal  to  or  greater  than  i  (SI..     If  the  cylinder, 
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initially  displaced  though  an  angle  q^,  the  potential  energy  being 
\q^lS,  is  suddenly  released,  the  potential  energy  will  decrease, 
the  velocity  and  kinetic  energy  will  increase,  reach  a  maximum, 
and  decrease,  with  q,  indefinitely  toward  zero,  all  the  energy  be- 
ing finally  converted  into  heat. 

If  the  torque  is  suddenly  applied  to  the  cylinder  at  rest  in  its 
equilibrium  position,  the  velocity  and  kinetic  energy  increase 
gradually  from  zero  to  a  maximum,  decrease,  and  approach  zero 
as  the  displacement  and  potential  energy  approach  their  limiting 
values  q^  and  ^q^fS.  During  the  process  an  amount  of  energy 
^q^jS  is  dissipated  in  heat. 

The  relations  between  q,  /,  and  t  for  the  first  case  are  shown 
in  Fig.  1 1 8. 

C.  Let  iJSL  be  greater  than  R^j^D.  First  assume  R  to  be 
zero.  The  initial  displacement  q^  and  potential  energy  ^q^jS 
will  decrease  to  zero  as  the  velocity  /and  the  kinetic  energy  T 
increase  to  maxima  when  the  cylinder  is  in  the  equilibrium  posi- 
tion. The  kinetic  energy  will  carry  the  cylinder  beyond  this  posi- 
tion until  the  displacement  is  —  q^,  when  the  kinetic  energy  and 
velocity  will  be  zero  and  the  potential  energy  equal  to  its  initial 
value.  The  same  phenomena  will  then  recur  in  inverse  order, 
and  so  on  indefinitely,  the  time  of  a  complete  oscillation  being 
7;=27r(5Z)i 

When  R^l4.D  is  not  zero,  the  phenomena  will  be  similar  ex- 
cept that  the  motion  will  be  damped,  each  elongation  being  less 
than  that  immediately  preceding,  since  energy  is  continually  dis- 
sipated by  friction.  The  time  of  an  oscillation  will  be  increased, 
and  the  time  between  zero  elongation  and  zero  velocity  will  not 
be  exactly  one  quarter  of  a  period. 

The  relations  between  q,  I,  and  t  are  shown  in  Fig.  1 1 9. 

IV.  If  an  alternating  torque  "^  =  "^^  cos  pt  is  applied  to  the 
cylinder,  it  will  make  simple  harmonic  vibrations,  after  the 
motion  has  become  steady,  with  the  period  T=  2'7rjp  of  the 
applied  e.m.f.     (99)  may  be  written 

qlS  =  F=  "^0  cos  pt  -  Ld^qjdf  -  Rdqldt 
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If  Zy  Tq  is  very  great,  the  velocity  /  =  dqjdt,  the  acceleration 
iPqjd^,  and  the  second  and  third  terms  of  the  second  member, 
which  are  the  counter  torques  of  inertia  and  friction,  are  very 
small,  so  that  F=  qfS,  the  return  torque  of  the  twisted  wire,  is 
approximately  equal  to  "'P,  the  applied  e.m.f,,  and  its  maximum 
value  Vq  is  approximately  equal  to  ^^,  while  the  maximum 
elongation  is  approximately  equal  to  vS^^. 

If  Tj  Tq  is  very  small,  or  p/p^  very  great,  the  counter  torque 
of  inertia  —  Ld^qfdfi  is  great ;  for  the  acceleration  d^qjd^  is 
proportional  to  /  and  to  the  amplitude  of  the  velocity  dqjdt  and 
is  therefore  great  even  if  this  amplitude  is  small.  Hence  the 
maximum  values  of  q  and  V,  the  twist  and  torque  of  the  wire, 
are  small.     The  velocity  dqjdt  is  also  small. 

If  T=  T^,  the  torque  of  inertia  is  just  balanced  by  the  return 
torque  of  the  wire,  or  the  first  member  of  the  above  equation 
and  the  second  term  of  the  second  member  cancel.  Hence  the 
velocity  reaches  its  maximum  value,  the  whole  torque  ^^  cos  // 
being  applied  to  keeping  up  the  velocity  or  overcoming  friction. 
The  amplitude  of  the  velocity,  and  therewith  the  maximum 
elongation  of  the  cylinder  and  return  torque  of  the  wire,  increase 
until  the  rate  of  dissipation  of  energy  by  friction  is  equal  to  the 
rate  at  which  energy  is  supplied  by  the  e.m.f  ^.  If  the  friction 
is  small,  the  maximum  elongation  and  return  torque  may  be 
much  greater  than  S^^  and  "^q,  which  would  be  produced  by  a 
steady  torque  ^j,. 

46.  The  E.M.F.  Developed  by  Rotating  a  Coil  in  the  Earth's 
Magnetic  Field.  One  of  the  most  obvious  ways  of  developing  a 
simple  harmonic  e.m.f.  of  known  period  and  amplitude  is  to 
rotate  with  constant  angular  velocity  about  a  vertical  axis  in  the 
earth's  magnetic  field  a  coil  of  insulated  wire  wound  upon  a 
rigid  frame  with  the  planes  of  its  turns  parallel  and  vertical,  the 
ends  of  the  coil  being  connected  to  conducting  rings  revolving 
on  the  same  axis,  the  springs  bearing  on  these  rings,  connecting 
the  terminals  of  the  coil  with  the  rest  of  the  circuit. 
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Let  n  denote  the  number  of  turns  in  the  coil,  5  the  average 
area  enclosed  by  a  single  turn,  p  the  angular  velocity,  6  =  pt  the 
angle  made  by  the  planes  of  the  turns  with  the  magnetic 
meridian  at  the  time  /,  and  B  =  /aH  the  horizontal  component  of 
the  earth's  magnetic  induction  (sensibly  equal  in  magnitude  to 
H,  the  horizontal  component  of  the  intensity)  in  the  region 
occupied  by  the  coil. 

Then  at  the  time  t  the  coil  flux  due  to  the  earth's  field  is 

N=  nSB  sin  d 
and  the  intrinsic  e.m.f  developed  in  the  coil  by  its  rotation  is 


^  =  -  dNfcit  =  -  nSB  cos  0  dO/dt 

=  —  pnSB  cos  pt  =  ^Q  cos  // 


(107) 


For  an  accurate  determination  of  a  resistance  in  absolute 
measure  by  a  method  involving  essentially  the  use  of  such  a  coil 
with  known  constants,  see  Lord  Rayleigh,  Phi/.  Trans.,  1882, 
Part  IL 


47.  A  Simple  Harmonic  E.M.F.  Acting  on  Two  Conductors  "With- 
out   Mutual    Inductance    Connected  in    Multiple.     If  an    e.m.f. 


S2 


Fig.  121, 


■^y  COS  pt  is  applied  to  the  terminals  of  the  conductors,  i  and  2,  it 
is  clear  from  §  44  that  the  currents  /^  and  I^  in  the  conductors 
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will  be  simple  harmonic  with  the  period  T-=^  '^''^iP  of  the  e.m.f., 
and  that  their  amplitudes  A^  and  Aj,  will  be  in  the  inverse  ratio  of 
the  impedances.     Thus 

Suppose  Zj  =  5,  =  -A?,  =  R.,  =  o,  approximately  (Fig.  121). 
Then 

AIA,=  ^lfS,L,  (109) 

approximately. 

When  p  is  such  that  fSJL^  =  i,  or  r=  2ir{S^L^^  =  T^,  the 
natural  period  in  which  the  system  1 2  would  execute  electrical 
oscillations  if  isolated  and  without  resistance,  etc.,  A^=.  A^=-  A. 
The  currents  in  the  two  branches  have  in  this  case  the  same 
direction  around  the  circuit  12,  and  the  e.m.f  "^  cos  //  can  be 
removed  after  the  oscillations  are  started  without  affecting  the 
phenomena  (dissipation  and  radiation  of  energy  being  supposed 
zero).  That  I^  and  I^  are  in  this  case  opposite  when  measured 
from  A  to  B,  or  have  the  same  direction  around  the  circuit  1 2,  is 
clear  from  (100).     For  in  this  case  we  have 

^1  =  tan-^  —RJpL^)  =  tt  —  tzn-^RJpL^  =  ir 
and  0^  =  tan-^pR^S^  =  o 

so  that 

I^  =  A  cos  (//  —  ^1  +  |7r)  =  A  cos  {pt  —  |ir) 

=  —  ^  cos  {pt  +  Itt)  =  —  ^  cos  {pf  —  ^2  +  i^r)  =  —  ^t 

Since  the  current  in  the  external  circuit  connected  at  A  and  B 
is  I^-{-  I^=  o,  no  power  is  supplied  by  the  external  e.m.f  This 
also  follows  from  the  consideration  that  /^  lags  90°  behind  ^ 
and  /j  is  in  the  lead  of  '^  by  90°. 

This  is  another  example  of  electrical  resonance. 

48.  Distribntion  of  the  Total  Discharge  Through  Two  Coils  in 
Multiple.     Let  the  terminals  of  the  two  coils,  i  and  2,  be  joined 
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at  A  and  B,  Fig.  122,  and  let  the  e.m.f.  from  A  to  B  aX  the  time 
/  be  denoted  by  ^.  The  discharge  may  be  that  from  a  condenser, 
as  shown  in  the  figure,  or  any  other  form  of  discharge,  and  the 


Fig.  122. 

circuits  may  have  any  inductances  and  mutual  inductance  what- 
ever.    The  capacity  in  each  coil  is  supposed   negligible,  so  that 
the  current  is  the  same  across  every  section  of  each  conductor, 
no  charge  accumulating  at  any  point. 
The  total  charge  traversing  coil  i  is 

^i  =//,^/  =/^/^x  dt  =  I IRJ^  dt 

and  the  total  charge  traversing  circuit  2  is 

q.=S^^dt=i\Rj^dt 

^,  7j,  and  I^  being  considered  positive  when  directed  from  A  to  B. 
Thus  the  total  discharge  ^  =  ^1  +  ^2  ^^  divided  between  the 
two  coils  in  the  ratio 

^1/^2=  RJRi  (no) 

that  is,  in  the  inverse  ratio  of  their  resistances.  Thus  the  total 
discharge  (considered  positive  when  in  one  direction,  negative 
when  in  the  other)  does  not  depend  upon  the  inductances,  but 
only  upon  the  resistances. 

49.  An  Electrical  System  (Transformer)  Consisting  of  Two  Cir- 
cuits, One  of  Whicli  Contains  an  Intrinsic  E.M.F.  ^.  We  shall 
consider  only  the  case  in  which  the  capacities  of  both  circuits  are 
negligible.      Let  the  resistances  and  inductances  of  the  two  cir- 
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cuits  be  denoted  by  R^,  R^  L^,  L^,  respectively,  and  their  mutual 
inductance  by  M\  and  let  the  time  be  reckoned  from  the  instant 
at  which  the  e.m.f.  is  applied  (to  circuit  i),  or  removed,  or  the 
resistance  of  circuit  i  suddenly  altered. 

Case  I.  "^  =  Constant.  The  total  energy  of  the  system  is 
electro-kinetic  and  equal  to 

W^  \L,P  +  MI  J,  +  |Z/,2 

The  rate  at  which  energy  is  dissipated  in  heat  in  the  two  circuits  is 

F=.F,  +  F,=^R,I,'  +  RJ,' 

The  rate  at  which  power  is  supplied  to  the  two  circuits  is 

P=^^/^    ■ 

Therefore,  by  the  principle  of  the  conservation  of  energy, 

P^dWIdt-Jf  F 
or 

I,{L,dIJdt  +  Mdljdt  +  ^/i  -  ^) 

+  IlL^IJdt  +  Mdljdt  +  RJ,)  =  o 

We  proceed  to  show,  quite  independently  of  what  precedes, 
that  each  of  the  expressions  within  parentheses  in  this  equation 
vanishes  separately  ;    that  is,  that 

L^d/Jdt  +  Mdljdt  -\-  RJ,-'^  =  o  (ill) 

and 

L^IJdt  +  Mdl.ldt  +  R/^r=o  (112) 

equations  from  which  /j  and  /^  are  determined  below. 

The  validity  of  these  equations  can  be  established  in  several 
ways.  Thus  the  rate  at  which  electromagnetic  energy  is  gener- 
ated in  circuit  i  plus  the  rate  at  which  energy  is  transferred  from 
circuit  2  to  circuit  i  is  ("^  —  Md/Jdf)/^,  while  the  rate  at  which 
the  electromagnetic  energy  of  circuit  i  increases  plus  the  rate  at 
which  energy  is  dissipated  by  its  resistance  is  d(}LJ^-)/dt  +  RJi^- 
Hence 
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(^  -  Mdljdty,  =  d{\LJ^)  jdt  +  RJ,^      . 

from  which  ( 1 1 1 )  results  immediately. 

(in)  also  follows  immediately  from  Ohm's  law,  the  impressed 
e.m.f.  in  the  circuit  being  "*F  —  L^dljdt  —  Mdljdt. 

(112)  is  obtained  in  exactly  the  same  way  as  (in),  the  intrin- 
sic e.m.f  in  circuit  2  being  put  equal  to  zero. 

If  we  place 

(in)  and  (112)  may  be  written 

L^dl^ldt  +  Mdl^ldt  +  ;?//  =  o  {a) 

and 

L^dl^jdt  +  Mdl^dt  +  RJ^  =  o  {b) 

To  solve  these  equations,  put 

//  =  ^^"^  and  /j  =  B^  {c) 

where  A,  B,  and  m  are  constants  to  be  determined,  and  substi- 
tute in  (a)  and  (p).  On  dividing  the  resulting  equations  by  e^, 
we  obtain,  as  the  conditions  which  the  constants  must  satisfy  in 
order  that  {c)  may  give  the  solution, 

(ZjW  -t-  R^A  +  MmB  ==  o  {d) 

MmA  -\-  {L^m  +  R^B  =  0  (^) 

Eliminating  A  and  B,  we  obtain,  to  determine  m,  the  equation 
{L^L^  -  M^)m^  -H  {R^L,  -h  R.L^m  +  R^R^  =  o  (/) 

whose  roots  are 


and 


_  -  {R,L,  +  R,L,)  -  i{R,L,  -  R,L,f+AR,R^'V    .,. 
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Since  {R^L,  -  R^L^f  =  {R^L,  +  R^L^f  -  4R,R.,L^L^  and  since 
L^L^  —  M^  =  o,  the  quantity  under  the  radical  is  positive  and 
numerically  less  than,  or  equal  to,  the  first  term  of  the  numera- 
tor, and  the  denominators  are  positive  ;  hence  both  m^  and  m^  are 
real  and  negative. 

Making  use  of  {g)  and  {h),  we  can  now  obtain  from  (d)  and  {e) 
the  values  o(  A/B  satisfying  (a)  and  (d).  Thus,  putting  m  =  rn^ 
in  id)  and  {c),  and  denoting  the  resulting  value  of  AlB  by  AJB^, 
we  obtain 

AJB,  =  -  MmJ{L,m,  +  7?^)  =  -  {L^m,  +  R^)IMm,      {i) 

and  similarly,  putting  nt  =  m^, 

AJB,  =  -  MmJ{L,m,  4-  ^,)  =  -  {L,fn,  +  R,)IMm^     (J) 

Thus  the  general  solutions  of  (i 1 1),  (112),  {a),  and  {b)  are 

//  =  I^  —  ^IR^  =  A/^^'  +  A^"^  {k) 


and 

■2  —   -^1"  T-    -^2' 


/,  =  ^1^"  +  ^z"*^' 


=  -  [A,{L,m,  +  R,)/Mm,  ■  e^^'  +  ^^(A^^  +  R^jMm^  e^*) 

where  A^  and  -(^j  are  to  be  determined  from  the  initial  conditions. 
A.  The  circuit  containing  "^  is  suddenly  closed.     The  initial 
conditions  are  I^=  I^=  o  when  t  =  o.     Hence,  from  {i),  {j), 
(/&),  and  (/),  we  obtain 

'"    R\  M    [(^2A  -  ^t>^2)'  +  4^,^2^'']*  1 

(113) 

and 

/,  =  -  ^MI[{R^,  -  R,L,y  +  4/?j/?^2]i.(^»'  -  ^)    (1 14) 

The  relations  between  /,  and  /^  and  the  time  after  closing  the 
circuit   I  are  shown  approximately  for  the  general  case  in  Fig. 
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123.     /j  approaches  asymptotically  a  final  value  "^/-^p  and  I^ 
has  a  maximum  at  the  time  given  by  dijdt  =  o. 

The  total  charge  traversing  circuit  2,  obtained  either  by  inte- 
grating (114)  from  the  time  /  =  o  to  the  time  /  =  infinity,  or 
from  (12)  directly,  is 

=  -  M^/R^R^  =  -  MIjR^ 
if /denotes  the  final  current  '^ jRy  in  circuit  i. 


Fig.  123. 

B.  The  electromotive  force  '^  is  suddenly  cut  out  of  circuit  i 
(without  opening  the  circuit).  The  values  of  the  currents,  in 
terms  of  /j  and  I^,  given  in  (113)  and  (114),  are 

I^'  =  ^IR,-I,=  -I,'  (116) 

and  ^/'=-^2  (117) 

/  now  denoting  the  time  reckoned  from  the  instant  of  cutting  out 
the  electromotive  force. 

50.  Case  II.  The  Electromotive  Force  is  a  Simple  Harmonic 
Function  of  the  Time,  "^^  cos  pt.     In  this  case  we  have 

L^dljdt  +  Mdljdt  +  RJ^  =  ^^  cos  pt  (118) 

and  L^dljdt  +  Mdljdt  +  RJ^  =  0  (119) 
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The  general  solution  of  these  equations  is  that  given  in  (>&) 
(for  //)  and  (/)  added  to  a  particular  solution  now  to  be  obtained. 

Since  the  applied  e.m.f.  is  harmonic,  we  may  assume  that  the 
currents  to  which  it  gives  rise  will  also  be  harmonic  in  the  same 
period.     Hence  we  put 

I^=  A  cos  (//  —  0^)    '  (120) 

and 

i,  =  B  cos  {pt-e;)  (121) 

where  A,  B,  0i  and  ^2  ^^^  constants  to  be  determined.  To  deter- 
mine these  constants,  substitute  (120)  and  (121)  in  (118)  and 
(119),  and  equate  to  zero  the  coefficients  of  cos  //  and  sin  // 
separately,  since  the  resulting  equations  are  true  for  all  values 
of/.     Thus,  putting 

L'.  =  L,-  p'M'L,l{R^  +  fL^  (122) 

and 

R'  =  R,  +fJ\PRJ{R,'  +fL^)  (123) 

we  find,  as  conditions  that  (120)  and  (121)  may  be  solutions  of 
(118)  and  (119), 

A  =  ^,l{R''^p'L'y  (124) 

B  =  MpAI{R,'+p'L,y  (125) 

e^  =  X.^.n-'pL'IR'  (126) 

e.^  =  d,  +  \^n-^{-RJpL,)  (127) 

which,  inserted  in  (120)  and  (121),  give  the  particular  solution 
sought. 

The  terms  given  by  {k)  and  (/)  become  negligible  in  a  very  short 
time,  hence  after  this  time  (120)  and  (121)  are  the  complete  solu- 
tion of  (118)  and  (i  19). 

On  comparing  (120)  and  (124)  with  (103),  we  see  that  the 
current  in  circuit  i  is  the  same  as  it  would  be  if  circuit  2  were 
not  present  and  the  resistance  of  circuit  i  were  increased  from 
R,  to  R'y  and  its  inductance  diminished  from  L^  to  L'. 
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When  p^L^  is  great  in  -  comparison  with  R.^,  (122)  and  (123) 
become  approximately 

U  ^L^-  M^jL^     and  R'  =  R^  +  R^M^jL^ 

If  in  addition  the  coils  are  wound  together  so  that  the  mag- 
netic leakage  is  zero,  or  L^L^  =  M"^,  approximately,  L'  becomes 
approximately  zero.  In  this  case,  6^  =  o,  the  current  in  circuit 
I  being  in  phase  with  the  e.m.f,,  and  0^  =  tt,  so  that  the  current 
in  circuit  2  lags  behind  the  current  (and  e.m.f.)  in  circuit  i  by 
half  a  period. 

If  either  circuit  contains  in  series  a  condenser  of  capacity  S^ 
the  solution  is  obtained,  as  follows  from  §  44,  by  writing  in  place 
of  L^  or  L^,  Zj  —  i/5/^  or  L^  —  i  JSp^,  in  the  expressions  for  A, 
B,  e^,  and  6^. 

If  the  magnetic  field  contains  iron,  or  other  substance  in  which 
hysteresis  occurs,  a  simple  harmonic  applied  e.m.f  will  not  de- 
velop a  simple  harmonic  current.  For  the  current  is  propor- 
tional to  the  magnetic  intensity  H,  by  the  first  law  of  circuita- 
tion,  and  the  induced  part  of  the  total  e.m.f.  is  proportional 
to  the  rate  of  change  dBjdt  of  the  magnetic  induction  B.  But 
if  dB\dt  is  a  simple  harmonic  function  of  the  time,  then,  if  there 
is  hysteresis,  H  cannot  be,  as  is  evident  from  Fig.  1 14.  This  of 
course  applies  to  single  circuits  as  well. 

51.  The  Ratio  of  Transformation  of  Two  Coils  for  Which.  L^L.,  = 
M^  and  R^  =  R^=  o,  approximately.  Let  two  coils  i  and  2  be 
so  wound  that  all  the  magnetic  flux  ^  threads  every  turn  of  both 
coils  {magnetic  leakage  =  o).  Let  coil  i  contain  n^  turns  and 
coil  2  «2  turns ;  then  the  flux  through  coil  i  will  be  N^  =  n^^ 
and  the  flux  through  coil  2  will  be  N^  =  n^. 

The  e.m.f.  applied  between  the  terminals  of  coil  i  will  be 

^^  =  RJ,  -h  dN.ldt 
and  the  e.m.f.  between  the  terminals  of  coil  2  will  be 
■^^=-dNJdt-RJ^ 
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the  same  direction  being  chosen  as  positive  around  both  circuits. 
Hence  if  RJ^  and  RJ^  are  negligible  in  comparison  with  the 
electromotive  forces  of  induction,  we  have,  in  magnitude, 

^,/^2  =  n^d^ldtjn^^ldt  =  njn^  (i  28) 

which  is  called  the  ratio  of  transformation  of  e.mfs  of  the  two 
coils. 

R^  and  R^  above  denote  only  the  resistance  of  the  coils,  or 
those  parts  of  circuits  i  and  2  threaded  by  the  tube.«!  of  magnetic 
induction  common  to  both  circuits. 

The  power  supplied  to  the  system  by  the  e.m.f.  '^^  is  "^^I^,  and 
the  power  supplied  to  that  part  of  circuit  2  outside  the  coil  is 
■^2^2-     When  no  energy  is  dissipated  in  the  coils  we  have 

whence  I^j  l^  =  ^2/^1  —  ^2/^1  (129) 

which  is  the  ratio  of  transformation  of  currents  for  the  case  con- 
sidered. 

52.  Electromagnetic  Repulsion  Between  Two  Circuits.  When 
an  alternating  current  is  induced  in  a  circuit  (2)  owing  to  the 
circulation  of  an  alternating  current  in  a  neighboring  circuit  (i) 
connected  with  an  alternating  current  generator,  a  force  is 
developed  between  the  two  circuits,  positive  or  repulsive  when 
the  two  currents  have  opposite  directions,  and  negative  or 
attractive  when  the  two  currents  have  the  same  direction.  We 
proceed  to  show  that  the  average  force  is  one  of  repulsion. 

For  the  sake  of  simplicity  let  the  two  circuits  be  circular  with 
their  aXes  coincident,  and  let  circuit  (2)  consist  of  a  single  turn 
of  wire.  Let  the  magnetic  flux  through  circuit  (2)  be  a  har- 
monic function  of  the  time, 

N  =  A  cos  nt 

Then  the  outward  radial  component  of  the  magnetic  induction  at 
all  points  of  circuit  (2)  will  be 
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B^  =  a  cos  nt 
where  <a:  is  a  constant 

The  e.m.f.  induced  in  circuit  (2)  will  be 

>P  =  _  dN\dt  =  nA  sin  nt 

and  the  current  in  circuit  (2), 

/=  C  sin  {nt-  6) 

where  C  and  6  are  positive  constants  {6  <  90°). 

The  force  upon  circuit  (2)  in  the  direction  i  2  is  therefore 

i^=  —  y IB^  X  length  of  circuit  (2) 
=  —  cos  7it  ■  sin  (nt  —  6)  x  positive  constant 

When  cos  nt  and  sin  {nt  —  B)  have  the  same  sign,  or  opposite 
signs,  the  force  upon  coil  (2)  is  thus  an  attraction  toward  (i), 
or  a  repulsion  from  (i),  respectively.  On  platting  cos  nt, 
sm{nt  —  6),  and  their  product,  which  is  proportional  to  —  F,  as 
functions  of  the  time,  it  will  be  seen  that,  owing  to  the  lag  of  the 
current,  the  average  force  is  a  repulsion  between  the  circuits. 
The  same  result  follows  from  integrating  Fdt  throughout  a 
complete  period,  the  average  force  being 

-^  I    Fdt  =  —  ^  I    cos  nt  sin  {nt  —  6)-  dt  x  positive  constant 

Analogous  theory  applies  to  a  great  variety  of  cases,  one  of 
the  simplest  being  that  of  a  light  coil,  or  disc,  of  copper,  alu- 
minium, or  other  good  conductor  placed  horizontally  over  an 
electromagnet  with  coils  horizontal.  When  the  magnet  is  power- 
fully excited  by  an  alternating  current  the  disc  or  coil  is  thrown 
violently  up  into  the  air.  Another  interesting  case  is  that  of  a 
horizontal  copper  disc  mounted  on  a  pivot  and  placed  eccentric- 
ally over  the  electromagnet,  with  a  second  disc,  held  likewise 
horizontal,  near  by.  Owing  to  the  asymmetry  thus  introduced, 
the  pivoted  disc  rotates  continuously  while  the  magnet  is  power- 
fully excited. 

53.  The  Comparison  of  a  Mutual  Inductance  and  a  Resistance 
One  (i)  of  the  two  coils,  of  mutual  inductance  M,  is  connected 
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in  circuit  with  a  constant  battery  B  through  a  key  K,  while  the 
other  (2)  is  connected  in  circuit  with  a  ballistic  galvanometer,  the 
total  resistance  of  circuit  (2)  being  R. 

When  a  current  /is  suddenly  started  or  stopped  in  coil  (i) 
by  closing  or  opening  the  key  K,  a  charge  q  =  M//R  circulates 
through  coil  (2)  and  produces  an  angular  throw  d  of  the  needle 
such  that  J^ff|J^  =HT/G'7r-  sin  ^0 

or  M/R=H/G/-T/7r-smie  (130) 

Circuit  (2)  is  now  cut  at  some  point  and  the  resulting  ter- 
minals connected  to  two  points  on  circuit  (i)  with  a  resistance  r, 
very  small  in  comparison  with  the  total  resistance  of  circuit  (i), 
between  them.  This  will  not  sensibly  affect  the  current  in  cir- 
cuit (i),  but  will  cause  a  steady  current 

r/{r+R)I=  H/G-f{e'){see  §  33.  XII.)         (131) 

to  traverse  the  galvanometer,  producing  the  steady  deflection  6'. 
Eliminating  H/ (7/ from  (130)  by  (131),  we  obtain,  finally, 

M/R=r/{r+R)-T/7rsm  ie/F[0')  (132) 

6,  F{6'),  T,  and  the  ratio  of  r  to  r  +  /?  being  observed,  MjR  is 
given  in  absolute  measure  by  (132). 

Absolute  Determination  of  a  Resistance.  From  the  dimensions 
of  the  coils,  if  circular,  toroidal,  or  rectangular,  M  can  be  calcu- 
lated ;  hence  the  method  affords  an  absolute  determination  of  a 
resistance.  See  Glazebrook,  P/ii/.  Trans.,  1883,  for  an  important 
investigation  in  which  this  method  was  adopted. 

The  Comparison  of  Two  Mutual  Inductances.  By  sending  the 
same  current  in  succession  through  the  primaries  of  two  coils 
and  connecting  the  secondaries  in  succession  through  the  same 
galvanometer,  the  total  resistances  of  the  secondary  circuits  in 
the  two  cases  being  R^  and  R^,  the  two  mutual  inductances  Mi 
and  M^,  and  the  two  deflections  ^,  and  0.^,  the  ratio  of  the  two 
mutual  inductances  can  be  obtained  from  the  relation 

MJM,  =  R,  sin  iejR,  sin  ^0,  (133) 
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By  putting  an  adjustable  resistance  in  one  circuit,  or  in  each 
circuit,  and  changing  the  resistance  until  6^  =  d^t  we  have 

MJM,  =  RJR^  (134) 

By  connecting  the  two  secondaries  in  series  with  the  galvano- 
meter permanently,  and  passing  the  same  current  in  succession 
through  the  two  primaries,  we  have 

MJM,=  smiejsmie^  (135) 

The  Comparison  of  Resistances.  The  method  can  also  be  em- 
ployed for  the  comparison  of  two  resistances  in  the  secondary 
circuits.     In  this  case 

R,l  R,=  sm^e  J  sm^e,  (136) 

54.  The  Measurement  of  Magnetic  Induction  by  the  Ballistic 
Method.  A  small  coil  consisting  of  ti  turns  of  fine  insulated  wire 
uniformly  wound  in  parallel  planes,  the  mean  area  enclosed  by 
a  single  turn  being  S,  is  connected  by  twisted  wires  to  the  ter- 
minals of  a  balhstic  galvanometer.  The  coil  is  introduced  into 
the  magnetic  field  at  the  place  where  the  induction  is  to  be  de- 
termined with  the  planes  of  its  turns  perpendicular  to  the  induc- 
tion, and  the  galvanometer  needle  is  brought  to  rest.  Then  the 
coil  is  suddenly  jerked  out  of  the  magnetic  field,  and  the  result- 
ing deflection  6  of  the  galvanometer  needle  is  read.  Let  B 
denote  the  mean  induction  perpendicular  to  the  planes  of  the 
coil's  turns  in  the  part  of  the  field  in  which  the  coil  was  placed, 
and  let  R  denote  the  resistance  of  the  circuit.  Then,  by  (12), 
and  (49)  XII.,  the  charge  traversing  the  circuit  and  producing 
the  deflection  6  is 

g  =  nSBjR  =  H  T/irG  ■  sin  i(? 
from  which 

B^RHT/irnSG  51X1^0  (137) 

If  fi  (sensibly  equal  to  unity  in  nearly  all  cases)  is  known,  the 
magnetic  intensity  can  be  found  by  dividing  B  by  /x. 
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55.  Maxwell's  Method  of  Comparing  Two  Mutual  Inductances. 

In  the  practise  of  this  method  (Fig.  124)  two  of  the  coils  (the 
primaries),  one  from  each  pair,  are  connected  in  series  with  the 
battery  through  a  key  K,  and  the  terminals  of  each  of  the  other 
coils  (the  secondaries)  are  connected  to  the  terminals  of  a 
galvanometer  G  through  an  adjustable  resistance,  connections 
being  so  arranged  that  the  discharges  of  the  two  secondaries,  on 


Fig.   124. 

opening  or  on  closing  K,  when  tested  separately,  traverse  the 
galvanometer  in  opposite  directions.  Then  the  resistances  in  the 
secondaries  are  adjusted  until  the  galvanometer  needle  remains 
undeflected,  i.  e.,  until  the  total  discharge  through  the  galvanome- 
ter reckoned  in  one  direction  is  zero,  when  K  is  opened  or  closed. 
Then,  if  R^  and  R^  denote  the  adjusted  resistances  from  A  to  B 
through  C  and  from  ^  to  ^  through  D,  respectively, 

MJM,  =  RJR,  (138) 

To  prove  this,  let  /  denote  the  current  through  the  battery  and 
primaries,  /j,  /,,  and  /,  =  /j  —  /j  the  currents  from  Ato  B  through 
C,  from  A  to  B  through  D,  and  from  A  to  B  through  the  gal- 
vanometer, at  the  time  /;  and  let  Z,j,  L^,  and  L^  denote  the  in- 
ductances of  ACB,  ADB,  and  AGB,  and  .^3  the  resistance  of 
AGB.     Then  the  impressed  e.m.f.  from  A  to  B  aX  the  time  /  is 

M,dlldt  -  L,d/Jdt  -  RJ,  =  L^{/,  -  Qjdt  +  /?,(/,  -  /J 
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and  the  impressed  e.m.f.  from  B  to  A  at  the  time  t  is 

M^d/jd^  -  L^dljdl  -  R,I,  =  L^d{I,  -  I,)ldt  +  Rll^  -  /J 

Multiplying  each  equation  by  dt  and  integrating  from  the  time 
of  closing  the  circuit  (/  =  o)  to  the  time  at  which  the  battery 
current    becomes  steady  (/  =  /'),  remembering  that   the  initial 

and  final  values  of  /^  and  I^  are  zero  and  that  I    (/j  —  I^dt,  the 

total  discharge  through  the  galvanometer,  is  zero,  and  denoting 
the  steady  value  of  the  battery  current  by  I^,  we  have 


'0 


\  I     I^dt  =  O 

from  which  (138)  immediately  follows,  since. 

I     I^dt=  I     I^dt 

The  Comparison  of  Resistances.  We  can  vary  the  method 
slightly  for  the  comparison  of  two  resistances.  Suppose  the 
balance  given  by  (138)  effected.  Introduce  an  unknown  re- 
sistance X  into  the  branch  ADB,  and  balance  by  adding  a 
known  resistance  R^  to  Ry     Then 

Combining  this  equation  with  (138)  we  find 

XIR^  =  RJR,  =  MJM^  (139) 

If  X  and  R^'  are  both  known,  (139)  gives  M^j M^  without  a 
knowledge  of  RjRy 

56.  Maxwell's  Method  of  Comparing  an  Inductance  and  a  Capac- 
ity. The  given  coil,  with  inductance  L  and  resistance  R,  is  con- 
nected  up  in  a  Wheatstone's  bridge  with   three  non-inductive 
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resistances  P,  Q,  T,  Fig.  125,  and  a  resistance  balance  for  steady 
currents  is  obtained  in  the  usual  way  by  adjusting  the  resistances 
until  the  galvanometer  needle  remains  undeflected  when  /C^  is 


Fig.  125. 

closed  after  K^.     Then,  if  V^  denotes  the  fall  of  potential  from 
A  to  B,  etc.,  and  /  the  current  through  ABC, 

During  the  variable  state  of  the  currents  just  after  closing  or 
opening  K^,  however,  K^  being  open, 

VJ  V^  =  {Rl  +  Ldlldt)!  TI^R\T=  VJ  V^ 

Hence,  if  K^  is  opened  or  closed  while  K^  is  closed,  the  gal- 
vanometer needle  will  be  deflected. 

If,  however,  a  condenser  is  introduced  as  a  shunt  to  DC,  as 
shown  by  the  dotted  lines,  a  part  of  the  current  through  P  will 
be  shunted  into  this  condenser  during  the  rise  of  the  current  after 
the  closing  of  A!",,  thus  reducing  the  current  through  Q  and 
increasing  the  ratio  V^f  V,^ ;  and  during  the  decrease  of  the  cur- 
rent after  the  opening  of  A',  the  discharge  of  the  condenser  will 
increase  the  current  through  Q  and  decrease  the  current  through 
P,  thus  diminishing  the  ratio  V^/  F,^.  Hence,  since  the  law  of 
the  increase  or  decrease  of  the  induced  current  in  an  inductive 
resistance  with  the  time,  and  the  law  of  the  increase  or  decrease 
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of  the  charging  current  of  a  condenser  with  the  time,  are  identi- 
cal, §§  41-42,  an  exact  balance  for  both  transient  and  steady- 
currents  can  be  obtained  by  using,  with  given  inductance  and 
resistances,  a  condenser  of  a  particular  capacity.  By  readjusting 
the  non-inductive  resistances,  however,  a  balance  for  both  steady 
and  transient  currents  may  be  obtained  for  any  inductance  and 
capacity.  Thus,  if  R  and  P  are  fixed,  the  ratio  of  the  effect  of 
the  inductance  to  that  of  the  capacity  is  decreased  by  increasing 
Q  and  T  and  keeping  always  QfT=  P/R.  When  this  double 
balance  has  been  attained,  then,  as  shown  below, 

L/S=RQ  =  PT  (140) 

Anderson's  Modification.  To  avoid  the  necessity  of  this  tedious 
process  of  readjustment  and  trial,  an  additional  non-inductive 
resistance  IV  may  be  inserted  between  D  and  the  condenser  and 
galvanometer,  Fig.    126.      This  will  not  affect  the  balance  for 
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steady  currents,  but  will  enable  the  effect  of  the  condenser  on 
the  balance  for  variable  currents  to  be  altered.  After  the  balance 
for  steady  currents  has  been  attained,  the  resistance  Wis  altered 
until  the  balance  is  good  for  transient  currents  also.     Then 

LIS=W{R-j-T)-\-PT  (141) 

H^thus  increases  the  effect  of  the  condenser.  If  the  condenser 
has  too  great  an  effect  when  W=  o,  PT {or  QR)  must  be  de- 
creased in  the  balance  for  steady  currents. 

To  establish  (141),  let  x,  x,y  -|-  z,y,  and  z  denote  the  currents 
in  the  branches  R,  T,  P,  Q,  and  W,  respectively,  at  the  time  /  after 
closing  or  opening  K^,  the  double  balance  having  been  attained. 
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Then,  since  the  fall  of  potential  along  the  path  ABE  is  equal 
to  that  along  the  path  ADE,  we  have 

Rx  +  Ldxldt  =P{y  -{■  s)-\-  Wz  {a) 

In  the  same  way  the  fall  of  potential  from  D  X.o  C  through  Q 
is  equal  to  that  from  D  X.o  C  through  W  and  the  condenser  ; 
that  is 

Qy^  Wz^[q^^^'^zd^lS  {b) 

where  q^  denotes  the  initial  charge  of  the  condenser. 

Likewise,  the  fall  of  potential  from  E  to  C  through  the  con- 
denser is  equal  to  that  from  E  \.o  C  through  the  galvanometer 
and  7";  or 

[q,Jr^'j^dt^lS=Tx  {c) 

Eliminating  x  and  y  from  (a)  by  {6)  and  (r),  differentiating 

with  respect  to  /,  and  equating  to  zero  separately  the  coefficients 

of  z  and  dzjdt  (since  the  equation  holds  for  all  values  of  z  and 

dzjdt,  including  zero),  we  obtain  the   conditions   of  a    double 

balance  : 

RjT^^PQ  (d) 

the  condition  for  a  balance  for  steady  currents  ;  and  (141),  'i'iz., 

L/S={R+  T)W-^PT 

which  reduces  to  (140)  when  W  =  o. 

Hussell's  Modification.  If  a  given  inductance  is  to  be  com- 
pared with  an  adjustable  standard  capacity,  or  if  a  capacity  is  to 
be  compared  with  a  standard  inductance  which  can  be  adjusted 
to  different  values  without  an  alteration  of  resistance,  the  balance 
for  steady  currents  is  first  effected,  then  the  galvanometer  circuit 
is  closed  and  the  standard  capacity  or  inductance  altered  until 
the  galvanometer  needle  remains  undeflected  when  the  battery 
key  is  opened  or  closed. 
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57.  Maxwell's  Method  of  Comparing  Inductances.  The  two 
coils  whose  inductances  L^  and  L.^  are  to  be  compared  are  joined 
up  with  four  non-inductive  adjustable  resistances  and  a  battery 
and  galvanometer  as  shown  in  Fig.  127.     (The  connections  of 


Fig.  127. 

the  battery  and  galvanometer  may  be  interchanged.)  R^,  R^, 
etc.,  denote  the  total  resistances  in  the  branches  AB,  BC,  etc. 
The  resistances  are  varied  until  the  galvanometer  shows  no  deflec- 
tion for  steady  currents  {K^  closed  after  K^  or  for  transient  or 
variable  currents  (^K^  closed  after  K^  or  opened  before  K^.    Then 


LJL,  =  RJR,  =  RJR, 


(142) 


For,  when  such  a  double  balance  has  been  effected,  the  voltage 
from  ^  to  j5  is  equal  to  the  voltage  from  ^  to  Z>  at  any  time  / ; 

*^^^  '^'  RJ^  +  L^dl.jdt  =  RJ^ 

where  /j  and  /g  denote  the  currents  through  ABC  and  ADC  re- 
spectively. In  like  manner  the  voltage  from  B  io  C  is  equal  to 
the  voltage  from  D  to  C,  that  is 

RJ,  +  L,dIJdt=RJ, 

Combining  these  two  equations  and  dividing  the  resulting  equa- 
tion by  /g,  we  obtain 

■  R,RJ,  -h  L,R,dIJdt  =  R,R/,  -{-  L^R,dIJd^ 
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Since  this  equation  is  true  for  all  values  of  the  current  /,  and 
its  rate  of  change,  including  zero,  we  have 

R,R,  =  R^,  (a) 

which  is  the  condition  for  a  balance  with  steady  currents,  and 

which  is  the  additional  condition  for  a  balance  for  variable  cur- 
rents.     From  these  equations  (142)  follows  immediately. 

Standard  coils  are  constructed  whose  inductances  can  be  varied 
within  wide  limits  without  an  alteration  of  resistance.  If  one  of 
the  coils  to  be  compared  is  a  standard  of  this  kind,  a  balance  for 
steady  currents  is  first  obtained  in  the  ordinary  way;  then,  with- 
out altering  the  resistance  in  any  part  of  the  network,  a  balance 
for  transient  currents  is  made  by  altering  the  inductance  of  the 
standard.     See  §  18.         ' 

58.  Gary  Foster's  Methods  of  Gomparihg  a  Mutual  Inductance 
and  a  Capacity.     Let  connections  be  made  as  in  Fig.  128,  S  and 


Fig.   128. 

M  denoting  the  capacity  and  mutual  inductance,  R^  the  total  re- 
sistance from  A  through  K^  to  B,  and  R^  the  resistance  between 
the  points  A  and  C,  both  resistances  being,  at  least  in  part,  ad- 
justable. If  K^  is  open  and  K^  closed,  then  when  A"  is  opened 
or  closed  a  charge  SR^I  will  traverse  the  galvanometer,  /  de- 
noting the  steady  value  of  the  current  in  the  battery  circuit.  If 
K^  is  open  and  K^  closed,  a  charge  Mll{R^  -\-  g),  where  g  de- 
notes the  galvanometer  resistance,  will  traverse  the  galvanometer. 
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By  reading  the  two  galvanometer  deflections  the  ratio  of  Mto  S 
may  therefore  be  obtained. 

In  Gary  Foster's  null  method  connections  are  so  made  that 
on  closing  K  or  on  opening  K  the  capacity  and  inductance  dis- 
charges are  in  opposite  directions  through  the  galvanometer. 
Then  K^  and  K^  are  both  closed,  and  the  resistances  jR^  and  R^ 
are  adjusted  until  on  opening  or  closing  K  there  is  no  deflection 
of  the  galvanometer  needle,  showing  that  the  total  discharge 
through  the  galvanometer  is  zero.     Then 

M//R^  =  R/S 

g  not  entering  the  expression.      Hence 

MIS=R,R,  (143) 

The  demonstration  is  left  to  the  reader,  who  should  refer  to 

§55. 

59.  Brillouin's  Modification  of  Maxwell's  Method  of  Comparing 
the  Mutual  Inductance,  M,  of  Two  Coils  with  the  Self-Inductance, 
L,  of  One  of  Them.     The  coil  with  inductance  L  and  resistance  R 


Fig.   129. 


is  connected  up  with  three  non-inductive  resistances  P,  Q,  T  in 
a  Wheatstone's  bridge.  Fig.  129,  and  the  other  coil  is  connected 
through  an  adjustable  resistance  to  the  points  A  and  C.  Balance 
is  first  obtained  for  steady  currents  in  the  usual  way,  then  the 
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resistance  5" of  the  branch  ASCis  adjusted  until  the  galvanometer 
shows  no  deflection  when  the  galvanometer  circuit  is  closed  and 
the  battery  key  is  opened  or  closed.  In  order  that  the  mutual 
inductance  of  the  two  coils  may  thus  neutralise  the  effect  of  the 
self-inductance  of  one  of  them,  the  two  coils  must  be  so  con- 
nected that  their  currents  flow  always  in  opposite  directions 
around  the  tubes  of  induction  which  thread  them.     Then 

L/M=  (R  +  T)IS  (144) 

For  the  increase  of  voltage  from  A  to  B  due  to  the  self-induc- 
tance is  L  dxidt,  and  the  decrease  in  the  voltage  due  to  the 
mutual  inductance  is  Mdzjdt,  where  x  and  a  denote  the  currents 
through  ABC  and  ASC  respectively.  Hence,  when  the  balance 
for  transient  currents  is  attained, 

L  dx\dt=  M  dz\dt 

Integrating  through  the  time  /  in  which  the  currents  rise  from 
zero  to  their  steady  values  x^  and  z^,  or  in  which  they  drop  from 
their  steady  values  to  zero,  we  have 

L  I  dx\dt dt=  Lx^  =  Ml  dzjdtdt  =  Mz^ 

Hence  Z/i?/=  z^jx^  =  (^  +  T)IS 

60.  The  Comparison  of  a  Capacity  with  a  Resistance.  A  ca- 
pacity may  be  compared  with  a  resistance  by  a  method  exactly 
analogous  to  that  of  §  53,  as  shown  in  §  36,  XII.  The  following 
null  method,  due  to  Maxwell,  is,  however,  much  to  be  preferred. 

One  branch  of  the  Wheatstone's  bridge,  as  the  branch  23,  Fig. 
76  is  cut  and  a  condenser  AB  inserted,  the  plate  B  being  con- 
nected by  a  wire  of  negligible  resistance  to  the  point  3,  and  the 
plate  A  being  connected  in  the  same  way  with  a  rapidly  and 
uniformly  moving  commutator,  which  puts  it  alternately  into 
electrical  contact  with  the  point  3  and  the  point  2.  When  A  is 
connected  to  3  the  condenser  is  short-circuited  and  the  galvanom- 
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eter  is  traversed  by  a  current  in  the  direction  24 ;  while  during 
a  part  of  the  time  the  plate  A  is  connected  with  2  the  galvanom- 
eter is  traversed  by  a  current  in  the  opposite  direction  42,  the 
plate  A  being  charged  through  the  galvanometer  and  the  branch 
1 2.  If  the  period  of  the  galvanometer  needle  (or  coil)  is  great  in 
comparison  with  the  period  of  the  commutator,  a  steady  deflec- 
tion will,  in  general,  result.  By  suitably  adjusting  the  resistances 
a,  b,  and  d,  however,  the  average  current  through  the  galvanom- 
eter, reckoned  as  positive  in  one  direction  and  negative  in  the 
other,  may  be  made  zero,  when  the  galvanometer  will  show  no 
deflection  whether  the  battery  is  connected  to  the  bridge  or 
not.  This  is  the  only  adjustment  to  be  made  in  the  practise  of 
the  method. 

When  this  balance  has  been  effected,  the  average  voltage 
from  I  to  2  is  equal  to  the  average  voltage  from  i  to  4,  i.  e.,  to 

b'^l{d+b) 

if  ^  denotes  the  e.m.f  of  the  battery,  and  if  the  battery  resistance 
is  negligible  (a  condition  easy  to  attain)  in  comparison  with  that 
of  the  bridge  (from  point  i  to  point  3).  Hence  the  average  value 
of  the  current  in  the  branch  1 2  is 

I  =  b-^ir  I  a{b  +  d) 

and  this  is  equal  to  the  average  charging  current  of  the  con- 
denser, since  the  average  current  through  the  galvanometer  is 
zero. 

The  voltage  of  the  condenser  when  fully  charged'  is  the  volt- 
age between  the  points  i  and  2  when  the  current  in  every  part  of 
the  bridge  has  reached  its  steady  state.  This  voltage  is  readily 
seen  to  be 

.I^       bg+d{a  +  b+g) 
b{a^g)  +  d{a  -Vb^-g) 

Hence,  if  n  denotes  the  frequency  of  the  commutator,  or  the 
number  of  times  the  condenser  is  charged  per  second,  and  5  the 
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capacity  of  the  condenser,  the  average  value  of  the  charging  cur- 
rent of  the  condenser  is 


/=uS^ 


K^  +  g)  +  d{a  +  f>-^g) 


Equating  the  two  expressions  for  /  and  solving  for  S,  we 
obtain 

b[b{a+g)  +  d{a  +  b+g)y  ,  ^   . 

•^  -  na{b  +  d)\bg  +  d{a  +  b  +  g)]  ^'^S) 

When  the  condenser  has  a  guard  ring,  this  method  cannot  be 
used  without  an  inconvenient  modification,  f  A  much  simpler 
method,  however,  equal  in  accuracy,  can  be  used  in  all  cases.  A 
galvanometer  with  two  independent  coils  acting  on  the  same 
needle  (differential  galvanometer)  has  the  intermittent  condenser 
current  sent  through  one  coil  and  a  steady  current  from  the 
battery  in  the  opposite  direction  through  the  other.  The  deflec- 
tion is  reduced  to  zero  by  suitably  adjusting  the  resistance  con- 
nected with  this  second  coil.  This  method,  due  to  Klemencic, 
has  been  used  with  great  precision  by  Himstedt  %  and  by  H. 
Abraham  §  in  the  determination  of  a  (XIV.,  §  4). 

Comparison  of  Capacities.  These  methods  also  serve  admira- 
bly for  the  comparison  of  capacities,  only  the  ratios  of  the  re- 
sistances being  necessarily  known. 

61.  The  Comparison  of  an  Inductance  with  a  Resistance.  The 
coil  AB,  with  inductance  L,  is  connected  up  with  three  non-in- 
ductive resistances  /*,  Q,  and  T,  a  galvanometer,  and  a  constant 
battery,  as  shown  in  Fig.  125  (the  dotted  lines  being  annulled), 
and  a  balance  for  steady  currents  is  effected  in  the  usual  way. 
With  the  key  K^  closed,  K^  is  then  either  opened  or  closed,  when 
the  flux  through  the  coil  will  change  from  LI  to  o  or  from  o  to 

*H.  Abraham,  Ann.  de  Chim.  et  de  Phys.,  Vol.  27,  1892. 

t  For  an  important  investigation  in  which  the  method  was  modified  and  used  with 
.1  guard  ring  condenser,  see  Thomson  and  Searle,  Phil.  Trans.,  A,  1890. 
XWied.  Ann.,  Vol.  35,  1888. 
§  Loc.  cit. 
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LI,  /denoting  the  steady  value  of  the  current  in  AB.  Owing 
to  the  change  of  flux  and  the  e.m.f.  developed  thereby  in  the 
coil  AB,  a  charge  q  proportional  to  Z/will  traverse  the  galva- 
nometer, producing  an  angular  throw  6,  such  that 

H  T 

q  =  KLI=  ,.-  sinA^ 

where  iT  is  a  constant  depending  on  the  resistances. 

The  balance  for  steady  currents  is  then  disturbed  by  increasing 
or  decreasing  the  resistance 'i?  of  the  branch  AB  by  a  very  small 
quantity  A^.  If  I'  denotes  the  new  value  of  the  steady  current 
in  AB,  an  e.m.f.  I' b.R  will  thus  exist  in  the  branch  during  the 
steady  state,  and  a  steady  deflection  0'  of  the  galvanometer 
needle  will  result,  such  that 

KI'^R=  ^F{e') 

K  being  the  same  constant  occurring  in  the  previous  equation. 

Eliminating  K  from  the  two  equations  and  solving  for  L,  we 
have 

The  ratio  /'  //  of  the  final  and  initial  values  of  the  steady 
current  in  AB  can  be  calculated  from  the  resistances  in  the 
bridge.  It  is  obvious  that  ordinarily  the  ratio  will  be  sensibly 
equal  to 

r__      R+T 
'I~  R  +  AR+T 

which  is  very  nearly  unity. 

The  method  was  originated  by  Maxwell,  and  was  first  used 
with  precision  in  an  important  investigation  by  Lord  Rayleigh 
(PhV.  Trans.,  Part  II.,  1882). 


CHAPTER    XIV. 

UNITS   AND    DIMENSIONS. 

1.  The  Electrostatic  Systems  of  Units,  (i)  The  rational  electro- 
static system.  The  rational  electrostatic  unit  charge,  fully  dis- 
cussed in  Chapter  I.,  is  defined  by  the  equation 

q={AprcDF)^  (I) 

where  L  and  /'are  expressed  in  c.g.s.  units  and  c  is  expressed 
in  terms  of  the  permittivity  of  free  aether  {c^  as  unit  permittivity. 

From  this  fundamental  definition  and  the  further  definition  that 
all  the  equations  hitherto  developed  (except  those  specified  as 
belonging  to  irrational  systems)  hold  good  for  all  rational  systems 
of  units  (electromagnetic  as  well  as  electrostatic),  the  definitions 
of  the  rational  electrostatic  units  of  all  the  other  electrical  quan- 
tities follow.  Thus  the  definition  of  the  RES  unit  current  is 
given  by  the  equation  /=  ^//,  /being  expressed  in  RES  unit 
current  when  q  is  expressed  in  the  RES  unit  charge  and  /  in  the 
c.g.s.  unit  time ;  similarly,  the  definition  of  the  RES  unit  mag- 
netic intensity  then  follows  from  the  relation  ft  =  m.m.f.  =  H 
X  2'jrd=I{%  14  or  15,  XII.);  the  definition  of  the  i?/"5  unit 
magnetic  pole  strength  then  follows  from  the  equation  m  =  FjH; 
and  then  the  definition  of  the  RES  unit  magnetic  inductivity  from 
the  equation  jx  =  it^l/^irV-F ;  etc. 

(2)  The  common  or  irrational  electrostatic  system.  If,  however, 
while  the  units  of  permittivity,  force,  and  length  remain  un- 
changed, A,  equation  (i'),  I.,  is  put  equal  to  unity  instead  of  47r, 
we  obtain,  as  the  definition  of  the  (irrational  or  common)  electro- 
static unit  charge,  the  equation 

q  =  {clJFf  (2) 

415 
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On  comparing  this  equation  with  (i)  we  see  that  the  electro- 
static unit  just  defined  is  equal  to  (47r)i  times  the  rational  unit. 

The  system  of  electrical  units  built  up  from  this  unit  charge 
as  fundamental  unit  in  a  manner  exactly  similar  to  that  in  which 
the  rational  system  is  built  up  from  the  RES  unit  charge,  with 
the  exception  of  a  few  units,  such  as  intensity  of  electrisation  or 
magnetisation,  which,  as  stated  in  appropriate  places  in  the  text, 
are  differently  defined,  is  called  the  electrostatic  {ES)  system  of 
units. 

2.  The  Electromagnetic  Systems  of  TTnits.  (i)  The  rational 
electromagnetic  system.  The  rational  electromagnetic  unit  mag- 
netic pole  strength  is  defined  by  the  equation 

m  =  {^iTfiL'T)^  (3) 

where  L  and  /^are  expressed  in  c.g.s.  units  and  fi  is  expressed 
in  terms  of  the  inductivity  of  free  aether  (/i,,)  as  unit  inductivity. 

From  this  fundamental  definition  and  the  general  equations 
already  developed  for  systems  defined  as  rational,  the  definitions 
of  the  rational  electromagnetic  units  of  all  the  other  electrical 
quantities  follow.  Thus  the  REM  unit  magnetic  intensity  is 
defined  by  the  equation  H  =  FJm,  H  being  expressed  in  the 
REM  unit  magnetic  intensity  by  definition,  when  m  is  expressed 
in  the  REM  \xxi\t  pole  strength  and  Fxn  c.g.s.  units  ;  the  REM 
unit  current  is  defined  by  the  relation  /=  FjBL  or  /=  2'ird  x  H] 
the  REM  unit  electric  charge  from  the  relation  q=.  It\  the  REM 
unit  electric  permittivity  from  the  equation  c  =  q^ I^.ttL-F;   etc. 

(2)  The  common  (or  irrational)  systein.  If,  without  changing 
the  units  of  inductivity,  force,  or  length,  we  put  A,  (i),  XL,  equal 
to  unity  instead  of  47r,  we  obtain,  as  the  definition  of  the  electro- 
magnetic [EM)  unit  pole  strength,  the  relation 

m  =  {fiL'Ff  (4) 

On  comparing  this  equation  with  (3)  we  see  that  the  electro- 
magnetic unit  just  defined  is  equal  to  (47r)'  times  the  electromag- 
netic rational  unit  pole  strength. 
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The  system  of  electrical  units  built  up  from  this  unit  pole 
strength  as  fundamental  unit  in  a  manner  exactly  similar  to  that 
in  which  the  rational  system  is  built  up  from  the  REM  unit  pole 
strength,  with  the  exceptions  referred  to  in  the  closing  para- 
graph of  §  I ,  is  called  the  electromagnetic  system  of  units. 

3.  Relations  Between  the  Units  of  Different  Systems.  Every 
equation  developed  in  the  preceding  chapters  holds  good,  as 
already  stated,  by  definition,  when  every  electrical  quantity  oc- 
curring therein  is  expressed  in  its  rational  electrostatic  unit,  or 
when  every  electrical  quantity  is  expressed  in  its  rational  electro- 
magnetic unit,  all  other  quantities  being  expressed  in  cg.s.  units. 
Every  one  of  these  equations  that  contains  the  definition  of  a 
unit,  moreover,  except  those  defining  unit  charge,  unit  pole 
strength,  and  the  other  units  referred  to  in  the  closing  paragraph 
of  §  I  and  mentioned  in  the  appropriate  places  in  the  text,  is 
valid  also  when  expressed  in  irrational  units  throughout,  either 
all  electrostatic  or  all  electromagnetic.  Thus,  on  any  system 
of  units,  electric  intensity  is  defined  as  the  force  per  unit  charge, 
magnetic  intensity  as  the  force  per  unit  pole  strength,  electric 
displacement  as  permittivity  x  intensity,  capacity  as  charge  per 
unit  voltage,  etc.  The  following  definitional  equations,  in  which 
plain  letters  denote  quantities  expressed  in  rational  units  and 
primed  letters  quantities  expressed  in  irrational  units,  will  serve 
as  examples :  p^^^  pjgt 

F=  Hm  =  H'm' 
dr  =  dqlp=:.  dq'  jpf 
c^DlE=D'jE 
fi=BIH==  B'lfT 
t^qll^q'ir 
•  F\L  =  IB=  I'B' 
dnidt=^RP  =  R'r^ 
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S=glV,     S'  =  q'IV' 
(but  5  =  jDdSj  Fand  S'  =fD'dS/4-jr  V) 

P=  ^/n,  F  =  ^'  l£i' 

L=NII,  L'  =  N'II' 

etc.,  nearly  all  the  equations  being  identical  on  the  two  systems. 
On  the  other  hand,  while  some  of  the  derived  equations  are 
identical  in  the  rational  and  irrational  systems,  many  are  not 
identical.  Thus,  for  example,  on  developing  the  equations  for 
the  irrational  systems,  we  find  that 

n'  =  4'7r^',  while  Yl  =  q 

S'  =  Wj^irV,  while  ^=  H/F 

V  =  q'jcL,  while  V=  qj^trcL 

U'  =  icBy 4'7r,  while  (/=  ^cE' 

T'  =  111^^1417,  while  r=i/i//2 

curl  H'  =  47ri',    while  curl  H  =i 
while  £iSo 

W=  \S'  V'  =  Iq'^jS'  =  Iq'  V  =  \SV^  =  \^IS  =\qV 

W=  \L'I'''  =  \LP 

curl  E  -=  —dB'jdt,  curl  ^=  —  dBjdt     etc.,  etc. 

The  ratio  of  the  rational  electrostatic  unit  of  a  given  quantity 
to  the  irrational  electrostatic  unit  of  the  same  quantity  is  always 
equal  to  the  ratio  of  the  corresponding  rational  electromagnetic 
unit  to  the  irrational  electromagnetic  unit.  This  ratio  for  each 
of  the  principal  electrical  quantities  is  given  in  Table  TI. 
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The  ratio  of  the  rational  electrostatic  unit  to  the  rational 
electromagnetic  unit  of  a  given  quantity  is  always  equal  to  the 
ratio  of  the  irrational  electrostatic  unit  to  the  irrational  electro- 
magnetic unit  of  the  same  quantity.  This  ratio  can  easily  be 
found  in  any  case  from  the  equations  defining  and  connecting  the 
units,  and  the  relation  given  in  §  4,  XII.,  between  the  electro- 
magnetic and  electrostatic  unit  current.  Thus  the  electromag- 
netic unit  charge  or  current  is  a  times  as  great  as  the  corre- 
sponding electrostatic  unit ;  the  electrostatic  unit  magnetic  pole 
strength  is  a  times  as  great  as  the  electromagnetic  unit  pole 
strength ;  the  electromagnetic  unit  permittivity  is  a?"  times  as 
great  as  the  electrostatic  unit  permittivity ;  the  electrostatic  unit 
inductivity  is  (^  times  as  great  as  the  electromagnetic  unit  in- 
ductivity,  etc.,  etc.;  the  ratio  of  the  electrostatic  to  the  electro- 
magnetic unit  being  always  a,  a^,  ar^,  or  <a:~^. 

The  ratio  of  the  electrostatic  to  the  electromagnetic  unit  of 
each  principal  electrical  quantity  is  given  in  Table  II.  The  table 
also  contains  the  ratio  of  the  rational  electrostatic  unit  of  each 
quantity  to  the  irrational  electromagnetic  unit. 

As  shown  by  the  table,  or  by  the  preceding  statement,  the  per- 
mittivity of  free  aether,  which  is  unity  on  the  electrostatic  systems, 
is  1 1  a''  X  unity  on  the  electromagnetic  systems.  Also,  the  in- 
ductivity of  free  aether,  which  is  unity  on  the  electromagnetic 
systems,  is  i  ja^  x  unity  on  the  electrostatic  systems.  Thus  the 
product  of  the  permittivity  of  free  aether  by  its  inductivity,  both 
measured  on  the  same  system  of  units,  is  equal,  numerically, 
to  ija^. 

Of  the  dimensions  (§  6)  of  «  nothing  is  known.  In  all  that 
precedes  we  have  assumed  its  dimensions  to  be  zero,  and  we 
shall  adhere  to  this  assumption  in  what  follows,  that  is  we  shall 
treat  «  as  a  mere  number,  except  where  the  contrary  is  stated. 

4.  Experimental  Determination  of  the  Magnitude  of  a.  To  de- 
termine the  value  of  a  experimentally,  it  is  necessaty  only  to  find 
the  ratio  between  the  electrostatic  and  electromagnetic  measures 
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of  any  one  electrical  quantity.  This  will  furnish  a  or  sl  known 
power  of  a  according  to  what  precedes.  Hence  the  ratio  a  can 
be  determined  in  a  great  variety  of  ways.  For  example,  the 
capacity  of  a  standard  condenser  can  be  determined  in  absolute 
electrostatic  measure  from  the  measurement  of  its  geometrical 
dimensions  (§§1-2,  III.),  and  can  be  determined  in  absolute  elec- 
tromagnetic measure  by  comparison  with  a  resistance  (§60,  XIII.), 
or  a  mutual  inductance  (§58,  XIII.),  or  other  electrical  quantity, 
independently  determined  in  absolute  measure  according  to  the 
methods  described  above,  or  other  methods.  By  such  methods, 
and  a  number  of  others,  some  of  which  will  be  apparent  from 
the  methods  of  measurement  previously  discussed  in  this  book, 
a  has  been  determined  with  considerable  precision.  The  best 
results  all  lie  close  (within  a  few  tenths  per  cent.)  to  3  x  10'°. 

For  some  of  the  most  recent  and  best  determinations,  see 
Thomson  and  Searle,  P/ii/.  Trans.,  A,  1890;  H.  Abraham,  yl««. 
de  Chim.  ct  de  Phys.,  Vol.  27,  1892  ;  and  D.  Hermuzescu,  Ann. 
de  Chim.  et  de  Phys.,  Vol.  10,  1897. 

According  to  the  theory  developed  in  Chapter  XVI.,  electro- 
magnetic waves  are  propagated  in  free  aether  with  the  velocity 
v=  i/(^o/*o)*»  which  is  equal  to  a  numerically.  This  velocity  has 
been  determined  approximately  for  long  waves,  and  very  accu- 
rately for  extremely  short  waves  (light),  and  found  to  agree  with 
a  as  otherwise  determined  within  the  limits  of  error  of  experiment. 

5.  Practical  Units.  The  rational  systems  of  units  are  at  present 
unfortunately  but  little  used,  and  the  irrational  electrostatic  system 
is  used  only  in  pure  science  and  mostly  for  theoretical  purposes. 
The  irrational  electromagnetic  system,  on  the  other  hand,  is  more 
extensively  used.  For  the  purposes  of  ordinary  experimental 
work,  however,  especially  for  the  purposes  of  electrical  engi- 
neering, many  of  the  electromagnetic  units,  as  well  as  many  of 
the  c.g.s.  mechanical  units,  are  inconveniently  large  or  small. 
Hence  a  practical  system  of  units,  each  a  decimal  multiple  or 
submultiple  of  the  corresponding  (irrational)  electromagnetic  unit. 
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or  the  c.g.s.  mechanical  unit,-  has  been  developed  in  which  each 
of  the  units  most  frequently  employed  in  practice  has  a  magni- 
tude of  the  same  order  as  that  of  the  quantities  with  which  it  is 
ordinarily  to  be  compared.  These  units  are  so  chosen  as  to  form 
a  self-consistent  system  satisfying  all  the  equations  satisfied  by 
the  electromagnetic  system,  except  those  equations  which  are  not 
wholly  made  up  of  quantities  whose  units  are  defined  in  the  prac- 
tical system.  The  units  of  mass,  length,  permittivity,  and  ineiuc- 
tivity  are  the  same  in  both  systems.  The  relations  between  the 
other  practical  units  and  the  electromagnetic  units  are  given  in 
Table  II.  together  with  the  names  of  the  practical  units. 

A  unit  one  million  (lo^)  times  as  great  as  any  one  of  these 
units  is  designated  by  the  name  of  the  unit  with  the  prefix  mega 
or  m.eg.     Thus  a  megohm  is  one  million  ohms. 

A  unit  one  millionth  (lO"")  as  great  as  any  one  of  these  units 
is  designated  by  the  name  of  the  unit  with  the  prefix  micro. 
Thus  a  microvolt  or  -microfarad  is  one  millionth  of  a  volt  or  a 
farad. 

In  like  manner  the  prefixes  deka,  deci,  centi,  etc.,  are  attached 
to  the  names  of  the  units  with  the  same  effects  as  they  have  upon 
the  common  units  of  the  metric  system. 

6.  The  Dimensions  of  Electrical  Quantities.*  As  already  stated, 
nothing  is  known  of  the  physical  nature,  or  dimensions  in  mass, 
length,  and  time,  of  the  quantities  c,  \x,  and  a.     Hence,  since 

*  Vector  Dimensions.  In  the  system  of  dimensions  adopted  here  no  account  has 
been  taken  of  the  fact  that  a  length,  unlike  a  mass  or  a  time,  is  a  vector,  or  directed 
quantity.  Thus,  on  this  system,  the  dimensions  of  a  plane  angle,  which  is  a  length 
divided  by  a  length,  are  zero  in  [^/],  [Z],  and  [7"],  although  one  of  the  lengths  is 
perpendicular  to  the  other  ;  the  dimensions  of  a  solid  angle  are  zero,  although  it  is  a 
surface  divided  by  the  square  of  a  length  perpendicular  thereto ;  the  dimensions  of 
work  (force  X  distance  in  direction  of  force)  are  equal  to  the  dimensions  of  torque 
(force  X  distance  perpendicular  to  force),  etc.,  etc.  Yet  there  is  an  essential  difference 
between  a  mere  number,  which  of  course  has  no  dimensions,  and  a  plane  or  solid 
angle,  and  there  is  an  essential  difference  between  the  physical  nature  of  a  quantity  of 
work  and  a  torque. 

These  anomalies  vanish,  however,  if  we  express  all  dimensions  in  terms  of  \_M'\, 
[Z*],  and  [X],  \_y'\,  and  [^],  three  lengths  at  right  angles  to  one  another,  thus 
taking  account  of  the  vector  nature  of  L.     On  this  system,  a  plane  angle  has  such 
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every  electrical  unit  involves  one  or  more  of  these  quantities,  the 
complete  dimensions  of  every  electrical  quantity  are  unknown. 
If,  however,  [r],  [/i],  and  [«]  are  written  for  the  unknown 
dimensions  in  mass,  length,  and  time  of  r,  fi,  and  a,  respectively, 
a  complete  expression  for  the  dimensions  of  every  electrical  quan- 
tity can  be  written  down.  Thus,  if  the  dimensions  of  any  quan- 
tity are  obtained  from  the  equations  of  either  of  the  electrostatic 
systems,  they  will  be  expressed  in  terms  of  [M'\,  [/^],  [T"],  anJ 
[rt;]  and  [r]  ;  if  they  are  obtained  from  the  equations  of  either 
electromagnetic  system,  they  will  be  expressed  in  terms  of  [^1/] , 
[Z,],  [T'\,  [<?],  and  [/i].  The  dimensions  of  all  the  principal 
electrical  quantities,  both  in  terms  of  [<?]  and  [f]  and  in  terms 
of  [a]  and  [/x],  are  given  in  Table  II. 

Since  the  actual  dimensions  in  \M^,  [-Z],  and  [7^]  of  any 
electrical  quantity  must  be  the  same  whether  expressed  in  terms 
of  \a\  and  [r]  or  in  terms  of  \a]  and  [/*],  the  dimensions  of 
any  quantity  in  terms  of  \a'\  and  [c]  may  be  equated  to  its  di- 
mensions in  terms  of  [a]  and  [/x] .  Thus,  equating  the  dimen- 
sions of  electric  charge  in  terms  of  [«]  and  [c\  to  its  dimensions 
in  terms  of  [a]  and  [/x] ,  we  obtain 

or  [^/a/.i]  =  [L/T]  (5) 

That  is,  the  quantity  a/c^fi^  is  a  linear  velocity.  Exactly  the  same 
relation,  (5),  and  only  this  relation,  follows  from  equating  the  two 
expressions  for  the  dimensions  of  any  other  electrical  quantity. 

The  velocity  of  electromagnetic  waves  as  determined  from  the 
equations  of  Chapter  XVI.  is  i/(/a^)*.  In  these  equations,  how- 
ever, as  stated  above,  the  dimensions  of  a  are  ignored.  If  this 
is  not  done,  it  is  easy  to  see  that  the  velocity  comes  out  equal 
to  i/(/*^)*  X  \_a\,  which  is  numerically  equal  to  \l{ciif  and  is 
dimensionally  correct  by  (5). 

dimensions  as  [^V'K-']  or  [  YZ-^\,  a  solid  angle  such  dimensions  as  [Xl'Z-']  or 
(  YZX-^);  a  quantity  of  work  such  dimensions  as  l.UX^T-^y,  a  torque  such  dimen- 
sions as  \^AfXYT—^'\;  etc.  This  is  therefore  a  rational  system  of  dimensions.  This 
system  of  dimensions,  as  applied  to  mechanical  and  electrical  quantities,  is  discussed 
at  length  by  W.  Williams,  in  the  Philosophical  Magazine,  September,  1892. 


CHAPTER   XV. 

THE   GENERAL   ELECTRIC   CURRENT. 

1.  Displacement  Current  and  Magnetic  Intensity.  It  has  been 
shown  in  §  27,  XIII.,  that  when  no  other  kind  of  current  is 
present  the  conduction  current  across  a  surface  is  equal  to  the 
m.m.f.  around  the  edge  of  the  surface,  and  that  the  conduction 
current  density  is  equal  to  the  curl  of  the  magnetic  intensity. 

That  a  changing  electric  displacement,  or  a  pure  displacement 
current,  also  gives  rise  to  a  magnetic  field  similar,  qualitatively, 
to  that  of  a  conduction  current  Hertz  proved  by  direct  experi- 
ments. Consistently  with  these  experiments,  we  shall  here  as- 
sume that  a  given  displacement  current  develops  a  magnetic 
field  similar,  both  qualitatively  and  quantitatively,  to  that  con- 
nected with  a  conduction  current  of  the  same  magnitude  and 
distribution.  The  very  important  consequences  of  this  assump- 
tion are  in  rigorous  accord  with  experiment  (XVI.).  Thus  we 
may  write  for  a  closed  curve  through  which  the  electric  flux  is 
changing  and  through  which  there  is  no  other  form  of  current 
than  a  displacement  current, 

£l  =  I^  =  dTildt  (i) 

and  curl  H=i^=  dDjdt  (2) 

which  are  analogous  to  (8)  and  (9),  XIII. 

O  is  called  an  induced  m.m.f.,  and  H  an  induced  magnetii 
intensity. 

2.  The  Magnetic  Field  Induced  by  the  Motion  of  a  Concentrated 
Charge.      Let   an  approximately  concentrated    charge  q  =  pdr 
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move  with  a  velocity  v,  Fig.  1 30.  Let  11  denote  the  electric 
flux  through  a  circle  of  any  radius  a  with  its  axis  passing  through 
dr  parallel  to  v,  and  let  the  direction  of  v  be  chosen  as  the  posi- 
tive direction  through  the  circle.  Owing  to  the  motion  of  the 
charge  with  its  field  the  flux  through  the  circle  will  increase  at 
the  rate  dU/dt  and  a  m.m.f.  equal  to  ft  =  dUjdt  will  be  induced 
in  the  positive  direction  around  the  circle.     By  symmetry,  the 


q-PdT 


Fie.  130. 

induced  magnetic  intensity  H  is  equal  in  magnitude  at  all  points 
of  the  circle  which,  like  all  other  parallel  circles  centered  on  the 
same  axis,  is  a  line  of  magnetic  intensity.  Let  9  denote  the 
angle  between  v  and  the  direction  of  D  at  every  point  of  the  cir- 
cle ;  then 

dlijdt  =  z^  •  sin  6  •  2'TraD  =  ft  =  2'jraH 

and  the  directions  of  the  vectors  are  so  related  that  this  equation 
gives 

(3) 


H=\/vDsine 


which  is  analogous  to  (5^),  XIIL 

Thus  the  magnetic  intensity  is  developed  by  the  motion  of  the 
tubes  of  electric  displacement  at  right  angles  to  their  length. 

Since  in  the  case  considered 

D  =  qJA-TTf^  =  qrl^irr^ 
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where  ^  (=  ^  numerically)  is  -the  distance  of  the  circle  from  dr, 
(3)  is  equivalent  to 

H  =  \  l^-irr^  ■  Vvq  rsm.d=  drj/Y^'r^  ■  Wpv  -rsind 

(4) 
=  dTJ/^m-i^  •  V2V  sin  ^ 

Thus,  as  shown  by  a  comparison  of  (4)  with  (13),  XII.,  the 
same  magnetic  effects  are  produced  by  a  moving  charge  with 
convection  current  density  t^^  as  by  a  conduction  current  of  den- 
sity i  =  i  . 

In  strictness  the  above  results  are  only  approximate  and  re- 
quire an  appreciable  correction  when  v  is  comparable  with  the 
velocity  of  free  electromagnetic  disturbances  (the  velocity  of 
light),  §  II,  XVI.,  since  the  field  at  a  distance  from  a  moving 
charge  /ags  behind  the  charge. 

A  similar  magnetic  field  would  be  developed  by  the  motion 
of  the  pole  of  an  electret,  and  an  electric  field  exactly  analogous 
to  this  last  by  the  motion  of  the  pole  of  a  magnet,  only  the 
space  outside  the  magnet  or  electret  being  considered. 

3.  The  Magnetic  Field  of  a  Cylindrical   Convection  Current. 

The  electric  field  of  a  cylindrical  condenser  is  discussed  in  §  §  8-9, 
II.  Let  the  charge  upon  unit  length  of  the  inner  conductor  be 
-|-  q  and  that  upon  unit  length  of  the  outer  conductor  therefore 
—  g ;  and,  for  simplicity,  suppose  the  conductivity  ot  the  outer 
cylinder  perfect  Then  the  tubes  of  displacement  will  terminate 
normally  upon  the  outer  cylinder  whether  the  inner  cylinder  is 
at  rest  or  in  motion.  Let  the  inner  cylinder  move  with  a  velocity 
V  in  the  direction  AB  of  its  axis.  Then  the  convection  current 
through  any  closed  curve  surrounding  the  inner  cylinder  is 

^a.  =  ^^ 

in  the  direction  AB. 

By  the  last  article,  the  m.m.f  around  any  closed  curve  sur- 
rounding the  inner  cylinder  and  within  the  outer  cylinder  is 

therefore 

H  =  /  =  av 

cv  J 
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The  magnetic  intensity  has  the  same  magnitude  at  all  points 
of  any  circle  of  radius  r  coaxial  with  the  cylinders,  and  all  such 
circles  are  lines  of  magnetic  intensity.     Hence 

n  =  2TrrH  =i  qv  =■  iirrDv 

and,  with  due  respect  to  the  directions  of  the  vectors, 

H=yvD  (5) 

In  this  case  there  is  no  displacement  current  through  the  cir- 
cle of  intensity,  but  the  magnetic  field  is  developed  as  before  by 
the  motion  of  tubes  of  displacement  perpendicularly  to  their 
length.     (5)  is  a  particular  case  of  (3),  since  in  this  case  sin  0 

■=  I. 

4.  Experiments  upon  the  Convection  Current.  That  an  electric 
convection  current,  in  conformity  with  the  above  theory,  is  accom- 
panied by  a  magnetic  field  of  the  same  character,  both  qualita- 
tively and  quantitatively,  as  that  connected  with  a  pure  conduc- 
tion current  of  the  same  magnitude  and  distribution,  has  been 
proved  in  several  series  of  experiments  by  Rowland,  using  charged 
rotating  discs,  and  has  been  confirmed  by  many  others. 

Just  as  the  magnetic  field  of  a  conduction  current  may  be 
deduced  as  a  consequence  of  Ampere's  law,  §  11,  XII.,  so,  con- 
versely, Ampere's  law  may  be  deduced  as  a  consequence  of  the 
(experimentally  investigated)  magnetic  field  of  the  current.  Since 
therefore  a  convection  current  develops  a  magnetic  field  identical 
with  that  of  a  conduction  current  of  the  same  magnitude  and 
distribution,  Ampere's  law  must  apply  to  such  a  current.  Hence 
a  beam  of  cathode  rays  (consisting  of  ver}'^  fine  negatively  charged 
particles,  or  electrons,  moving  with  velocities  approaching  that  of 
light)  should  be  deflected  when  immersed  in  a  magnetic  field 
perpendicular  to  the  beam.  That  such  a  deflection  occurs,  in 
qualitative  agreement  with  the  theory,  has  been  known  for  many 
years.  A  deflection  in  a  magnetic  field,  in  the  direction  indicated 
by  theory,  of  the  much  more  massive  and  more  slowly  moving 
positively  charged  particles  forming  the  canal  rays  has  also  been 
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recently  observed.  The  assumption,  justified  by  the  experiments 
of  Rowland,  that  the  agreement  between  these  experiments  and 
theory  is  also  quantitative  has  recently  led  to  very  important 
advances  in  knowledge. 

In  accordance  with  what  precedes,  we  may  write  for  the  m.m.f. 
around  the  edge  of  a  surface  across  which  there  is  a  convection 
current  only  H  =  /,  (6) 

and  curl//=z^^  (7) 

5.  Magnetic  Intensity  and  the  Motion  of  Electric  Displacement. 
Motional  Magnetic  Intensity.  In  §  2  it  has  been  shown  that  for 
the  case  there  considered  (i),  and  therefore  (2),  is  equivalent  to 
(3).  In  the  same  way,  just  as  (8)  and  (9),  XIII.,  are  equivalent 
to  (5«),  XIII.,  so  (i)  and  (2)  may  be  readily  shown  to  be 
equivalent,  in  the  general  case,  to  the  more  general  relation 

H=yvD  sind  (8) 

where  H  is  the  magnetic  intensity  at  a  point  P  in  the  dielectric, 
at  which  the  displacement  is  D,  developed  by  the  motion  of  the 
tubes  of  displacement  relatively  to  the  medium  at  P  with  the 
velocity  v,  whose  component  perpendicular  to  Z?  is  z^  sin  6. 

If  the  medium  at  P  is  in  actual  motion  with  reference  to  the 
surrounding  medium,  containing  the  inducing  system,  such  as 
fixed  charges,  it  is  an  intrinsic  magnetic  intensity,  and  is  called  a 
motional  magnetic  intensity.  The  existence  of  a  motional  mag- 
netic intensity  was  first  established  by  Roentgen,  in  whose  ex- 
periments a  magnetic  field  in  qualitative  agreement  with  (8),  to 
judge  from  its  continuation  in  the  air,  was  developed  in  a  slab  of 
rigid  dielectric  rotated  in  air  between  fixed  charged  discs.  For 
the  most  recent  experiments  upon  the  subject,  see  A.  Eichen- 
wald,  Ann.  der  Physik,  Nos.  5  and  6,  1903.  The  experiments 
indicate  that  for  D,  in  (8),  if  c^  and  c^  (=  c^,  sensibly)  denote  the 
permittivities  of  the  slab  and  the  air,  respectively,    . 

/=[k>--,)M]^ 
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should  be  substituted.  That  is,  a  fictitious  convection  current 
produces  the  same  magnetic  effects  as  a  true  convection  current 
of  the  same  magnitude  and  distribution. 

Thus  magnetic  intensity  is  induced  by  moving  tubes  of  electric 
displacement,  as  electric  intensity  is  induced  by  moving  tubes  of 
magnetic  induction  (§  6,  XIII.).  It  cannot  be  said,  however, 
that  magnetic  intensity  is  always  due  to  moving  tubes  of  electric 
displacement,  or  that  electric  intensity  is  always  due  to  moving 
tubes  of  magnetic  induction,  an  attempt  to  make  (5«),  XIII.,  and 
(8)  general  expressions  for  magnetic  and  electric  intensity  lead- 
ing to  apparently  insurmountable  difficulties.  It  is  sufficient  to 
mention  the  field  of  a  static  electric  charge  or  magnetic  pole. 

6.  (Induced  ?)  Intensities  in  the  Field  of  a  Steady  Conduction 
Current.  Let  the  current  /  traverse  the  inner  and  outer  con- 
ductors of  a  cylindrical  condenser  axially  in  opposite  directions, 
the  inner  cylinder  in  the  direction  AB,  and  suppose  both 
cylinders  perfect  conductors.  Then  the  electric  field  will  be 
radial  and  perpendicular  to  both  cylinders  as  in  a  purely  static 
field. 

Imagine  the  conduction  current  to  consist  in  the  motion  of  the 
positive  and  negative  ends  of  the  electric  tubes  along  AB  and 
CC  respectively,  the  electric  tubes  travelling  in  the  direction  AB 
with  the  velocity  v.  Then  the  magnetomotive  force  around  a 
circle  of  magnetic  intensity  of  radius  r  is 

XI  =  /  =  2irrH  =■  qv  =  2TrrLh> 

q.  being  the  charge  upon  unit  length  of  the  inner  cylinder  and  D 
the  displacement  at  the  distance  r  from  the  axis.  With  due  re- 
spect to  the  signs  of  the  vectors,  the  last  equation  gives 

H=  yvD  (9) 

Thus  by  assuming  that  the  magnetic  field  of  the  steady  con- 
duction current  is  a  consequence  of  the  {assumed)  motion  of  its 
electric  field  we  are  led  to  the  same  relation  between  H,  v  and  D 
as  already  deduced  for  the  displacement  current. 
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If  we  imagine  the  electric"  field,  likewise,  to  be  developed  by 

the  {assumed')  motion  of  the  magnetic  field  with  velocity  u,  (5^), 

XIII.,  gives  n     \in  /     \ 

E=  yBu  ( I  o) 

Equations  (9)  and  (10)  give  for  the  relations  between  u  and  v 

uv  ^=  I  jCfJL 

u\v=\EDl\HB 

u\HB  =  v\ED  =  \EH 

Since  the  electric  and  magnetic  energy  densities  are  not  in 
general  equal,  except  in  the  case  of  pure  electromagnetic  waves 
(XVI.),  the  above  conceptions  lead  to  the  anomalous  result  that 
u  and  V  are  different  and  may  have  any  ratio  to  one  another. 
Since  in  some  cases  (according  to  the  dissociation  theory),  and 
probably  in  all  (§15,  IX.),  the  steady  electric  current  in  an  actual 
conductor  consists  in  the  motion  throughout  the  conductor  in 
opposite  directions  of  positively  and  negatively  charged  particles, 
and  since  the  surface  charges  connected  with  the  external  field 
of  the  steady  current  do  not  take  part  in  the  conduction  (§9, 
VIII.),  the  above  results  must  be  taken  as  at  present  only  sug- 
gestive. 

7.  The  First  Law  of  Circuitation  for  Media  at  Rest  and  in  Mo. 
tion.  When  a  given  surface  in  a  medium  at  rest  is  crossed  by 
conduction,  convection,  and  displacement  currents  simultaneously, 
the  total  current  /  through  the  surface  and  the  m.m.f  £l  around 
its  edge  (the  direction  of  the  m.m.f.  being  related  to  that  of  the 
current  as  the  direction  of  rotation  to  that  of  translation  of  a 
right-handed  screw)  are  connected  by  the  equation 

/=/_^/  J./  =n  (11) 

and  the  total  current  density  i  and  the  magnetic  intensity  H  are 
connected  by  the  equation 

^■=^'.  +  ^d  +  ^c„=curl/f  (12) 
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where  i^  +  i^  +  /^  is  a  vector  sum.  Here  H  denotes  either  the 
intensity  due  to  the  currents,  or  the  total  intensity  due  to  both 
currents  and  magnets,  if  such  are  present  (since  the  curl  of  the 
intensity  due  to  the  poles  of  a  magnet  is  zero). 

If  the  medium  is  in  motion,  with  the  velocity  —  vs±  the  point 
where  the  electric  displacement  is  D  (§  5),  and  if  //still  denotes 
the  total  magnetic  intensity,  the  curl  of  the  motional  magnetic 
intensity,  which  we  shall  call  the  motional  current  density,  or 
^t  fictitious  convection  current  density,  and  denote  by  z'^,  must  be 
added  to  the  first  member  of  (12).     Thus  we  have, 

i  =  K  +  ^a  +  K,  +  C=  curl  //  (13) 

the  first  member  being  a  vector  sum.  This  is  the  most  general 
form  of  the  first  law  of  circuitation. 

8.  The  Circuital  Character  of  the  Total  Current.  Kirchhoff's 
Law  I.  Generalised.  That  a  steady  conduction  current  flows  in 
a  closed  circuit  (div  ?].  =  o  everywhere)  is  shown  in  §5,  VIII. 

From  the  Cartesian  expression  for  the  divergence  of  a  vector 
(§3 1 J  !•)'  ^"^  ^^  Cartesian  expression  for  the  curl  of  a  vector 
(§4,  XVI.),  it  follows  that  the  divergence  of  the  curl  of  any 
vector  is  zero.  Hence  it  follows  from  (12)  and  (13),  since  i,  the 
total  current  density,  is  equal  to  curl  H,  that 

div  i  =  div  curl  H  =  o  (14) 

That  is,  in  any  case,  the  total  current  flows  in  closed  tubes. 

Thus,  for  example,  let  an  electric  condenser  AB  he  discharged 
through  a  wire  C,  and  first  suppose  the  capacity  of  the  wire 
negligible  in  comparison  with  that  of  the  rest  of  the  system. 
Then  during  the  discharge  the  conduction  current  /=  —dqjdt 
will  be  sensibly  the  same  across  every  section  of  the  wire  (if  the 
capacity  of  the  wire  were  zero,  any  charge  there  accumulating 
would  produce  an  infinite  potential  difference),  and  the  displace- 
ment and  displacement  current  will  be  confined  sensibly  to  the 
region  occupied  by  the  tubes  stretching  from  A  to  B.     During 
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the  discharge  the  flux  from  A  to  B  decreases  at  the  rate  —  dq/dt 
and  the  flux  from  ^  to  ^  increases  at  the  same  rate  —  dqjdt. 
Thus  the  displacement  current  d'n.fdi=  —  dqjdt  from  ^  to  ^ 
through  the  dielectric  across  any  closed  surface  surrounding  one 
of  the  plates  is  equal  to  the  conduction  current  across  every  sec- 
tion of  the  wire  from  A  to  B.  Thus  the  total  current  flows  in  a 
closed  circuit,  the  displacement  current  starting  where  the  con- 
duction current  stops. 

Similar  phenomena  occur  when  the  wire  is  cut  and  its  ends 
connected  to  the  terminals  of  a  voltaic  cell.  The  conduction 
current  through  the  wire  and  cell  as  the  condenser  is  charged  is 
equal  to  the  displacement  current  in  the  same  direction  around 
the  circuit  through  the  dielectric. 

If  the  capacity  of  the  wire  C  differs  from  zero  (which  is  always 
the  case  to  a  greater  or  less  extent),  then,  if  the  condenser  is  dis- 
charged by  bringing  the  wire  into  contact  with  the  plates  at  A 
and  B  simultaneously,  tubes  of  displacement  will  move  out  along 
the  wire  stretching  from  the  part  near  A  to  the  part  near  B,  giving 
rise  to  a  displacement  current  through  the  dielectric  from  the 
one  part  to  the  other  as  well  as  to  a  conduction  current  through 
the  wire ;  and  the  sum  of  the  two  currents,  through  the  wire  and 
through  the  external  dielectric  from  A  to  B,  is  equal  to  the  dis- 
placement current  from  B  to  A  through  the  rest  of  the. dielectric. 
During  this  process  the  conduction  current  is  not  constant  from 
section  to  section  of  the  wire,  being  zero  across  the  more  remote 
parts  of  the  wire  while  it  has  an  appreciable  value  across  the 
nearer  parts  immediately  after  the  beginning  of  the  discharge. 


CHAPTER    XVI. 

THE   TRANSFERENCE   OF    ELECTROMAGNETIC    ENERGY. 
ELECTROMAGNETIC   WAVES.     MAXWELL'S   THEORY. 

1.  Poynting's  Theorem  *  when  E  is  Perpendicular  to  H.  Fig. 
1 3 1  represents  one  end  of  a  system  consisting  of  two  long  coaxial 
perfectly  conducting  circular  cylinders  A  and  /%  with  external 
and  internal  radii  ^j  and  R.,  respectively,  closed  by  a  non-con- 
ducting slab  E  of  zero  permittivity,  and  plugged  with  a  closely 
fitting  right  cylindrical  conductor  D  of  length  L  and  resistance 
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Fig.  131. 

W.  A  and  F  are  connected  at  the  remote  end  of  the  system 
with  the  positive  and  negative  terminals  of  a  voltaic  cell  or  other 
electric  generator,  and  are  traversed  by  a  constant  current  in  the 
direction  ABCDFF. 

Since  A  and  F  are  perfect  conductors  and  since  E  has  zero 
permittivity,  the  electric  and  magnetic  fields  are  confined  wholly 
to  the  dielectric  and  to  the  conductor  D.  (If  the  permittivity  of 
E  were  not  zero,  the  fields  would  be  the  same  except  that  in 
addition  a  static  electric  field  would  extend  beyond  C  to  the  right 
connecting  F  and   C)     Also,  the  lines  of  electric  intensity  are 

«J.  H.  Poynting,  Phil.  Tram.,  Part  II.,  1884  and  Part  II.,  1885  ;  Oliver 
Heaviside,  Electrical  Papers  and  Electrotnai^netic  TTieory ;  J.  H.  Poynting,  Rap- 
ports, Congr^s  Int.  de  Physique,  1900,  Vol.  II. 
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normal  to  both  cylinders  and  straight,  as  in  a  purely  static  field. 
The  lines  of  magnetic  intensity  are  circles  centered  on  the  axis 
of  the  cylinders  in  planes  perpendicular  thereto. 

Let  the  steady  current  be  denoted  by  /,  and  the  steady  differ- 
ence of  potential  from  A  to  F  (there  is  no  fall  of  potential  along 
A  or  along  F)  by  V=  WI. 

Energy,  generated  by  the  voltaic  cell  (or  other  generator),  is 
supplied  to  the  system  ABF  at  the  rate  VI,  and  is  dissipated  by 
the  resistance  W  at  the  rate  W/^  =  VI.  Since  there  is  no  energy 
within  the  conductors  A  and  F  or  outside  the  closed  system, 
energy  must  therefore  be  transferred  in  the  direction  ABC  across 
every  section  of  the  dielectric  at  the  rate 

(7?)=  VI  =  WI''  (i) 

Since  V=\Edr  along  a  line  of  electric  intensity,  and  /=  2'irrII, 
where  E  and  H  denote  the  electric  and  magnetic  intensities  at  a 
circle  in  the  dielectric  distant  r  from  the  axis,  (i)  may  be  written 

{R)  =  VI  =fFH-  2'Krdr  ==fEHdS 

where  .S  denotes  the  cross-section  \  2'Krdr  of  the  dielectric.  There- 
fore, due  attention  being  paid  to  the  signs  of  the  vectors,  the  time 
rate  per  unit  area,  R,  at  which  electromagnetic  energy  is  trans- 
ferred across  an  area  whose  plane  contains  E  and  H,  perpendic- 
ular to  one  another,  or  the  electroinagiietic  energy  flux  density,  is 

R  =  d{R)ldS=yEH  (2) 

This  is  Poynting's  theorem  for  the  case  in  which  E  is  perpen- 
dicular to  H.  A  more  general  form  of  the  theorem  will  be  de- 
veloped in  §  5. 

Let  L  and  wS  denote  the  inductance  and  capacity  of  unit  length 
of  the  system,  then  \LP  and  \SV  denote  the  magnetic  and 
electric  energies  contained  in  a  unit  length  of  the  dielectric.  Let 
V  denote  the  velocity  with  which  the  electric  energy  moves  in 
the  direction  AB,  and  it  the  velocity  with  which  the  magnetic 
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energy  moves  in  the  same  direction  (see  §  6,  XV.).     Then  we 
may  write 

(R)  =  Kj^n  +  KW)  (3) 

which  is  equal  to  V/  if 

uv  =  ijSL  =  i/cfi  (see  below)  (4) 

In  exactly  the  same  way  we  have  for  the  energy  flux  density 
R.=  v{lc£^  -f  «(iM//')  (5) 

which  is  equal  to  EH  if  uv  =  i  /cfi. 

Thus  the  conception  of  moving  tubes  is  consistent  with  Poynt- 
ing's  theorem  if  the  relation  (4)  holds  between  the  velocities. 
When  JZ/2  =  ^SV^  or  ^cB  =  ^fiH^ 

u  =  v^i/{cfi)i  (6) 

2.  Mechanical  Analogue.  Consider  a  circular  cylindrical  rod 
rotating  uniformly  about  its  axis  AB  and  transmitting  power  in 
the  direction  AB.  Let  the  constant  angular  velocity  be  denoted 
by  /  and  the  torque  acting  across  every  section  by  V,  the  com- 
mon direction  of  both  being  related  to  the  direction  AB  as  the 
direction  of  rotation  to  that  of  translation  of  a  right-handed 
screw. 

The  rate  at  which  energy  is  transferred  across  every  section 
of  the  rod  in  the  direction  AB  is 

(R)=V/ 

Owing  to  the  torque  across  every  section,  the  rod  is  twisted, 
or  any  two  sections  are  sheared  with  respect  to  one  another. 
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Fig.  132. 


For  all  points  at  a  given  distance  r  from  the  axis  the  (angle  of) 
shear,  or  relative  shift  per  unit  length  between  two  cross-sections, 
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is  the  same  and  will  be  denoted  by  D.  Fig.  132  shows  the 
•  natural  and  sheared  states  of  a  ring  of  radius  r  and  infinitesimal 
thickness  dr.  D  is  zero  at  the  axis  and  is  proportional  to  r, 
having  its  greatest  value  at  the  surface  of  the  rod.  The  direction 
of  D  is  everywhere  radial  from  the  axis,  since  a  right-handed 
screw  at  any  point  rotating  in  the  direction  of  the  twist  or  shear 
at  the  point,  as  shown  by  the  arrows  in  the  figure,  would  move 
radially  toward  the  surface. 

Let  the  modulus  of  rigidity  of  the  rod  be  denoted  by  n,  and  its 
reciprocal,  or  the  shear  permittivity,  by  c.  Then,  at  any  point 
of  the  ring  considered,  the  shearing  stress  (shearing  force  per 
unit  area,  or  shearing  torque  per  unit  volume),  which  will  be 
denoted  by  E,  has  the  same  direction  as  that  of  D  and  is  equal  to 

E=nD  =  JDjc 

Since  the  area  of  the  cross-section  of  a  ring  of  radius  r  and 

thickness  dr  is  2'irrdr,  the  torque  about  the  axis  acting  upon  the 

cross -section  is 

dV=  ittrdrEr 

Let  the  linear  velocity  at  any  point  distant  r  from  the  axis  be 

denoted  by  H,     Then 

H=rl 

The  rate  at  which  energy  is  transferred  across  the  zone  of 
radius  r  and  width  drx's, 

IdV=  2Trr'^drEH j  r  =  EH2'irrdr 
and  the  rate  of  transfer  per  unit  area  is 

R=yEH  (a) 

if  due  attention  is  paid  to  signs. 

The  potential  energy  per  unit  volume  is  ^cE^  =  ^nV^. 

Let  the  density  of  the  rod  be  denoted  by  /a.  Then  the  kinetic 
energy  per  unit  volume  is  ^p^H"^. 

If  we  assume  the  potential  energy  to  travel  in  the  direction  AB 
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with  the  velocity  v  and  the  kinetic  energy  with  the  velocity  u, 

we  have  also 

R  =  vlcE"  +  u^fxH^ 

which  is  consistent  with  [a)  i(  uv  =  i  /cfi.     U  u  =  v 

which,  combined  with  (a),  gives 

V  =  y/EH/ilcE'  +  IfiH^ 

3.  Two  Perfectly  Conducting  Parallel  Circular  Plates  Connected 
by  a  Right  Circular  Coaxial  Conducting  Cylinder.  Let  L,  Fig. 
133,  denote  the  distance  between  the  plates,  or  the  length  of  the 


A  I 

I 
I 


-*- 

R 


I   B 


^ 


cylinder,  a  the  radius  of  the  cylinder,  both  supposed  small  in 
comparison  with  the  radius  of  the  plates,  and  If' the  resistance 
of  the  cylinder.  Let  the  plates  be  maintained  at  the  constant 
difference  of  potential  V. 

The  electric  field  between  the  plates  (except  near  their  edges) 
is  uniform  and  parallel  to  the  axis  of  the  cylinder  in  the  direction 
AB.     The  electric  intensity  is  i?  =  Vj L{=  Djc  in  the  dielectric). 
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The  current  flows  in  radial  stream-lines  in  the  plane  A  A  toward 
the  axis  of  the  cylinder,  through  the  cylinder  parallel  to  its  axis 
in  the  direction  AB,  and  from  the  cylinder  in  radial  stream  lines 
in  the  plane  BB. 

The  lines  of  magnetic  intensity  are  circles  parallel  to  the  planes 
and  centered  on  the  axis  of  the  cylinder.  The  intensity  at  all 
points  of  a  circle  of  radius  r  is  H  =  IJ2'irr=  Vl27rrW,  if  r  is 
greater  than  a.     If  r  is  less  than  a,  H  =  rll2'rra^. 

Within  the  perfect  conductors  there  is  no  field  of  either  kind. 

Energy  is  dissipated  in  the  cylinder  at  the  rate  {R)  =  WP  = 
VI.  Hence  energy  is  transferred  inwardly  across  every  cylin- 
drical surface  with  its  ends  in  the  planes  A  and  B  and  .enclosing 
the  cylinder  at  the  same  rate 

{R)  =  VI  (a) 

If  the  surface  is  a  right  circular  cylinder  of  radius  r  coaxial 
with  the  conducting  cylinder,  (a)  becomes 

(R)  =  EL  X  27rr  y.  H  =  EH-  2'irrL 

But  2'KrL  is  the  area  of  the  surface  considered.      Hence  the 
energy  flux  density  is,  if  due  attention  is  paid  to  signs, 

^=\IEH  {b) 

as  already  proved  for  perpendicular  intensities  in  §  i. 

The  energy  contained  in  each  tube  of  displacement  per  unit 
cross-section  is  \  VD.  The  velocity  of  the  tubes  of  displacement 
(see  §  6,  XV.),  or  of  the  electric  energy,  inward  at  the  distance  r 
(greater  than  ci)  from  the  axis,  if  we  assume  that  (8),  §  5,  XV., 
applies  to  the  field  of  the  steady  conduction  current,  is 

V  =  HjD  =  Lf2'TrcrlV  (c) 

Hence  the  rate  at  which  electric  energy  crosses  the  surface 
inward,  or  the  rate  at  which  electric  energy  is  dissipated  in  the 
conductor,  is,  according  to  the  conception  of  moving  tubes, 

IVn  X  27rrxv=l WP 
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The  magnetic  energy  density  is  ^tiH^.  The  velocity  of  the 
magnetic  tubes  at  the  distance  r  (greater  than  a)  from  the  axis  is 

u  =  EIB=2'irtirW  {d) 

if  we  assume  that  (8),  XV.,  and  (6),  XIII.,  apply  to  the  field  of 
the  steady  conduction  current. 

Hence  the  rate  at  which  magnetic  energy  crosses  the  surface 
inward,  or  the  rate  at  which  magnetic  energy  is  dissipated  in  heat 
in  the  conductor,  is,  according  to  the  conception  of  moving  tubes, 

Thus  the  energy  dissipated  by  resistance  is,  according  to  this 
conception,  half  electric  and  half  magnetic.  The  same  thing 
may  be  shown  to  be  true  in  the  system  considered  in  §  i,  the 
velocities  of  the  electric  and  magnetic  tubes  being  there,  as  here, 
inversely  proportional    to  the    corresponding    energy  densities 

Within  the  cylinder  the  electric  intensity  is  constant,  the  num- 
ber of  tubes  entering  per  second  being  equal  to  the  rate  at  which 
tubes  are  broken  up.  The  magnetic  tubes  contract  as  they  ap- 
proach the  axis,  thus  giving  up  their  energy  without  being  broken 
up ;  and  as  the  magnetic  intensity  decreases  the  velocity  of  the 
tubes  increases  in  such  a  way  as  to  make  the  number  of  unit  tubes 
cutting  unit  length  of  a  line  of  electric  intensity  per  second  con- 
stant {E  =  Bu  =  constant).     This  appears  also  from  the  relation 

ti  =  E/B  =  iira^  W/firL  (e) 

Inside  the  conductor  (c)  is  of  course  unmeaning. 
On  multiplying  together  (c)  and  (d),  we  see  that 

«r'  =  I  JcfjL 
as  in  §  I. 

4.  The  Cartesian  Expressions  for  the  Rectangular  Components 
of  the  Curl  of  a  Vector.  Curl  H  and  Curl  E.  The  X,  V,  Z  com- 
ponents of  a  vector  H  being  denoted  by  //|,  H^  H^  the  X,  V,  Z 
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components  of  its  curl  will  be  denoted  by  curl^//,  curlg//,  curlg//", 
respectively. 

To  find  the  Cartesian  expression  for  curl^^at  a  point  P{x,y,  z), 
or  I,  Fig.  8,  at  which  the  components  of  H  dire  H^,  H^,  and  Hy 
we  may  take  the  line  integral  of  H  around  the  infinitesimal  rect- 
angle 1 7,  the  plane  of  which  is  parallel  to  the  YZ  plane  and  the 
sides  of  which,  of  lengths  dz  and  dy^  are  parallel  to  Z  and  Y, 
divide  the  result  by  the  area  of  the  rectangle,  dS^  =  dydz,  and 
pass  to  the  limit. 

This  integration,  which  must  be  performed  in  the  direction  of 
the  arrows  around  the  circuit,  gives 

^Hj  =  {H^  +  IdH^ldy  dy)dy  -f  {H^  +  dHJdy  dy 

+  \d{H^  +  dH^\dy  dy)ldz  dz]  dz  -  [H^  +  dHJdz  dz 

+  \d{H^  +  dH^ldz  dz)ldy  dy]  dy  -  {H^  +  ^dHJdz  dz)dz 

the  separate  terms  being  the  integrals  along  the  sides  i,  2,  3,  4 
in  the  order  given.  Cancelling  equal  and  opposite  terms,  divid- 
ing by  dS^,  and  passing  to  the  limit,  we  obtain 

d^lJdS^  =  curl,//"  =  dHJdy  -  dHJdz         {a)  ' 

By  an  exactly  analogous  process,  or  by  the  principle 
of  symmetry  and  inspection  of  (a),  we  find  I        r»\ 

curl^//  =  dHJdz  -  dHJdx  {b) 

and  c\xx\H  =  dHJdx  —  dHJdy  (c) 

From  these  equations  we  may  write  down  at  once  the  com- 
ponents of  the  curl  of  any  other  vector  £.     Thus 


curl,^ : 


dEJdy  —  dEJdz 

curl2^=  d  EJdz  —  dEJdx 

curl3^=  dEJdx—  d  EJdy 

5.  The  Flux  of  Electromagnetic  Energy. 


{a) 


(8) 


Poynting's  Theorem. 
Let  R  denote,  in  both  magnitude  and  direction,  the  time  rate  per 
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unit  area  at  which  electromagnetic  energy  is  transferred  at  a 
point  P  (;r,  j,  z)  across  a  surface  normal  to  the  direction  of  trans- 
fer. Let  the  direction  cosines  of  R,  E,  and  H  at  the  point  Pbe 
denoted  by  /,  in,  n,  /',  ;«',  n' ,  I",  m",  n" ,  respectively ;  and  let 
the  angle  between  E  and  H  be  denoted  by  6.  E  and  H  will  be 
used  to  denote  the  non-intrinsic  intensities  of  the  field,  intrinsic 
intensities,  when  present,  being  denoted  by  e  and  //.  With  these 
conventions  we  have  {Poynting's  theorem) 

R  =  y/EHsme  (9) 

to  the  demonstration  of  which  we  proceed. 

Consider  first  a  region  containing  no  intrinsic  electric  or  mag- 
netic intensity.  From  the  definition  of  R  and  that  of  the  conver- 
gence of  a  vector  it  is  evident  that  the  rate  at  which  electromag- 
netic energy  enters  an  infinitesimal  volume  dr  at  P  through  its 
surface  (minus  the  rate  at  which  energy  leaves  the  volume)  is 
conv  R  •  dr.  Hence,  since  no  electromagnetic  energy  is  de- 
veloped within  (ir  {e  =■  h-=-  o),  this  quantity  is  equal  to  the  rate 
of  increase  of  electromagnetic  energy  plus  the  rate  of  dissipation 
of  energy  in  heat  within  the  volume.     That  is 

conv  R  •  «T  ==  dr  ■  d{\cE^  -f  \tiH')ldt  +  dr  ■  kE^ 
or 

conv  R  =  di^cE""  +  ltiH')ldt  +  kE^  =  c{E^dE^jdt 

-f  E^EJdt  -f  E^dEJdt)  -f  ti{H^dHJdt  {a) 

-}-  H,dHJdt  4-  H^dHJdt)  +  E,i^  -f  E,i^  +  ^^ 
Since 

—  iidHJdt  =  curlj-^,  etc. 
and 

cdEJdt  +  ?^  =  c\\r\H,  etc.  (since  i^  =  i^  =  o) 

(9)  may  be  written 

conv  R  =  £'j  curl,//"  -f-  E^  cnrX^H  -\-  E^  curlj//  —  //j  curlj^" 

-  H,  cur\E  -  H^  c^xr\E  =  -  \_d(,E,H,  -  E.H^jdx      {b) 
-H  d{E^H,  -  E,H^ldy  ^  d{E,H,  -  E,H,)ld£] 
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But  also,  by  definition  of  the.  convergence  of  a  vector, 
conv  R  =  —  {dRJdx-\-  dRJdy  +  dRJdz) 

Hence      R^  -  «.  =  E^H^  -  E^H^  =  EH{m'n"  -  ti'm") 

R^  -  «2  =  E^H^  -  E^H.^  =  EH{n'l"  -  I'n") 

R3  -  «3  =  E^H^  -  E^H^  =  EH{l'in"  -  m'l") 

where  a,  with  components  a^,  a^,  a^,  is  a  vector  whose  conver- 
gence is  zero. 

Without  affecting  in  any  way  the  generaHty  of  the  conclusions, 
we  may,  for  simplicity,  give  the  rectangular  coordinate  system 
such  an  orientation  as  to  make  the  plane  XF  parallel  with  the 
plane  containing  E  and  H,  and  the  direction  of  X  coincident  with 
that  of  E.  Then  E^  =  E,  E^  =  E^=  o,  or  I'  =  /,  m'  =  n'  =  o\ 
and  //g  =  o,  or  n"  =  o,  while  /"  =  cos  6  and  in"  =  cos  (90°  —  6) 
=  sin  6.     With  these  simplifications  the  above  equations  become 

R^  —  a^  =  0=  Rj  —  «2»  ^"^  1^3  ~  ^3  =  R  —  a  =z  EH  sin  Q 
Hence,  with  due  respect  to  the  directions  of  the  vectors, 

R  =  MEH ^\x^e  -^a  (10) 

Since  div  a  =  conv  a  =  o,  a,  if  it  is  not  zero,  represents  a  flux 
of  energy  in  closed  tubes  and  therefore  contributes  nothing  to  the 
net  energy  entering  any  volume.  In  what  follows  this  circuitous 
energy  flux  will  be  neglected,  or,  what  amounts  to  the  same 
thing,  a  will  be  assumed  equal  to  zero,  unless  the  contrary  is 
stated.     With  this  assumption,  (10)  is  identical  with  (9). 

If  at  any  point  P  there  is  an  intrinsic  electric  intensity  e  and 
an  intrinsic  magnetic  intensity  h  in  addition  to  the  field  intensities 
E  and  H,  then  an  element  of  volume  at  P,  in  addition  to  receiv- 
ing electromagnetic  energy  by  transference  across  its  surface  at 
the  time  rate  conv  R  per  unit  yolume  or  R  per  unit  area,  receives 
electromagnetic  energy  by  transformation  on   the  spot  at  the 

time  rate 

ei  cos  B'  -\-  hdBjdt  ■  cos  6" 
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per  unit  volume,  where  6'  denotes  the  angle  between  e  and  /, 
and  d"  that  between  h  and  dBjdt. 

The  vector  R  is  called,  as  stated  in  §  i,  the  electromagnetic 
energy  flux  density. 

Since  R  is  perpendicular  to  E  and  to  //,  the  lines  along  which 
the  energy  flows,  or  the  energy  stream-lines,  are  the  intersections 
of  the  electric  and  magnetic  equipotential  surfaces.  (Even  when 
the  field  is  not  static  or  steady,  so  that  the  term  potential  cannot 
be  used  legitimately,  we  may  still  use  the  expression  equipotential 
surface  to  denote  a  surface  perpendicular  at  every  point  to  the 
intensity.) 

6.  A  Long  Circular  Cylindrical  Conductor  Traversed  by  a  Steady 
Current.  Fig.  1 34  shows  a  section  of  a  small  part  of  the  electric 
field  within  and  without  the  conductor  when  the  current  has  the 


Fig.  134. 

direction  AB.  The  lines  of  magnetic  intensity  are  circles  about 
the  axis  AB  of  the  cylinder,  going  down  into  the  paper  below 
AB  and  coming  up  out  of  the  paper  above  AB.  The  electric 
and  magnetic  intensities  are  everywhere  perpendicular. 

Outside  the  wire,  the  energy  flux  density  R  has  the  direction 
indicated  at  C,  with  a  component  Rj  in  the  direction  of  the  axis 
AB,  and  a  component  Rj  toward  the  axis.  Thus  in  the  dielectric 
energy  is  transferred  in  the  direction  AB  to  parts  of  the  field  far- 
ther along  the  circuit  by  the  component  Rj,  and  energy  is  also 
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transferred  toward  and  into  the  conductor  by  the  component  Rg. 
Within  the  conductor,  as  at  D,  R  is  directed  toward  the  axis 
with  no  component  parallel  to  the  axis.  Hence  within  the  con- 
ductor there  is  no  transfer  of  energy  along  the  circuit,  all  the 
energy  entering  the  conductor  from  the  dielectric  and  being  dis- 
sipated in  heat  by  resistance. 

If  a  conductor,  either  insulated  from  the  circuit  or  connected 
thereto  at  a  single  point,  is  placed  in  the  electromagnetic  field, 
then  there  will  be  a  magnetic  field  inside  the  conductor,  but  no 
electric  field,  and  the  tubes  of  electric  displacement  will  terminate 
normally  upon  the  outer  surface  of  the  conductor.  Within  the 
conductor  there  is  no  transference  of  energy,  since  E  is  zero.  In 
the  dielectric  at  the  surface  of  the  conductor  the  energy  stream- 
lines are  parallel  to  its  surface,  since  they  are  perpendicular 
to  E,  which  is  normal  to  the  surface.  Thus  the  energy  streams 
around  the  conductor  as  a  liquid  streams  around  an  impervious 
solid. 

7.  The  Transfer  of  Energy  in  and  About  a  Voltaic  Cell  and  a 
Simple  Electrolytic  Cell.  Figs.  135-138  represent  diagrammatic- 
ally  for  several  cases  the  electric  field  and  the  transfer  of  electro- 
magnetic energy  in  and  about  a  Daniell  cell  under  the  assump- 
tions (for  which  evidence,  though  not  wholly  satisfactory,  can  be 
adduced)  that  the  single  difference  of  potential  from  the  copper 
electrode  to  the  copper  sulphate  solution  is  positive  and  equal 
to  that  from  the  zinc  sulphate  solution  to  the  zinc,  and  that  the 
single  difference  of  potential  from  the  copper  sulphate  solution 
to  the  zinc  sulphate  solution  is  negligible.  ABC  represents  the 
copper  electrode,  HIJ  the  zinc  electrode,  DEFG  the  solutions, 
and  the  dotted  line  the  porous  partition  between  them.  The 
distance  between  the  electrolyte  and  the  electrodes  is  of  course 
enormously  exaggerated  in  the  diagrams.  The  intrinsic  electro- 
motive forces  are  directed  from  the  copper  sulphate  solution  to 
the  copper  and  from  the  zinc  to  the  zinc  sulphate  solution  exactly 
opposite  to  the  electric  fields  they  develop. 
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The  electric  field  on  open  circuit  is  shown  in  Fig.  135.  There 
is  no  electric  intensity  within  the  conductors,  no  current,  no  mag- 
netic field,  and  no  transfer  of  energy. 

The  field  after  closing  the  circuit  above  A  and  //  is  shown  in 
Fig.  136.  Above  B/  the  magnetic  intensity  is  directed  (in  the 
plane  of  the  diagram)  normally  into  the  paper,  while  below  />/  it 
is  directed  up  out  of  the  paper.  The  direction  of  the  transfer- 
ence of  electromagnetic  energy  is  shown  by  the  arrows  cutting 
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Fig.  136. 


the  lines  of  intensity  normally.  Electromagnetic  energy,  trans- 
formed from  chemical  energy  with  the  deposition  of  copper  and 
the  solution  of  zinc  at  the  electrodes,  moves  out  from  between  the 
electrolyte  and  the  electrodes  into  the  dielectric,  part  there  con- 
verging upon  and  moving  into  the  electrolytic  and  metallic  con- 
ductors, there  to  be  dissipated  in  Joulean  heat,  and  part  being 
carried  into  other  parts  of  the  field. 

The  field  and  transference  of  energy  when  an  agent  with  a  con- 
siderably greater  e.m.f.  than  that  of  the  given  cell  sends  a  cur- 
rent through  it  (or  assists  in  so  doing)  in  the  same  direction  as 
beff  re  is  shown  in  Fig.  1 37.     Electrical  energy  generated  by  the 
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external  e.m.f.,  as  well  as  all  the  energy  generated  by  the  in- 
trinsic e.m.f.  of  the  cell  itself,  is  dissipated  in  the  conductors. 

The  field  and  the  transference  of  energy  when  a  current  is  sent 
through  the  cell  in  opposition  to  its  intrinsic  e.m.f,  that  is  from 
copper  to  zinc,  is  represented  in  Fig.  138.  Here  a  portion  of 
the  energy  supplied  to  the  cell  by  the  external  e.m.f  is  dissipated 
in  the  conductors  and  the  rest  is  transformed  into  chemical  en- 
ergy with  the  deposition  of  zinc  at  the  kathode  and  the  solution 
of  copper  at  the  anode. 


^tt^^i:^ 


Fig.  137. 


Fig.  138. 


In  Fig.  139  the  electric  field  and  the  transference  of  energy  in 
and  about  an  electrolytic  cell,  consisting  of  copper  electrodes 
A  C  and  HJ  dipping  in  a  solution  DEFG  of  copper  sulphate,  are 
represented  diagrammatically  for  the  case  in  which  a  current 
traverses  the  system  from  A  to  H.  Between  the  kathode  HJ 
and  the  electrolyte  energy  is  transformed  from  chemical  to 
electrical  with  deposition  of  copper,  whence  it  moves  out  into  the 
dielectric,  and  thence  partly  into  the  conductors  and  partly  into 
the  region  between  the  anode  AC  and  the  electrolyte,  where  re- 
conversion into  chemical  energy  occurs.  The  quantity  of  chemi- 
cal energy  transformed  into  electrical  at  the  kathode  is  equal  to 
the  quantity  of  electrical  energy  transformed  into  chemical  energy 
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at  the  anode.  Hence,  since  a  portion  of  the  electrical  energy 
generated  at  the  kathode  is  dissipated  in  heat,  as  much  electrical 
energy  coming  from  the  external  e.m.f.  producing  the  current  is 
transferred  into  the  region  about  the  anode,  and  there  converted 
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Fig.  139. 

into  chemical  energy,  as  is  dissipated  in  the  conductors  of  the 
electrical  energy  generated  at  the  kathode.  On  the  whole,  no 
work  is  done  in  the  cell  except  that  done  upon  resistance.  (If 
the  electrodes  are  at  different  levels,  work  will  be  done  by  or 
against  gravity  during  the  conduction,  etc.) 

8.  A  CircTiit  Containing  a    Motional   E.M.F.     We  shall  con- 
sider only  the  simple  case  of  a  slider,  AB,  Fig.  140,  running  on 


Fig.  140. 


two  parallel  rails  AC  and  BD,  connected  by  a  cross  piece  CD  and 
immersed  in  a  uniform  magnetic  field  directed  downward  into  the 
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plane  of  the  paper.  Let  AB  move  to  the  right.  Then  there  is 
induced  in  AB  an  intrinsic  e.m.f.  in  the  direction  BA,  producing 
a  current  around  the  circuit  in  the  direction  BACDB,  with  hnes 
of  magnetic  intensity  related  to  the  current  in  the  usual  manner. 
The  intrinsic  e.m.f  in  the  direction  BA  produces  an  electric  field 
intensity  with  the  general  direction  from  A  to  B  along  the  slider 
and  around  the  circuit,  both  within  and  without  the  conductor. 
The  lines  of  electric  intensity  diverge  from  the  upper  half  of  AB 
in  the  dielectric  and  converge  upon  the  lower  half  Hence,  since 
R  =  \IEH  sin  6,  the  electromagnetic  energy  generated  in  AB 
moves  outwards  from  AB  and  toward  its  ends,  then  contracts 
upon  the  rest  of  the  circuit,  all  the  energy  being  finally  dissipated 
in  heat.  While  the  energy  is  moving  outward  through  the  con- 
ductor AB  a  part  of  the  energy  is  dissipated  owing  to  the  resist- 
ance of  AB^  not  all  the  energy  developed  in  AB  reaching  the 
dielectric. 

9.  A  Concentrated  Electric  Charge  in  the  Presence  of  a  Concen- 
trated Magnetic  Pole.  If  the  charge  and  pole  are  concentrated 
at  two  points  A  and  B,  respectively,  and  if  the  energy  flux  den- 
sity is  given  by  VEH  sin  6,  the  energy  stream-lines  are  circles 
about  AB  and  AB  produced  as  axis.  Since  both  fields  are 
purely  static  in  this  case,  however,  there  is  no  reason  to  believe 
that  any  flow  of  energy,  even  in  closed  tubes,  exists.  To  recon- 
cile this  view  with  Poynting's  theorem,  we  have  only  to  remem- 
ber that  the  energy  flux  density,  in  the  general  case,  is  VEH 
sin  0  pins  a  circuital  flux  density  a,  and  to  suppose  that  in  the 
present  case  a=  —  MEH sin  ^,  or  R  =  o. 

10.  Electric  Radiation.  Electric  Waves.  The  damping  of  the 
mechanical  vibrations  described  in  §  45,  III.,  C,  XIII.,  was  as- 
sumed to  be  due  wholly  to  friction.  A  vibrating  mechanical 
system,  however,  unless  completely  surrounded  by  a  perfect 
vacuum,  which  is  not  possible,  will  set  the  adjacent  parts  of  the 
surrounding  medium  into  vibration,  thus  emitting  a  train  of  waves 
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Owing  to  the  energy  thus  radiated  to  the  surrounding  medium, 
the  motion  of  the  system  will  be  damped,  and  the  damping  so 
caused  may  greatly  exceed  the  damping  due  to  friction.  This  is 
true,  for  example,  in  the  case  of  a  vibrating  air  column,  most 
of  whose  energy  is  emitted  in  waves  of  sound. 

Other  things  being  equal,  it  is  clear  that  the  damping  due  to 
radiation  will  be  greater  the  greater  the  surface  communicating 
the  energy  to  the  surrounding  medium. 

The  damping  of  the  electrical  oscillations  discussed  in  §  43  C, 
XIII.,  was  also  assumed  to  be  due  wholly  to  the  dissipation  of 
energy  by  resistance.  But  since  the  electromagnetic  field  of  the 
system  extends  into  all  space,  it  is  evident  that  when  its  oscil- 
lations, or  variations  in  the  nearer  portions  of  its  electromagnetic 
field,  occur,  a  train  of  electromagnetic  waves  must  be  emitted  by 
the  system  and  propagated  into  space,  and  that  the  oscillations 
will  therefore  be  damped  owing  to  the  energy  thus  radiated. 
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Fig.  141. 


Other  things  being  equal,  it  is  clear  that  the  damping  due  to 
radiation  will  be  greater  the  farther  into  space  the  stronger  parts 
of  the  system's  electric  and  magnetic  fields  extend.  Thus  the 
system  shown  in  Fig.  141,  in  which  the  fields  spread  far  out  into 
the  surrounding  dielectric,  is  a  good  radiator,  the  damping  due  to 
radiation  being  so  great  that  only  a  few  oscillations  are  com- 
pleted ;  while  a  system  such  as  that  of  Fig.  142,  whose  electric 
field  is  confined  almost  wholly  to  the  region  AB,  and  whose 
magnetic  field  is  confined  almost  wholly  to  the  region  CD,  is  a 
good  vibrator,  but  a  poor  radiator,  its  energy  being  completely 
radiated  into  space  and  dissipated  in  its  resistance  only  after  the 
execution  of  many  oscillations. 
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At  a  considerable  distaace  from  an  electrical  oscillator  the 
electromagnetic  waves  crossing  a  limited  area  will  be  approxi- 
mately plane,  just  like  the  sound  waves  emitted  by  a  vibrating 
bell  or  diapason. 

In  the  electromagnetic  wave  train  emitted  by  a  symmetrical 
"dumb-bell"  oscillator  like  that  of  Fig.  141,  consisting  of 
spheres  at  the  ends  of  circular  cylindrical  rods,  it  is  obvious  that 
at  any  point  the  electric  intensity  will  lie  in  the  plane  containing 
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Fig.  142. 


the  point  and  passing  through  the  axis  of  the  oscillator,  and 
the  magnetic  intensity  will  lie  in  the  plane  perpendicular  to  the 
axis,  both  intensities  being  perpendicular  to  the  direction  of  propa- 
gation of  the  waves  by  Poynting's  theorem. 

Such  a  wave  train  passing  through  a  given  point  at  which  the 
electric  and  magnetic  intensities  oscillate  in  fixed  planes  is  said 
to  be  plane  polarised. 

Electromagnetic  waves  can  also  be  developed  by  means  of  the 
convection  of  electric  charges  or  magnetic  poles.  Thus  if  two 
equal  spheres,  with  equal  and  opposite  charges,  are  made  to 
approach  and  recede  from  one  another  alternately,  a  wave  system 
very  similar  to  that  of  the  "  dumb-bell "  oscillator  will  be  emitted. 

Also,  if  a  system  consisting  of  two  equal  spheres  with  equal 
and  opposite  charges,  mounted  upon  an  insulating  rod,  is  rotated 
uniformly  about   an  axis   passing   perpendicularly  through   the 


THE   FLUX   OF   ELECTROMAGNETIC    ENERGY.         45 1 

center  of  the  rod,  another  interesting  and  important  wave  system 
will  be  emitted.  At  any  point  along  the  axis  of  revolution  each 
intensity,  always  perpendicular  to  this  axis,  remains  constant  in 
magnitude,  but  passes  uniformly  through  all  azimuths  during 
every  revolution.  The  radiation  along  the  axis  is  therefore  said 
to  be  circularly  polarised.  At  all  points  in  the  plane  of  revolu- 
tion of  the  centers  of  the  spheres,  the  radiation  is  plane  polarised. 
At  points  not  in  this  plane  and  not  on  the  axis  of  revolution, 
each  intensity  passes  uniformly  through  all  azimuths  during  each 
period,  reaching  a  minimum  and  a  maximum  value  twice  each, 
but  never  becoming  zero,  and  the  radiation  is  therefore  said  to  be 
elliptically  polarised.  The  first  and  second  cases  are  particular 
cases  of  the  third. 

On  the  electron  theory,  waves  of  light,  which  are  electromag- 
netic waves  of  extremely  short  wave-length  and  period,  are  devel- 
oped by  the  vibrations  of  the  electrons,  that  is  by  electric  con- 
vection, within  the  atom. 

For  the  continuous  production  of  electric  waves,  or  rather  for 
the  rapid  production  of  successive  trains  of  such  waves,  the  two 
conductors  of  the  oscillator  are  connected  permanently  to  the 
terminals  of  an  electricah  influence  machine  or  induction  coil  in 
operation,  as  shown  in  the  figures.  Every  time  the  voltage  be- 
tween the  terminals  of  the  oscillator  reaches  a  certain  value,  the 
insulating  properties  of  the  dielectric  break  down  along  a  line 
between  the  terminals,  and  the  oscillations  occur,  the  path  of  the 
current  being  evident  from  the  spark.  With  the  cessation  of  the 
oscillation  the  insulation  is  restored,  the  voltage  again  increases,  a 
spark  occurs,  another  wave  train  is  emitted,  and  so  on  indefinitely. 

For  the  detection  of  electric  waves,  any  sufficiently  sensitive 
electric  vibrator  may  be  employed.  When  used  for  this  purpose, 
such  an  electrical  system  is  called  a  resonator.  One  of  the  com- 
monest forms  of  resonator  is  the  dumb-bell  form,  similar  to  the 
dumb-bell  vibrator.  Fig.  141,  but  with  a  shorter  spark  gap  E. 
If  such  a  resonator  is  placed  in  a  region  traversed  by  electric 
waves  with  the  rods  EF  parallel  to  the  direction  of  the  electric 
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intensity,  or  in  any  direction  not  perpendicular  to  the  intensity, 
an  e.m.f.  of  the  same  kind  as  that  of  the  vibrator  will  be  im- 
pressed upon  the  resonator  parallel  to  its  length,  and  oscillations 
will  be  set  up  therein.  If  the  maximum  value  of  the  voltage  de- 
veloped between  the  terminals  of  the  spark  gap  E  is  sufficient, 
the  insulator  within  the  gap  will  break  down  and  the  oscillations 
of  the  resonator  will  become  manifest  by  the  passage  of  a  spark. 
This  effect  will  be  a  maximum  when  the  rods  EF  are  parallel  to 
the  electric  intensity  of  the  waves,  and  zero  when  they  are  per- 
pendicular to  this  intensity.  For  a  given  angle  between  the 
electric  intensity  and  the  axis  of  a  resonator,  the  effect  will  also 
be  a  maximum  when  the  period  of  the  resonator  is  equal  to  that 
of  the  waves  (or  that  of  the  vibrator),  in  accordance  with  the 
principles  of  §  44,  XIII.  One  tuning  fork  set  into  resonant  vi- 
bration by  the  waves  from  another  in  unison  is  an  exact  mechan- 
ical analogue. 

The  sensitiveness  of  a  resonator  can  be  greatly  increased,  or 
the  minimum  intensity  for  which  it  will  give  noticeable  indications 
greatly  diminished,  by  the  addition  of  any  one  of  several  devices. 

One  of  the  most  effective  and  widely  used  of  these  adjuncts 
is  the  coherer  of  Branly.  This  consists  of  a  small  glass  tube 
plugged  at  the  ends  with  metallic  electrodes  and  loosely  packed 
with  metallic  filings,  or  other  small  pieces  of  metal.  The  elec- 
trodes are  connected  to  the  resonator,  usually  on  opposite  sides 
of  the  spark  gap,  and  also  to  the  terminals  of  a  circuit  contain- 
ing a  battery  and  a  galvanometer  or  other  current  indicator. 
Before  the  incidence  of  electric  waves  upon  the  resonator,  the 
electric  resistance  of  the  coherer  is  very  great  and  only  a  very 
small  current  traverses  the  galvanometer.  But  when  oscillations 
are  set  up  in  the  resonator  by  the  impact  of  electric  waves,  the 
resistance  of  the  coherer  is  greatly  diminished,  and  the  current 
through  the  galvanometer  is  therefore  greatly  increased.  The 
resistance  of  the  coherer  retains  its  reduced  value  after  the  cessa- 
tion of  the  waves,  but  the  original  high  resistance  can  be  imme- 
diately restored  by  tapping  the  instrument  with  a  light  hammer. 
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In  practice  this  is  done  by  a  continuously  operating  hammer 
driven  electrically  by  a  separate  circuit.  The  diminution  of  re- 
sistance on  which  the  action  of  the  coherer  depends  is  probably 
brought  about  by  the  welding  together  of  the  metallic  particles 
on  the  passing  of  very  minute  sparks  between  them  when  even 
very  feeble  oscillations  are  set  up  in  the  resonator.  When  the 
particles  are  shaken  apart  by  the  hammer,  the  resistance  goes 
back  to  its  previous  magnitude. 

An  indication  of  the  relative  magnitude  of  the  electric  intensity 
is  given  by  the  maximum  distance  between  the  spark  gap  termi- 
nals of  the  resonator  (which  are  made  adjustable  when  the  in- 
strument is  used  for  this  purpose)  at  which  sparking  will  occur ; 
or,  if  a  coherer  is  employed,  by  the  diminution  of  resistance,  or 
increase  of  galvanometer  current,  produced. 

For  a  detailed  account  of  the  theory  of  electric  waves  and 
oscillations  and  of  the  extensive  experimental  investigations  (in 
full  accord  with  the  theory)  upon  the  subject,  the  reader  is  re- 
ferred to  Poincare's  Les  Oscillations  klectriques,  J.  J.  Thomson's 
Recent  Researches  in  Electricity  and  Magnetism^  Winckelmann's 
Handbuch,  and,  for  recent  digests,  to  the  Rapports  of  the  Inter- 
national Congress  of  Physics,  Vol.  II.  The  most  complete  treat- 
ment of  the  theory  of  the  propagation  of  waves  along  wires  is  con- 
tained in  Heaviside's  Electromagnetic  Theory  and  Electrical  Papers. 
For  the  electromagnetic  theory  of  light,  see  Drude's  Optik. 

The  following  paragraphs  contain  the  theory  of  some  of  the 
simplest  and  most  fundamental  phenomena  of  electric  waves. 

11.  The  Propagation  of  Electromagnetic  Disturbances  in  a  Non- 
conducting Dielectric  Containing  no  Other  Electric  or  Magnetic 
Fields  than  Those  of  the  Disturbance  Itself.  In  this  case  the 
electric  convection  and  conduction  current  densities  are  zero,  and 
e  and  /*  are  constant  in  space  and  time.  Hence  the  first  and 
second  laws  of  circuitation  are 

/  =  dDjdt  =  cdEjdt  =  curl  H  ('  1 1 ) 

and 

-  dBjdt  =  (JulHI dt  =  cur\  E  ( 1 2) 
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(i  i)  is  equivalent  to  the  three  component  equations 

cdE^  \dt  =  dH^ldy  -  dHJdz  {a) 

cdEJdt  =  dHJdz  -  dHJdx  {b)\     (13) 

cdEJdt  =  dHJdx  -  dHJdy  {c) 

and  (12)  is  equivalent  to  the  three  equations 

—  ndH^jdt  =  dE^jdy  —  dEJdz  {a\' 

—  ixdHJdt  =  dEJds  -  dEJdx  {b)  •     ( 1 4) 

—  yi.dH^\dt  =  dEJdx—  dE^jdy  {c) 

Simple  Plane  Wave.  We  shall  consider  first  only  the  simplest 
of  plane  polarised  electromagnetic  waves,  viz.,  a  disturbance  in 
which  everywhere  E.^^  E^  =  o,  and  j5"i(=  E)  is  independent  of 
X  and  y,  or  has  the  same  magnitude  and  direction  at  all  points 
of  any  plane  distant  s  from  XY  plane,  i.  e.,  a  plane  polarised 
plane  wave.     In  this  case  (13)  {a)  becomes 

dDJdt{==  dDj  dt)  =  cdEJdt{=  cdEjdt)  =  -  dHJdz     (15) 

since  the  magnetic  intensity  must  be  independent  of  x  and  y  when 
the  electric  intensity  is  independent  of  x  andy ;  and  (14)  (d)  be- 
comes 

dBjdt  =  fjLdHJdt  =  -  d  EJ  dz  (16) 

Differentiating  (15)  with  respect  to  /  and  (16)  with  respect  to 
2,  and  combining  the  resulting  equations,  we  obtain 

d^E^ldt^=  i/cfi-d^EJdz^  (17) 

°'"  d^I)Jd(''=i/cfM-d'I)Jd2'  (18) 

Differentiating  (15)  with  respect  to  z  and  (16)  with  respect  to 
t  and  combining  the  resulting  equations,  we  obtain 

d^IIJdl^  =i/cfjL-  d^HJdz''  { 1 9) 

or 

d^BJdt''  =  i/cfi-  d'BJdz^  (20) 

These  four  equations  have  all  the  same  form  and  show  that 
the  electric  and  magnetic  intensities  and  inductions  are  propa- 
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gated  in  a  direction  parallel  to  the  axis  of  Z  with  the  velocity 

r/=i/(r/A)»  (2i) 

To  demonstrate  this,  we  have  only  to  obtain  the  general  solu- 
tion of  one  of  the  equations.     Choosing  (17),  introducing  two 

new  variables 

a  =■  z  —  vt 
and 

b  =:^  z  -\-  vt 

where  v  is  given  by  (21),  and  eliminating  z  and  /  from  (17)  by 
means  of  these  equations,  we  have 

d'EJdadb  =  o,  or  djda  {dEJdb)  =  djdb  {dEJda)  =  o 

Hence  d£Jda  is  a  function  of  a  only,  and  dEJdb  is  a  function 
of  b  only.  Therefore  E^  consists  of  the  sum  of  two  terms,  one 
a  function  of  a  only,  and  the  other  a  function  of  b  only.  Thus 
the  general  solution  of  (17)  is 

E,  =  E,{z  -  vt)  +  Flz  +  vt)  (22) 

where  F^z  —  vt)  and  F^(z  +  vt)  are  arbitrary  functions  of  (z  —  vt) 
and  (z  -f  vt),  respectively.  Either  function  may  be  zero,  but 
neither  can  be  constant  or  contain  a  constant  term,  since  a  con- 
stant field  is  excluded  by  the  conditions  assumed  above. 

F^(z  —  vt)  represents  a  disturbance  in  the  dielectric  traveling 
unchanged  in  form  in  the  positive  direction  of  Z  with  the  velocity 
V.     For  at  the  time  t  -^  t' ,  F^  has  the  same  value 

F,  [(sr  +  vf)  -  v{t  -f  /')]  =  F,{z  -  vt) 

at  the  plane  whose  Z  coordinate  is  z  ^vf  which,  at  the  time  /, 
it  had  at  the  plane  whose  Z  coordinate  is  z. 

Similarly,  FJ^z  -f  vt)  represents  a  disturbance  traveling  in  the 
negative  direction  of  Z  with  the  same  speed  v. 

At  the  time  /  =  o,  (22)  gives 

E,^F,{z)  +  Flz)  (23) 

If  at  the  time  /=  o,  dEJdt  =  o,  or  the  initial  electric  field  is 
static,  (22)  gives  also 
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Hence  we  have  at  the  time  ^  =  o  in  this  case,  by  integrating 
(24)  and  making  use  of  (23), 

F,{^)  =  Flz)  =  lE,  (25) 

there  being  no  constant  of  integration,  since  there  is  no  perma- 
nent field. 

As  an  example,  suppose  that  at  the  time  t=  o,  E^  =  D^jc  = 
2 A  cos  2'KzlL  between  the  limits  z  =  -\-  Lj/\.  and  z  =  —  Lj^., 
and  j5'j  =  o  everywhere  else  ;  also  that  at  the  same  time  dE^jdt 
=  o  everywhere.     Then 

F^{z)  =  A  cos  27r^/Z  =  F^z)  =  F{z) 
and  at  any  time  / 

E^  =  E=  F{z  -  vt)  ^F{z^vt) 

=  A  cos  27r/Z  -{z  —  vt)  -{■  A  cos  27r/Z  •  {z  +  vi) 

Thus  at  the  time  /  =  o  the  initial  static  displacement  or  in- 
tensity divides  up  into  two  equal  waves,  one  running  in  the  posi- 
tive direction  of  Z  with  the  speed  v,  and  the  other  running  in  the 


negative  direction  of  Z  with  the  same  speed.  At  the  time  t  the 
intensity  is  zero  everywhere  except  between  the  planes  z  =  vt 
+  Z/4  and  z  =  vt  —  L/4  and  between  the  planes  z  =  —  (vt + 
Z/4)  and  z  =  —  {vt  —  L/4).  The  initial  disturbance  and  the 
disturbance  at  the  time  /  are  shown  in  Fig.  143. 
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12.  The  Relation  Between  E  and  H  in  the  Electromagnetic 
Wave.  From  the  exact  similarity  in  the  form  of  equations  (17) 
and  (19)  it  is  now  evident  that 

H,  =/.(^  -  vt)  ^flz  +  vt)  (26) 

where  f^  and  /^  are  arbitrary  functions  of  {2  —  vf)  and  {z  -\-  vt), 
respectively. 

H^  is  the  total  magnetic  intensity.  For  since  E^  —  E^  =  o, 
and  £,  =  ^  is  independent  of  x  and  j',  (14),  (a)  and  (c)  become 

—  ndHJdt  =  —  fidHJdt  =  o 
which  gives 

the  constant  of  integration  being  zero,  since  there  is  no  perma- 
nent field. 

The  arbitrary  functions  /,  and  f^  are  closely  related  to  F^  and 
iP,,  as  will  appear  from  the  following  deduction  oi  H^  =  H  from 
(16)  and  (22).     From  (16)  we  have 

Hl=  H)=-  \lii^dE^\dzdt  (27) 

there  being  no  constant  of  integration.     Consider  the  disturbance 

E,  =  F,{z-vt)  (28) 

traveling  with  the  velocity  v  in  the  positive  direction  of  Z.     Dif- 
ferentiation of  (28)  gives 

dE^jdz  =  F^'{z  -  vt) 

which,  substituted  in  (27),  gives  for  the  disturbance /J*  connected 
with  Fj 

^2  =/i(^  -vt)=-  ilii^F^{z  -vt)dt 

=  lllJi,vJdF^{z  —  vt)ldt  dt  =  i/fiv  •  F^{s  —  vt) 

In  exactly  the  same  way  we  obtain  for  the  disturbance  f^  con- 
nected with  F^ 
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^2  =/2(^  +  'vt)  ■=  ^lf^{  -  ^^)  -^aC^  +  ^^)  =  -  i!f^v-F^(z  +  z;^)  (30) 

which  is  exactly  analogous  to  (29),  since  the  velocity  of  the  dis- 
turbance/2(-s'  +  vf)  and  FJ0  4-  ^^)  is  —  v. 

Thus  in  the  general   case,  when    £  =  £^  is   given  by  (22), 

H=H^=flz-vt)-^flzJrVt) 

/j  {z  —  z'i')  -f-/2(^  +  vt),  for  the  times  ^  =  o  and  /  =  /,  is  shown 
in  Fig.  143  for  the  case  in  which  F^{z)  =  FJ^z)  =  A  cos  2'Trz\L. 
Since  f^z)  =  —fj/)  =  cvF^{z),  the  initial  magnetic  disturbance 
is  zero. 

With  due  regard  to  the  directions  as  well  as  to  the  magnitudes 
of  the  electric  and  magnetic  intensities  and  the  velocity  of  the 
electromagnetic  disturbance  {F^  and  /j,  or  F^  and  f^,  which  will 
be  denoted  by  v,  both  (29)  and  (30)  give  the  relations 

H^{  =  H)  =  cMvE^  =  cMvE  =  WvD  (3  2) 

and 

E^{=.F)  =  ijMH^v  =  fiWHv  =  MBv  (3  3 ) 

since  z^  =  i  /<:/*. 

Quantitatively,  either  of  these  equations  is  equivalent  to  the 
relation 

\i.H^=\cB  (34) 

between  the  electric  and  magnetic  energy  densities. 

The  electromagnetic  energy  flux  density  at  any  point  of  the 
wave  is 

R  =  MEH=  v{icF'  +  If^I^')  (35) 

and  has  always  the  direction  of  the  velocity  of  the  wave. 

13.  A  Plane  Simple  Harmonic  Wave  Train.  As  another  ex- 
ample, we  shall  assume 

E  =  E^  =  A  cos  27r/Z  •  {vt  —  z)  (36) 

Then  we  have 

H=  H^  =  cvA  cos  27r/Z •  {vt  —  z)  (37) 
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The  relation  between  E,  H,  and  the  time,  for  the  plane  z  =  o^ 
as  well  as  the  relation  between  E,  H,  and  z,  for  the  time  /  =  o, 
is  shown  in  the  curves  of  Fig.  144. 

The  electromagnetic  energy  flux  density  at  the  time  /  across  a 
plane  distant  z  from  the  XY  plane  is 


R  =  yEH=  cvA^  cos*  27r/Z  •  {vt  -  2) 
E and  //"being  given  by  (36)  and  (37). 


(38) 


>  Z  and  1I 


As  shown  by  the  equation,  R  is  always  positive  except  at 
points  at  which  E  and  H,  and  therefore  yEH=  R,  are  zero.  This 
is  of  course  obvious,  since  the  energy  travels  with  the  waves. 

The  mean  value  of  V  at  any  point  during  a  complete  period  is 

^R)  =  ci'A^  X  mean  value  of  cos^  27r/Z,  •  {yt  —  z) 

=  cvA^  X  mean  value  of  (39) 

J [i  —  cos  47r/Z •  {vi  —  z)]  =  ci^A^/2 

Since  in  a  pure  electromagnetic  wave  the  electric  and  magnetic 
intensities  travel  with  the  same  velocity  v,  the  above  result  may 
also  be  obtained  from  the  relation 


R  =  v{lcE'  +  ^fiH^)  =  cvE^  =  fiv/f* 


(40) 
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The  mean  value  of  E^  is  ^\2,  and  the  mean  value  of  H"^  is 
^v'A^l2.     Hence  (R)  =  cvA^l2,  as  before. 

14.  A  Plane  Electromagnetic  Wave  Train  in  a  Non-conducting 
Dielectric  Incident  and  Reflected  Normally  at  a  Plane  Interface 
Separating  the  Dielectric  from  (1)  a  Perfect  Conductor  or  a  Di- 
electric of  Infinite  Permittivity,  or  (2)  a  Perfect  Insulator  with 
Infinite  Inductivity.  (^i)  Reflection  from  a  perfect  conductor.  Let 
the  electric  intensity  in  the  incident  wave  train  be  denoted  by 

E^^=  A  cos  {nt—pz)  (41) 

the  incident  wave  being  propagated  in  the  positive  direction  of  Z. 
If  E^^  were  the  total  intensity,  the  intensity  at  the  interface 
would  be  A  cos  nt,  a  quantity  differing  from  zero  except  at  two 
instants  in  every  period.  But  since  the  conductivity  of  the  con- 
ductor, or  the  permittivity  of  the  second  dielectric,  is  infinite,  a 
finite  intensity  parallel  to  the  interface  would  necessitate  an  infi- 
nite current  in  the  conductor,  according  to  Ohm's  law,  or  an 
infinite  displacement  in  the  second  dielectric,  which  is  inadmis- 
sible.    Hence  there  must  be  a  reflected  wave  train  whose  in- 

■^  E^^=  —  A  CO?,  {nt -\- pz)  (42) 

added  to  the  intensity  E^^  of  the  incident  train  makes  the  total  in- 
tensity 

E^  =  E^.  +  E^^  =  A  [cos  {nt  —  pz)  —  cos  {nt  +  /^)]        (43) 

a  quantity  equal  to  zero,  when  z  -=0,  for  all  values  of  t. 
The  total  magnetic  intensity  is 

H^  =  H^,  +  H^^  =  p\iin  ■  A  [cos  {nt  -  pz)  +  cos  {nt  +  pz)-]    (44) 

Equations  (43)  and  (44)  may  be  written 

E^  =  2A  sin  nt  sin  pz  =  2A  sin  27r//7"-sin  2'irz  j  L     (45) 
and 

H^  =  2Apl fin  ■  cos  27r//  T-  cos  27r^/Z  (46) 

Thus  the  incident  and  reflected  wave  trains  interfere  to  produce 
a  system  of  standing  waves.     The  electric  nodes,  or  points  (planes) 
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at  which  the  electric  intensity  and  displacement  arc  permanently 
zero,  are  distant  from  the  interface  o,  Z/2,  Z,  3Z/2,  etc.;  and  the 
antinodes,  or  points  (planes)  at  which  the  electric  intensity  reaches 
its  maximum  and  minimum  values,  are  distant  from  the  inter- 
face Z/4,  3Z/4,  etc. 

The  magnetic  nodes  have  the  positions  of  the  electric  antinodes 
at  distances  Z/4,  3Z/4,  etc.,  from  the  interface ;  and  the  mag- 
netic antinodes  have  the  positions  of  the  electric  nodes  at  dis- 
tances o,  Z/2,  Z,  etc.,  from  the  interface.  Thus  the  magnetic 
intensity  is  a  maximum  or  minimum  where  the  electric  intensity 
is  zero,  and  the  electric  intensity  is  a  maximum  or  minimum 
where  the  magnetic  intensity  is  zero. 

(2)  Reflection  from  a  perfect  insulator  with  infinite  inductivity. 
In  this  case  the  magnetic  intensity  at  the  interface  must  be  zero, 
since  otherwise  the  induction  (^  =  /xZ^)  in  the  dielectric  with  infi- 
nite inductivity,  and  the  "magnetic  current,"*  would  be  infinite 
except  at  two  instants  in  every  period.  Therefore  the  magnetic 
intensities  of  the  incident  and  reflected  wave  trains  must  be  equal 
and  opposite  at  the  interface.  Hence,  if  we  use  the  nomenclature 
of  (i),  we  have 

H^  =  Apjfin  •  [cos  {nt  —  pz)  —  cos  {nt  +  pz)\ 
=  2Apltin  •  sin  27r//  T-  sin  2172 jL 

and  E^=  A  [cos  {nt  —  pz)  -\-  cos  {nt  -f-  pz)\ 

=  2  A  cos  27r//  T-  cos  2^-2  jL 

Thus  the  interference  of  the  two  trains  of  waves  produces  a 
system  of  standing  waves  in  which  the  magnetic  nodes  and  the 
electric  antinodes  are  located  at  the  interface  and  at  distances 
Z/2,  Z,  etc.,  therefrom,  while  the  magnetic  antinodes  and  electric 
nodes  are  located  at  distances  Z/4,  3Z/4,  5 Z/4,  etc.,  from  the 
interface.  Thus  the  nodes  in  this  case  occupy  the  positions  of 
the  antinodes  in  ( i ),  and  the  antinodes  the  positions  of  the  nodes 
in  (I). 

•That  is,  the  rate  of  change  of  magnetic  flux,  by  analogy  with  dielectric  current. 
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16.  The  Flux  of  Energ-y  hi  a  System  of  Standing  Waves.  For 
the  electromagnetic  energy  flux  density  at  the  time  t  across  a 
plane  distant  z  from  the  XY  plane,  (45)  and  (46),  or  (47)  and 
(48),  §  14,  give 

R  =  V  E^H^  =  A^pl fxu  ■  sin  47r//  T  ■  sin  ^.TrsjL 

(49) 
=  cvA"  sin  ^.TrtjT  ■  sin  47rs/L 

since  n^/p^  =  7/  =  i  J/xc. 

Thus  R  is  permanently  zero  at  all  points  for  which  sin  /^.ttsIL 
=  o,  that  is  at  all  electric  and  magnetic  nodes  (or  antinodes). 
At  any  point  between  an  electric  node  and  a  magnetic  node,  R 
goes  through  a  complete  cycle  of  positive  and  negative  values  in 
the  time  7^/2,  its  amplitude  being  greatest  at  points  for  which 
sin  4.7rzjL  =  i,  that  is  points  half  way  between  electric  and  mag- 
netic nodes. 

At  any  instant  R  has  opposite  signs  on  opposite  sides  of  any 
node,  and  also  on  similar  sides  of  successive  nodes.  During  one 
quarter  of  a  period  the  energy,  wholly  electrostatic  at  the  start, 
streams  from  the  electric  antinodes  (magnetic  nodes)  toward  the 
electric  nodes  (magnetic  antinodes),  being  completely  trans- 
formed into  magnetic  energy  at  the  end  of  the  quarter  period. 
During  the  next  quarter  period  the  energy,  wholly  magnetic  at 
the  beginning,  streams  from  the  magnetic  antinodes  toward  the 
electric  antinodes,  being  completely  reconverted  into  electro- 
static energy  at  the  end  of  the  quarter  period.  The  energy 
density  has  now  everywhere  the  same  value  as  a  half  period 
earlier,  but  the  sign  of  the  electric  intensity  is  everywhere  oppo- 
site. During  the  next  half  period  the  same  energy  transfer  and 
transformations  occur,  and  at  its  close  the  electric  intensity  and 
the  energy  density  have  the  same  values  as  at  the  beginning  of 
the  period. 

16.  The  Propagation  of  a  Plane  Simple  Harmonic  Wave  Train  in 
a  Conducting  Medium  Containing  no  Other  Electromagnetic  Field 
than  That  of  the  Wave  Train.     In  this  case  we  have 
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i=^  kE+  cdEjdt  =  curl  H  (50) 

and 

—  tidHldt=c\xr\  E  (51) 

from  which  the  six  component  equations  can  be  easily  written 
down. 

From  these  equations,  by  a  process  exactly  analogous  to  that 
carried  out  in  §  1 1 ,  we  obtain  for  the  simple  case  in  which  E.^  — 
E^  =  o,  and  E^  =  E  is  independent  of  x  and  f, 

ktidEJdt  +  iicd^E^  I  dt^  =  d^E^jdz"  (52) 

and  a  similar  equation  for  H^,  the  other  components  of  H  being 
zero. 

To  solve  (52)  for  the  simple  case  of  a  harmonic  wave  train  of 
given  period  T,  or  given  wave-length  L,  progressing  in  the  posi- 
tive direction  of  Z  with  the  velocity  v  (to  be  determined),  assume 

E^  =  E=- Ar^^' cos  27Z I L'{vt-s)  (53) 

For  the  sake  of  brevity  put 

n=  pv  =  2'ir  I  T— 2'7rv  I L  (54) 

then  (53)  becomes 

E^  =  £^  Ae-""  cos  («/  —  />s)  (5 5) 

The  damping  factor  r~""  is  inserted  on  account  of  the  dissipat- 
ing effect  of  resistance,  m  being  a  quantity  to  be  determined. 

Substituting  for  Ey^  in  (52)  its  value  as  given  by  (55),  and 
equating  to  zero  separately  the  coefficients  of  sin  («/  —  />::)  and 
cos  («/ — />::)  in  the  resulting  equation,  we  obtain  as  the  condi- 
tions that  (55)  may  be  a  solution  of  (52), 

—  n^fic  —  m^-\-p^=.o 

and  —  iink  -\-  2inp  =  o 

Hence       w  =  «{- /ac/2  +  [(/ir/2)* -I- (M/&/2«)=^*}»  (56) 

and  /=«{/i^/2+  [(/ir/2)«-f(/i^/2«)»]»}*  (57) 

both  m  and  p  being   positive  quantities,  since   the   waves  are 
damped  and  since  they  progress  in  the  positive  direction  of  z. 
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From  (54)  and  (57),  the  velocity  of  the  waves  is 

v=nlp=il{f^cl2+l{ticl2f  +  {tJ^kl2nfY]^       (58) 

being  thus  a  function  of  n  as  well  as  of  /u.,  c,  and  k. 
The  total  magnetic  intensity  is 


(59) 


H=H^=-i  If^fdE,  I  dz  dt 

=  A  \  iin-  e~""  \_p  cos  {nt  —  pz)  -\-  m  sin  {nt  —  pz)'\ 

If  we  put 

p  =■  N  cos  0  and  in  =  N  sin  6 
we  have 

and 

6  =  ta.n~^m  I  p 

By  means  of  these  equations  (59)  may  be  written 

H^  =  A{m^  +  /)i  /  fin  ■  cos  {nt  —  pz  —  6)  (60) 

For  good  conductors,  such  as  liquid  electrolytes  and  metals, 
the  ratio  (fic / 2) j (fik j 2n)  =  cnjk  is  exceedingly  small  except  for 
enormous  values  of  n.  Thus,  even  for  so  great  a  value  of  n  as 
lO^  cnjk  for  common  aqueous  solutions  of  salts  and  acids  is  of 
the  order  io~^,  and  for  metallic  conductors  is  too  small  to  have 
been  detected  by  experiment.  For  good  conductors,  therefore, 
we  may  write  without  sensible  error,  except  for  enormous  values 

o(  n, 

m-=  p=^  n{jik\2iif  =  {fiknl2)^ 
and 

6  =  tan~^  mjp  =  tan~^  i  =  7r/4  (61) 

(55)  and  (59)  thus  become 

E^  =  ^^-('^*»'2)^*  cos  n\t—  {iikl2iifz'\  (62) 

and 

H^  =  A{klfxny'e-^>'^i'^^^'  cos  {«[/  -  {tikl2n)h']  —  irj/^}    {61) 
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The  velocity  of  the  wave  train  in  the  conductor  is 

V  =  njp  =  {2n/fik)i  (64) 

The  relations  between  £^  =  -E,  H^-=  H,  and  z  at  the  time 
/=  O,  are  similar  to  the  relations  between  q,  /,  and  /,  Fig.  1 19. 

At  a  distance  z  from  the  origin  the  amplitudes  of  the  electric 
and  magnetic  intensities  are  less  than  their  amplitudes  at  the 
origin  in  the  ratio  ^-<m*»»/2)*«  ^q  i.  The  distance  i//«  =  {if ixkn)^, 
in  which  the  amplitude  of  either  wave  is  reduced  to  i  je  of  its 
value  at  the  origin,  is  called  the  relaxation  distance  for  the  given 
medium  and  the  given  value  of  n.  The  distance  in  which  the 
amplitude  of  either  intensity  falls  to  any  fraction  of  its  value  at  the 
origin  is,  like  the  relaxation  distance  i  /?«,  inversely  proportional 
to  /x,  k,  and  n.  Thus  if  /i,  k,  or  n  is  very  great  the  intensity  of 
the  waves  falls  off  very  rapidly.  If  either  k,  fi,  or  u  is  infinite, 
that  is  if  the  conductor  is  a  perfect  conductor,  its  inductivity  in- 
finite, or  the  frequency  of  the  waves  infinite,  all  ideal  cases,  the 
electromagnetic  disturbance  does  not  enter  the  conductor  at  all. 
Thus  a  perfect  conductor  or  a  medium  of  infinite  inductivity 
would  form  a  perfect  electric  and  magnetic  screen  in  either  a 
static  or  a  variable  electric  or  magnetic  field. 

For  copper,  when  n  =  itt  x  100,  m  =  7r/2  approximately. 
In  this  case  the  amplitudes  of  the  intensities  are  reduced  to  the 
fractions  0.208,  0.043,  ^^^  ^^^s  than  1/500  the  origin  values  at 
the  distances  i,  2,  and  4  cms.,  respectively,  from  the  origin. 
When  «  =  27r  X  1,000,000,  m  —  507r  approximately,  and  the 
amplitudes  are  reduced  to  less  than  1/6,000,000  the  origin 
values  in  going  a  distance  of  i  mm. 

In  the  case  of  iron,  if /i=  1000,  m  =  20,  approximately,  when 
«  =  27r  X  100.  The  amplitude  of  either  intensity  falls  off  to 
about  thirteen  hundredths  and  one  twenty-thousandth  part  of 
the  value  at  the  origin  in  traversing  the  distances  i  mm.  and 
5  mm.,  respectively.  When  ;/  =  27r  X  1,000,000,  in  =  2000  ap- 
proximately, and  the  amplitudes  fall  off  in  i/io  mm.  to  about 
one  five  hundred  millionth  part  of  their  values  at  the  origin. 
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These  examples  are  given  by  J.  J.  Thomson,  Elements  of  the 
Mathematical  Theory  of  Electncity  and  Magnetism,  p.  418. 

17.  The  Propagation  of  an  Electromagnetic  Field  into  a  Con- 
ducting Cylinder.  The  magnetic  field  of  a  long  circular  solenoid 
traversed  by  a  steady  current  is  described  in  §  20,  XII.  The 
electric  field,  if  the  resistance  of  the  solenoid  is  small,  is  weak, 
and  the  only  flux  of  energy  into  the  solenoid  is  the  flux  develop- 
ing the  Joulean  heat  in  the  wire.  In  what  follows  the  resistance 
of  the  solenoid  will  be  supposed  very  small  and  its  counter  e.m.f. 
negligible  in  comparison  with  the  e.m.f.  of  induction.  The  radius 
of  the  solenoid  will  be  denoted  by  a. 

If  the  magnetic  flux  through  the  coil  varies,  that  is  if  tubes  of 
magnetic  induction  move  outwards  or  inwards,  an  electric  field 
will  be  developed  within  and  without  the  solenoid.  The  lines  of 
electric  intensity  will  be  circles  centered  on  the  axis  in  planes 
perpendicular  thereto,  and  the  e.m.f.  around  any  circle  of  radius  r 
will  be  given,  in  magnitude  and  direction,  by 

2'jrrE=  —  d^jdt 

where  d^  jdt  is  the  rate  at  which  magnetic  flux  in  the  positive 
direction  crosses  the  circle  inwardly,  or  by 

2'irrE  =  I'jrrMBu 

where  u  is  the  velocity  of  the  tubes  of  magnetic  induction  at 
the  circle  of  radius  r.  The  electric  intensity  is  always  zero  on 
the  axis. 

The  energy  flux  density,  whose  direction  coincides  with  the  di- 
rection of  motion  of  the  electric  and  magnetic  tubes,  is  R  =  \fEH, 
which  is  always  radial,  toward  or  from  the  axis. 

If  now  an  alternating  e.m.f.  acts  upon  the  coil,  the  electric  and 
magnetic  inductions  will  be  propagated  inwards  and  outwards 
alternately,  the  direction,  as  well  as  the  direction  of  motion,  of 
each  being  reversed  once  every  half  period. 

If  the  period  of  the  alternation  is  large,  so  that  the  distance 
traversed  by  the  tubes  of  induction  during  one  period  is  great  m 
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comparison  with  the  radius  of  the  solenoid  and  the  radii  of  all 
circles  of  electric  intensity  considered  (all  supposed  small  in  com- 
parison with  the  length  of  the  solenoid),  the  magnetic  induction 
will  have  sensibly  the  same  value  throughout  the  solenoid  at  any 
instant.  The  electric  intensity  at  a  distance  ;'  from  the  axis  will 
be  approximately 

E irr'jira^-  {d^ldt)\2irr  =  r{d^  f  dt)  f  l-rrci' 

if  r  is  less  than  a  ;  and 

£=  —  {d^/dt)/27rr 

if  r  is  greater  than  a ;  ^  being  total  flux  in  the  positive  direction 
through  the  solenoid  at  the  time  t. 

If  the  period  of  the  alternation  is  small,  so  that  the  distance 
traversed  by  the  tubes  during  one  period  is  of  similar  magnitude 
to  that  of  the  radius  of  the  solenoid,  then  the  magnitude  and 
direction  of  both  intensities  will  vary  with  r. 

If  in  addition  the  core  of  the  solenoid  is  a  conductor,  or  if  it 
exhibits  hysteresis,  or  both,  as  when  made  of  iron,  then  the 
energy  of  the  tubes  will  be  partly  dissipated  during  their  propa- 
gation in  the  core.  Hence,  since  the  direction  of  each  intensity 
is  periodically  reversed,  the  amplitude  of  the  magnetic  intensity 
as  well  as  that  of  the  electric  intensity,  will  steadily  diminish  as 
the  axis  is  approached. 

If  the  radius  of  the  core  is  great,  or  the  curvature  of  its  surface 
small,  the  law  of  the  diminution  of  the  intensities  with  the  dis- 
tance from  the  surface  is  approximately  the  same  as  that  deduced 
for  a  conductor  traversed  by  plane  waves,  §  16,  the  ratio  of  the 
amplitude  of  either  intensity  at  the  distance  z  from  the  surface  to 
its  surface  value  being  approximately  ^-(M*»/2)iYi. 

Precisely  the  same  form  of  reasoning  applies  to  the  propaga- 
tion of  an  alternating  electromagnetic  field  into  the  cylindrical 
conductor  of  §  3. 

The  same  form  of  reasoning  also  applies  to  a  cylindrical  con- 
ductor (§  6)  to  whose  surface  the  electric  intensity  is  not  parallel, 
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since  the  parallel  component  only  is  concerned  in  the  propagation 
of  energy  into  the  conductor. 

Thus  a  rapidly  alternating  current  is  not  distributed  uniformly 
throughout  the  conductor,  but  is  more  or  less  concentrated  near 
its  surface.  This  increases  the  resistance  of  the  conductor,  and 
decreases  its  inductance,  the  former  being  greater  the  less  the 
area  of  the  section  across  which  the  current  flows,  and  the  latter 
being  less  the  thinner  and  farther  from  the  axis  the  walls  of  the 
tube  through  which  the  principal  part  of  the  current  now  flows 

[§  21,  (2),   XIII.]. 

In  the  case  of  a  very  thin  wire,  all  points  of  the  surface  are 
very  near  to  the  axis,  hence  both  the  above  effects  are  small. 

18.  The  Propagation  of  Waves  Along  Wires.  Since  the  elec- 
tromagnetic waves  discussed  in  §§ii-J5  are  propagated  un- 
changed at  right  angles  to  the  intensities,  it  is  clear  that  the 
results  there  obtained  hold  good  for  any  plane  plane  polarised 
wave,  whether  the  wave  front  is  infinite  or  not  and  whether  the 
direction  of  E  (as  well  as  that  of  //)  is  the  same  for  all  parts  of 
the  wave  front  or  not. 

Thus  they  apply  to  plane  waves  propagated  between  two 
parallel  perfectly  conducting  planes,  or  to  waves  propagated 
along  two  parallel  perfectly  conducting  cylinders  concentric  like 
those  of  §§  22,  XIII.,  and  i,  or  side  by  side  like  those  of  §  24, 
XIII.  That  the  electric  and  magnetic  intensities  of  these  systems 
are  perpendicular  at  any  point  in  the  case  of  electric  waves  as  in 
the  case  of  a  steady  current  is  apparent  from  previous  discus- 
sions without  reference  to  (32)  or  (33),  §  12. 

If  the  resistance  of  the  conductors  is  not  zero,  but  small,  the 
relations  deduced  in  the  articles  referred  to  above  will  apply 
approximately.  Thus  electric  waves  travel  along  wires  of  small 
resistance  surrounded  by  a  given  medium  with  approximately  the 
same  velocity  as  in  free  space  containing  the  same  medium. 

If  the  two  wires  are  joined  at  the  end  remote  from  the  oscil- 
lator by  a  large  plane  conductor  perpendicular  to  their  lengths, 
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or  even  by  bending  them  together,  a  system  of  standing  waves, 
resembling  that  of  §  14,  (i)  will  result,  with  an  approximate 
electric  node  and  magnetic  antinode  at  this  end. 

If,  on  the  other  hand,  the  wires  are  insulated  from  one  another 
at  this  end,  a  system  of  standing  waves,  resembling  that  of  §  14, 
(2)  will  result,  with  an  approximate  magnetic  node  and  electric 
antinode  at  this  end. 

19.  Mechanical  Analogue  of  an  Electromagnetic  Wave.  Waves 
in  Frictionless  Elastic  Media.  Consider  a  plane  transverse  wave 
traversing  an  infinite  elastic  medium  in  the  positive  direction  of  Z. 
Let  the  displacement  of  the  medium  take  place  parallel  to  the  Y 


Fig.  145. 

axis.  Then  at  the  time  /  while  the  disturbance  is  crossing  any 
plane  distant  z  from  the  XY  plane,  every  point  of  the  medium  in 
this  plane  will  be  shifted  in  the  same  direction  and  through  the 
same  distance,  y,  from  its  equilibrium  position. 

Fig.  145  shows  a  section  parallel  to  the  YZ  plane  of  a  portion 
of  the  medium  in  its  undisturbed  state  AB,  and  in  a  disturbed 
state  A'B'  at  the  time  /  while  a  wave  is  passing.  Every  infini- 
tesimal parallelepiped  with  its  sides  parallel  to  the  coordinate 
planes  which  is  bounded  on  the  sides  parallel  to  XY  by  planes 
distant  z  and  z  -\-  dz  from  the  XY  plane  is  shifted  and  sheared 
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precisely  like  the  parallelepiped  abed,  which  is  shifted  and 
sheared  into  the  parallelepiped  a'b'c'd' . 

Let  the  shear  (equal  to  the  angle  between  ab  and  a'b')  at  the 
plane  z  be  denoted  by  D.     Then 

D=  —  dyjdz  (65) 

the  negative  sign  being  chosen  since  D,  which  is  a  vector  per- 
pendicular to  ab  and  a'b' ,  is  positive,  as  in  the  case  represented 
in  the  figure,  when  a  right-handed  screw  rotating  from  ab  to  a'b' 
would  move  in  the  positive  direction  of  X  (up  from  the  plane  of 
the  paper  in  the  figure). 

Let  the  area  of  each  face  of  the  parallelepiped  parallel  to  the 
XF plane  be  denoted  by  dS ;  and  let  the  modulus  of  rigidity,  or 
shear  modulus,  of  the  medium  be  denoted  by  «  =  i  jc,  c  being 
the  shear  permittivity.  Then,  if  E  denotes  the  shearing  stress 
in  the  plane  z, 

E  —  nD  =  —  ndyjdz  =  —  ijc-  dyjdz  (66) 

The  shearing  force  upon  the  face  a'c'  is  therefore 

EdS  =  nDdS 

and  that  upon  the  face  b' d'  is 

-  (£  +  dE\dz  dz)dS  =  -  n{D  +  dDjdz  dz)dS 

the  force  being  positive  when  directed  in  the  positive  direction  of 

the  Faxis.     The  total  force  upon  the  parallelepiped  a'b'c'd'  is 

therefore  jmi   j  jc- 

—  dhjdz  dzdS 

Let  the  density  of  the  medium  be  denoted  by  /x.  Then,  since 
the  volume  of  the  parallelepiped  is  dz  dS,  its  mass  is 

\idzdS 

Let  the  velocity  of  the  parallelepiped  be  denoted  by  H  (posi- 
tive when  in  the  positive  direction  of  "l^).     Then 

H=dyldt  {67) 
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Hence,  by  the  second  law  of  motion, 

fids  dS  dHjdt  =  -  dEjds  dz  dS 
whence 

iidHjdt  =  -  dEjdz  (68) 

By  differentiating  (66)  with  respect  to  t  we  obtain 

cdEldt  =  dDldt  =  —  dldt-{dyldz) 

=  -  djdz  •  {dyjdt)  =  -  dHjdz 


(69) 


By  differentiating  (69)  with  respect  to  t  and  (68)  with  respect 
to  z  and  combining  the  resulting  equations  we  obtain 

cfid^Eldt^  =  d^Ejdz"  (69) 

or  cfid^Djdt^  =  d^Djdt^  (70) 

By  differentiating  (69)  with  respect  to  z  and  (68)  with  respect 
to  /  and  combining  the  resulting  equations  we  obtain 

ctid^Hjdt^  =  d^Hldz"  (71) 

or  cfui^Bldt^  =  d^Bldz"  (72) 

Equations*  (69)-(72)  are  identical  with  equations  (i7)-(2o), 
and  show  that  all  the  results  of  §§  11-15  apply  also  to  the 
dynamical  waves  here  considered,  the  shear  permittivity  and 
density  of  an  elastic  medium  being  substituted  for  the  electric 
permittivity  and  magnetic  inductivity  of  a  dielectric,  shearing 
stress  and  shear  for  electric  intensity  and  displacement,  and  lin- 
ear velocity  and  momentum  per  unit  volume  for  magnetic  inten- 
sity and  induction. 

By  introducing  internal  friction,  the  analogy  may  be  readily 
extended  to  the  damped  electromagnetic  waves  of  §  16. 

20.  The  Stresses  in  an  Electromagnetic  Wave.  Electromag- 
netic Radiation  Pressure.  At  every  point  in  an  electromagnetic 
wave  there  is  a  pressure  normal  to  the  plane  containing  the  elec- 
tric and   magnetic  intensities,  that   is  normal  to  the  wave  front, 
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equal  to  the  sum  of  the  electric  and  magnetic  pressures,  or  the 
sum  of  the  electric  and  magnetic  energy  densities,  at  the  point, 
by  §§40-41,  I.,  and  §  18,  XI.     Thus,  \i p  denotes  this  pressure, 

p=\cE^^\iiH-  (73) 

In  a  single  wave,  or  train  of  waves,  \cE'^  =  \it'H'^  at  any  point, 
and,  as  seen  in  all  the  electromagnetic  waves  considered  above, 
the  electric  and  magnetic  intensities  at  any  point  are  perpendicu- 
lar to  one  another.  Hence  the  electric  tension  in  the  direction  of 
the  electric  intensity  is  just  neutralised  by  the  magnetic  pressure 
perpendicular  to  the  magnetic  intensity,  and  the  magnetic  tension 
in  the  direction  of  the  magnetic  intensity  is  just  neutralised  by  the 
electric  pressure  perpendicular  to  the  electric  intensity.  Thus 
the  pressure  p  normal  to  the  plane  of  the  intensities  is  the  total 
(dynamical)  stress  in  the  wave. 

In  wave  systems  in  which  at  any  point  \cE^  is  not  equal  to 
\ii'I-P.,  as  the  systems  of  §  14,  there  is  in  addition  to  the  normal 
pressure  /,  a  tension  \cE'^  —  |/x7/^,  or  a  pressure  J/a//^  —  \cE'^, 
parallel  to  the  electric  intensity,  and  a  tension  |^/u.//^  —  \cE''',  or 
a  pressure  \cE'^  —  \ii'H^,  parallel  to  the  magnetic  intensity. 

If  electromagnetic  waves  in  a  given  dielectric  (  p)  are  incident 
normally  upon  the  interface  separating  this  dielectric  from  another 
medium  (2),  at  the  surface  of  which,  or  within  which,  the  inten- 
sities, and  therefore  the  pressures,  are  reduced  to  zero  (by  total 
reflection  from  the  interface,  partial  reflection  and  partial  absorp- 
tion, or  total  absorption),  the  interface  will,  in  accordance  with 
what  precedes,  experience  a  force  directed  toward  medium  (2) 
and  equal  to  /  x  the  area  of  the  interface  exposed  to  the  waves. 
If  the  waves  are  partially  transmitted  through  medium  (2),  emerg- 
ing at  a  second  interface,  the  total  pressure  upon  medium  (2)  in 
the  direction  of  the  propagation  of  the  incident  waves  is  equal  to 
the  difference  between  the  values  of  /  at  the  two  interfaces. 

If  medium  (2)  is  a  perfect  conductor,  the  waves  are  totally  re- 
flected, the  electric  intensity  at  the  interface  is  zero,  and  the  mag- 
netic intensity  at  the  interface  is  twice  the  magnetic  intensity  of 
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the  incident  wave,  that  is,  2H  cos  «/,  if  H  cos  7it  denotes  the 
magnetic  intensity  at  the  interface  of  the  incident  wave.  Thus 
the  radiation  pressure  upon  the  interface  at  the  time  /  is 

p  =  J/i(2H  cos  ntf  =  2fjLR^  cos^ ;//  (74) 

and  the  mean  value  of  the  pressure  during  a  complete  period  is 

(p)  =  2fiK^  X  mean  value  of  cos^ ;// 

(75) 
=  2/iH^  X  mean  value  of  (J  -f  J  cos  2«/)  =  fiR^ 

If  medium  (2)  is  a  non-conductor  with  infinite  inductivity,  the 
waves  are  totally  reflected,  the  magnetic  intensity  at  the  interface 
is  zero  permanently,  and  the  electric  intensity  there  is  twice  the 
electric  intensity  of  the  incident  wave,  that  is  2E  cos  nt,  if  E  cos  «/ 
denotes  the  electric  intensity  of  the  incident  wave  at  the  inter- 
face.    Thus  the  pressure  upon  the  interface  at  the  time  /  is 

/'  =  |f(2E  cos  ;af  =  2cE^  cos^  ni  =  /  (76) 

and  the  mean  value  of/'  during  a  complete  period  is 

(/)  =  ^E2  =  (;>)  {77) 

If  the  energy  of  the  incident  wave  is  totally  absorbed  by  me- 
dium (2),  there  is  no  reflected  wave,  and  the  pressure  upon  me- 
dium (2)  is 

/'  =  ^c{E  cos  nif  +  |/a(H  cos  ntf 

=  K^EH  fiR')  cos^"  nt  =  IP'  =  y  ^^^^ 

The  mean  value  of  the  pressure  during  a  complete  period  is 

ip")  =  i(.E^  +  /.H=)  =  K/')  =  K/)  (79) 

For  experimental  investigations  confirming  in  a  striking  man- 
ner the  theory  of  radiation  pressure,  developed  independently 
and  in  different  ways  by  Maxwell  and  Bartoli,  see  P.  Lebedew, 
Ann.  der  Physik,  Vol.  6,  p.  433,  1901  ;  and  especially  Nichols 
and  Hull,  Astrophysical  Journal^  Vol.  17,  p.  315,  1903. 

For  the  theory  of  vibration  pressure  in  general,  see  Lord 
Rayleigh,  Philosophical  Magazine ,  Vol.  3,  p.  338,  1902. 
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Permittance  28 
Permittivity  8 

Pennittivities,  comparison  of  192 
Piezoelectric  crystals  188 
Phase  difference  381,  383 
Plane 

infinite  charged  69 

in  presence  of  a  concentrated  charge 
116 
Planes 

intersecting  at  various  angles  107 

magnetic  field  between  parallel  312 
Poisson,  equation  of  25 
Poles 

electric  144 

magnetic  266,  281  (resultant) 
Pole  strength 

electric  144 

magnetic  268,  278 
Potential 

electric  16,  61,  147 

magnetic  273,  278 
Potential  difference 

electric  14 

magnetic  273 

single  263 
Poynting's  theorem  433^448,   458,  459, 

462,  466 
Pressure 

electric  32,  35 

magnetic  274 

electromagnetic  (radiation)  471 
Pyroelectric  crystals  187 

Radiation,  electric  448 
Radiator,  electric  449 
Ratio 

dissociation  238 

Hittorf's  235 

of  £S  and  £M  units  420 

of  transformation  398,  399 


Reactance,  383 
Refraction 

of  lines  of  electric  displacement  140 

of  lines  of  magnetic  induction  276 

of  stream-lines  208 
Reluctance  275 
Remanent  magnetism  371 
Residual 

charge  176 

magnetism  371 
Resistance  203,  213 

absolute  determination  of  213,  341, 
401  (see  also  comparisons  ff. ) 

to  alternating  currents  466 

comparison  of,  with  :  another  resis- 
tance 226,  227,  402,  404  ;  a  ca- 
pacity 329,  411;  an  inductance 
413  ;  a  mutual  inductance  400 

of  conductors  in  multiple  203 

of  conductors  in  series  204 

of  various  conductors  209 

specific  205 

temperature  coefficient  242 
Resistivity  205 
Resonance,  384 
Resonator  45 1 
Retentiveness  371 

Screens,  electric  4,  164,  166 

Seebeck  effect  246 

Self  induction  (see  inductance) 

Single  potential  difference  263 

Solenoid 

circular  316 
infinite  309 

inductance  and  energy  of  field  of  35 1 
Solenoidal  electrisation  146 
Specific 

heat  of  electricity  248 
inductive  capacity  192 
resistance  205 
Sphere 

conducting 

isolated  59 

in     presence    of    concentrated 

charge  96,  98,  116 
in  uniform  field  1 00 
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Sphere 

insulating,  in  uniform  field  158 
Spheres 

in  contact  118 

intersecting  at  right  angles  1 17 
Spherical 

condenser  (see  condenser^ 

electret  (see  electrets) 

shell  (dielectric)  in  uniform  field  164 
Spheroid,  isolated  90 
Stream-lines  and  stream-tubes  202 
Strength  of  a  tube  of  induction 

electric  19 

magnetic  272 
Susceptibility 

electric  145 

magnetic  277 
Systems,  electrical 

with   inductance   and    capacity  373, 

391 
with  mutual  inductance  392,  396 
of  insulated  conductors  44-55 

Tension 

electric  32-35 

magnetic  274 
Thermal  effect,  reversible,  in  dielectrics 

168 
Thermal  e.m.f.s  246 
Thermocouple  246 
Thermoelectric 

diagram  256,  260 

line  253 


Thermoelectric 

power  250 
Thermoelement  246 
Thomson  effect  247 
Time  constant  375,  376 
Toroid,  field  and  inductance  of  312,  354 
Transformer  392 
Tubes  of  intensity,  etc. 

electric  14 

magnetic  271 

Units 

electromagnetic  systems  290,  416 
electrostatic  systems  290,  415 
practical  421 
ratio  of  ES  and  EM  420 
table  of  419 

Vector  product  287 

Vibrator  449 

Voltage  14 

Voltages,  superposition  of  27,  217 

Voltaic  cell,  reversible 
flux  of  energy  in  444 
von  Helmholz's  theory  of  261 

Waves,  electric  448 

along  wires  468 

in  non-conducting  dielectric  453,  458 

in  conducting  media  462 

reflection  of  460 

standing  460-462 

stresses  in  471 
Wheatstone's  bridge  223 
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BY 
EDWARD    L.   NICHOLS 

Professor  of  Physics  in  Cornell  University 

i2mo.    Cloth,    zi  +  452  pp.    Price,  $1.40 
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In  this  volume  the  author  has  outlined  a  short  course  in  physics  which 
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Appendices. 
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useless  details  are  omitted  and  the  author  aims  at  his  point  at  once,  so  that 
one  cannot  help  reading  ideas  instead  of  words.  Another  plan,  which  seems 
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